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In 2D, many Integrable Quantum Field theories are known. In
pragmatic terms, IQFT can be regarded as "reference points” on
the map of the space of generic Quantum Field Theories: if some
QFT is in some sense "close” to certain IQFT, it is likely that
its physics is similar., Therefore it is important to understand in
which manner the IQFT reside inside the space of generic QFT.

Integrable Quantum Field Theories fill a subspace >(nt) in the
space X of generic QFT in 2D. As the tangent T is the space of
scalar local operators (modulo derivatives), the tangent 7' (nt)
is the span of operators which, when taken as infinitesimal per-
turbations of the IQFT, preserve its integrability. We call such
opegators "integrable” . They play the role analogous to "exactly
marginal operators” in CFT:

>(CFT) c > Ty (CFT) = Span(Exactly marginal operators)

ynt) x> Tx(nt) — Span(Integrable operators)
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It turns out that 7 (") is infinite-dimensional. Given an IQFT, an
infinite set of ""integrable” operators can be constructed explicitly,
in terms of local currents of IQFT.

Form-factors of integrable operators have special properties. The
form-factors are constructed explicitly in the case of sine-Gordon
model.

L
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I. Playground:

1. Flat two dimensional (Euclidean) space R2. Points are usually
denoted as z, complex coordinates

ge=ilz.2): zZ=Xx+41y, Z=X-—1y

are used.

2. QFT will be understood in abstract sense, as an (infinite-
dimensional) space of local fields

F = Span{O,},

and a collection of the correlation functions

k < 001(21)002(32) e oGn(Zn) )

which satisfy such-and-such properties (some specified below, as
needed), most importantly the OPE algebra

Oa(21)0p(22) =Y C5 (21 — 22) Oc(22) .
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One may (or may not) think in terms Lagrangian Field Theories
(paths integral)

() =271 [ Digl.e ¥, Alg] = [ L((=),0u0(2), Qudui(2), ..) 42

Some UV regularization (with the UV cutoff distance ¢) is as-
sumed.

Such actions form the (infinite-dimensional) space of quasi-local field
theories . The coordinates {g'} on £ are " coupling parameters"”

in £ = L(¢(x),...|g").

There are other definitions of QFT, i.e. as a "perturbed CFT",
via " formal action”

' A=ACFT+Zg£fOi(Z)d2Zs O; € Fo
2

(Fo C F - spaces of scalar (spinless) fields of the CFT) which
may be understood in terms of Conformal Perturbation Theory
(with some UV regularization assumed). Again, the couplings
{g'} provide (local) coordinates on ¥ .
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3. In any case, let {g'} be coordinates on X, QF T, € X, and let

.7-'(%9) c F9) — space of scalar fields of QFT,4, with the basis {O;}

" Deformation formula”

35(O1() - Onlan))g = = 38" [ 2(0,()01(21) - Onlien) )

+ Z (O(z1) -+ - 6g0k(2k) - -- O(2n) )g
k=1

where §,0, = ¥; 69" (Bi(9)0)a. (The integral over z can - and
usuglly does - diverge as z — z, and 60 (z;) includes the coun-
terterms ) That is, .7-'(9) = TX|,. More precisely

TE|g = F§9 = F§910F®,  6F 9 = (8,04}
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Subtlety with locality: Even if QFTy is strictly local, adding generic
combination of fields O; typically spoils the UV properties and
breaks locality at the scales ~ e. Therefore, the space of truly
local QFT constitutes but a small subspace in . Isolating this
subspace requires full understanding of the RG flow in X - exceed-
ingly difficult problem, which I generally ignore in this discussion.

Integrable Field Theories is another subspace in >{nt) c 5. Cor-
respondingly, given an IQFT

T opr € TE|iqeT

i.e. there is a subspace in Fp associated with "integrable pertur-
bations" .

Maih result of this work: Characterization (constructive, and likely
close to complete) of TEI"D |+ for generic IQFT.

As it turns, the question of integrability can be largely separated
from the problem of true locality. Perhaps, it will be easier to
solve the latter for IQFT?
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4. Integrable Field Theories: Common property - an infinite set
of Local Integrals of Motion.

- fc [Ty 41(2)dz + ©,_1(2)dZ]

where the local currents (Ts41,©;_1) satisfy the continuity equa-
tion

05T541(2) = 0:0,_1(2)

The label s takes some (infinite) set of values S, typically as-
sociated with the spin(s) of the fields, S C Z/2.(More generally,
fractional-spin IM with quasi-local currents are possible). The set
S is an important characteristic of IQFT.

It is,often convenient to make separate notations for the negative-
spin currents, (T_s4+1,0_5-1) = (©4-1,Ts+1), so that

02T 11(2) = 0:0,_1(2)

j - fc [Typ1(2)dz + O,-1(2)dz] ,  s>0.
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e Conservation: The integrals over C in Ps, Ps do not change
under " trivial" deformations of the integration contours, e.q.

jgc' ( [Ts-}-l(z)dz + ©,-1(2)dZ] O1(21) - On(2n) ) = )

as long as the contour C leaves outside the insertion points 24, 29, ..., 2n.

e The IM form a commuting set,
[PS:‘PO'] = [PSaPO'] = [PSaPO'] = 0
The commutativity implies

[Paa T3+1(z)] — SZAO'.S(Z) ] [PO" es—l(z)] S 6ZACT,S(Z) ]

[Pa:Ts-{v-l(z)] o 8230,3(3) ) [Pcn és—l(z)] — 3ZBU,S(Z) )

andXsimilar equations for the commutators of P, with the currents.
The commutators (as usual in Euclidean QFT) are expressed as
the contour integrals, e.qg.

[P0, O(2)] = (1/2mi) § [T, 11 (w)dW + Oy 1 (w)dW]O(2)

over a small contour C; encircling z.
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e Conservation: The integrals over C in Ps, P; do not change
under " trivial" deformations of the integration contours, e.q.

560 ( [Ts-}-l(z)dz + ©,-1(2)dZ] O1(21) -+ On(2n) } == 0

as long as the contour C leaves outside the insertion points 24, 29, ..., 2n.

e The IM form a commuting set,
[PS:‘PCF] = [PSa}_DO'] = [PSaPO'] = 0
The commutativity implies

[Paa T3+1(z)] — SZAO'.S(Z) ) [PO" @s—l(z)] =5 8ZAO',S(Z) ]

[PcraTs-{v-l(z)] — 8230,8(3) ) [Pcn és—l(z)] — 3ZBcr,s(3) )

andXsimilar equations for the commutators of P, with the currents.
The commutators (as usual in Euclidean QFT) are expressed as
the contour integrals, e.qg.

[Py, O(2)] = (1/2mi) @&ftmw + 0,1 (w)dW]O(2)

over a small contour C; encircling z.
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5. Operators X

Given the set of currents (T,41,©,-1), it is possible to construct
the set of special scalar fields X € Fg, one for each current. The
fields X are suitably defined limits

Xs(<) = lim {Ty41()Te41(2) - ©5-1(2)0,-1(2)}

Generally, the operator products like those in the r.h.s are singular
at z = 2/, and the naive limit does not exist. It turns out that
for khese special combinations the limit is straightforward, if one
ignores terms from OF.
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Lemma: For any local fields Oq, Oy € F the operator product

(0z + 8,) Oa(2)Op(2") € OF

OF = Span {6;04(2),850.(2)} ,
and similarly with (8z 4+ 9,/) replaced by (8z + 9,).
Indeed, the diff. operators (& + &) annihilates the coefficient

functions C¢,(z — 2') in the OPE
A
Oa(2)Oy(2') = > Co(z— 2") O(2).
C
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The identity
02{Ty+1(2)Ts1(2) — ©,5-1(2)8,-1(2) } =
(8z+ 8y) ©,_1(2)Tg41(2") — (82 + 8y) ©,-1(2)O,-1(2) € OF,
and similar identity with 93 — 8z, is an elementary consequence of
the continuity equations
82T3—+-1(z) = aZes—l(z) ) 32T3_+_1(z) — 8-2@3_1(2) .
Hence

Ts4+1(2)Ts41(2") — ©,-1(2)0;,-1(2) = Xs(2/) mod &6F.

(Xs(zf) - X_g(Z) mod 3.7.)

X
This gives unique (modulo 8F) definition of scalar (spinless) field
Xs. L.e. X uniquely specifies a vector in TE |jqFT. Next, we want
to show that in fact

X, € TEW ot
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First, we prove that for any o,s € &
[Py, Xs(2)] =0 mod 08F,
where, by definition,
[Po, Xs(2)] = (1/2m) § [T,41(w)dw + O, (w)dW] Xs(2)

Indeed, consider

Po, {Ts41(2)T541(2)-©,_1(2)8,_1()}] = " z-term” + " 2/-term"

Recall that, as the condition for [Py, Ps] = 0,

[PO', T3+1(2)] ot GZAO',S(Z) ] [PO'a es_l(?;)] = 62AO',S(Z) ]

Then

" z-term” = 8z2A0,5(2) Ts41(2") — 8240,5(2)O5-1(2") =
Ly (62 it 82’) AG,S(Z) Ts—}-l(z,) - (df + af’) AU,S(Z)es—l(zf) € OF,

Likewise

"Z'-term” =0 mod o&OF.

The desired statement follows in the limit z/ — z.
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6. Integrability of Xs perturbations

Consider IQF Ty with the set of local IM {P;,0 € S}, and let
Ag denote its formal action. Let us show that the infinitesimal
perturbation

Ag 4 §As, §As = 8gs f Xo(w) d2w

with any s € § preserves the same set of IM. Conservation of P,
in the unperturbed theory implies

(01(21) -+ On(2n) § [Tot1(2)dz + ©5-1(2)d2] Jo = 0.

for any " trivial” contour C (simple contour which leaves outside all
the insertion points). Here and below (---)g denote the correlation
functions of the original unperturbed theory. We want to prove
that the same relations (perhaps with somewhat modified currents
(Ty41,©0-1)) hold in the theory Ag + 6.As.

By ;he " deformation formula” (ignoring the terms with 6Ox(zx))
(01(21) -+ On(2n) $ [Tot1(2)dz + ©5-1(2)2] os.4, =
(01(21) -+ On(2n) §, [To41(2)dz+Op-1(2)d2])o -
89s f d*w(01(21) -+ - On(zn) fc Ty41(2)dz + ©5_1(2)d2Z] Xs(w))o

14
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The first term is zero (by definition). In the second term, split
the integral over w as

_/ d*w = - ./D(C) d®w — D'(C) d*w

where D(C) is the part of R?2 bounded by C, and D/(C) is its
complement. The second term vanishes (since the contour C
there remains " trivial” ). In the first term C encloses the point w;
closing it on that point yields the commutator [P, Xs(w)], vet to
be integrated in w over the domain D(C).

As we have seen, [Py, Xs(w)] € 8F, i.e.

-2 [PO': X.s('w)] — 6\/\1@5,0——1(“)) - a\FJTs,a+1(w) )
with some local fields T,®©. Therefore, by the Stokes, the integral
over w evaluates to

. (O1(21) - - On(2zn) f;} [Ts,a+1(z)dz + és,a—l(z)dz] )0

Finally, we have
(O01(21) -+ On(2zn) jgc [Tg+1(z)dz -+ @g_l(z)di] YO+64, =
—09s f(01(21) +++ On(2n) f{c [Ts,a+1(2)d2 + @s,a_l(z)di] Yo

15
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That is, the IM P,, with

Tog1 = Top1 + 0gs Ts,a—i—l ) ©p_1 > Oy_1 +dgs és,a—l

still conserves in the perturbed theory Ag + 6.As.

7. Conclusion:

e With any Integrable Field Theory, with the set {Ps,s € S8} of
local IM, one can associate an infinite-dimensional space Xj,t of
Inteyrable quasi-local theories, so that

TEint = Span(Xs,s€ S).
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8. Remarks:
e UV regularization does not seem to spoil the analysis.
e Although I explicitly discussed strictly local IM (with (Ts41,©5._1)

strictly local fields), the analysis extends to "semi-local" IM, of
fractional spins s, with " parafermionic” currents.

e Although only Relativistic (Rotationally invariant) Field Theories

were considered, the analysis straightforwardly generalizes to non-
invariant theories by including perturbations of non-zero spins s—s’

,‘Xs,s’(z) =lim,_,, {Ts+1(Z)T3’+1(2,) = es—l(z)es'_l(zl)}

e Integrable Theories are amendable to analysis by various exact
methods (formfactor bootstrap, TBA, QISM), which may help in
addressing the problem of true locality.

Page 20/45



9. Factorizable S-matrix

Massive IQFT: Presence of {P;} — Factorizable S-matrix.

e The set of particle momenta conserves in the scattering, i.e.

(out)(gl,...0)| 01, ,65)™ =0 unless {6}, ,0)} = {61, ,0N}

In particular, M = N. Here @'s denote the rapidities of the parti-
cles.

e N — N S-matrix factorizes in terms of the 2 — 2 S-matrix
5’(9{ = 55.,2(0),

| 01,02 )(i”) = 5(61 — 67) | 61,0, )(t)

(generally, S is an operator in the spaces of " colors" of the parti-
cles).
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The 2-particle S-matrix satisfies a number of general conditions
(Unitarity, Analyticity, Crossing, Yang-Baxter Relation). The con-
ditions generally admit the so-called CDD ambiguity:

If 5(0) satisfies the conditions, then so do S(8)U(#), where U
arbitrary meromorphic function (analytic& bounded in the domain
0 < Qmb < w), such that

UOU(-0) =1, U(0) = U(ir—0)

In particular, U(6 + 2ni) = U(6#). Locally (i.e. ignoring global
analyticity condition) these conditions are solved by

L

U(0) = exp {iA(0)} A) = Gs sinh(s)
$=1,3,5,7,...
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10. Formfactor perturbation theory

Let again Ag denote IQFT, and consider an infinitesimal pertur-
bation

A+ 5A, 5A = 5g ] O(w) d?w

The S-matrix version of the " deformation formula” reads

& (out) (01, - Opr 101, 0N ) (i) =
= 0g fd2'w (out)(el&"'aj\./! | O(w) | 64,--- sBN)(z’n) =

89 (2m)2 82 (P, — Phs) (outy(01: 00 | ©0) | 61, , 0N ) (in)
The connected part of the matrix element here - the " form-factor”
- is analytic function of the rapidities — if not identically zero,
can not vanish at {93,-} # {6;} — inelastic scattering (breakdown

of integrability).

However, for special @ the multi-particle (N > 4) formfactors
could all vanish on the " Energy-Momentum Surface” P/ = P/ ,.

20
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To see that this is a consistent proposition, recall that the formfac-
tor generally satisfy the " formfactor bootstrap equations” (FBE)
- the system of linear relations (which guarantee locality of O):

i) Scattering relation

Fn(61,...,0i,0;41,...0N) = S(0;—6;41) FN(01,...,0;41,0i,...,6N),
i) Crossing relation

FN(BI +27T‘i,92,...,9N) = FN(925'--:9Ns61)a
iii) " Annihilation poles"

: n
FN+2(9+?:7T+6, &, P ,GN) — z [1— H 5(9—93‘)] FN(Gl, ToE eN)
J=1

as e— 0. Here

Fn(61,...,6N) = (0] O(0) | 01, ,60N )(in)
It is generally assumed that the space of solutions of FBE is iso-
morphic to the space of local fields

FFP~ F
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To see that this is a consistent proposition, recall that the formfac-
tor generally satisfy the " formfactor bootstrap equations” (FBE)
- the system of linear relations (which guarantee locality of O):

i) Scattering relation

Fn(01,...905041y .- 0n) = 8(0;—0;41) Fn(O1y 1 0341,04 .-, 0N
ii) Crossing relation

FN(BI +27Ti,92,...,9N) = FN(QZ!"'!GN!GI)!
iii) " Annihilation poles”

. n
FN+2(9+’£7T+6, 9,91, co ,GN) — z [1— H 5(9—93‘)] FN(91, T ,9N)
i=1

as e— 0. Here

Fn(61,...,6N) = (0] O(0) | 01, ;6N )(in)
It is generally assumed that the space of solutions of FBE is iso-
morphic to the space of local fields

FFFP~ F
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e It is easy to check that the FBE admit the ansatz

N
Fn(01,:-+,0N) = | Y P*(6;)| Gun(01,--- ,0N)

i=1
where P¥(0) = me*?. Let Fepecial D€ the subspace of solutions
of FBE of this form.

Formfactors of the derivatives 9,0 constitute trivial part of J-"stFecia,.

Existence of "integrable perturbations” suggests

FFecial/0F # 0

How it is possible? For N = 4 the Energy-Momentum surface
Zé‘:l P,(6;) = 0O lays entirely within the locus of the "annihilation
polés" at 6; = 6; + im, and the zeroes of the factor Z{"zl Pu(6;)
can be canceled by the annihilation poles. As the result, solutions
are possible such that

Ofor N>4
F for N=4

Space of such solutions = space of "integrable deformations".
22

Fn(61,--- ,QN)|Energy-Momentum surface = {
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As usual, F, — correction ~ §g to the 2 — 2 S-matrix S(0):

3(6) = 8o(0) {I + Si’:ﬁ [£539,(8) + 2cosh o Ao(e)]}

By "annihilation poles” condition
(out)(gl +e1,60+e2| O] 91,92)(2-71) =
E E
—( = 1) AG(0) (6] O 6) + £529,(6)

€2 €2
which is the definition of fre9.
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11. sine-Gordon model

1
8,6)2 — 21 cos

16 ( p@") K (B¢)

Has infinite set of conserved currents (T54.1,95-1), (Ts41,©s-1),
with

Lsg =

8€8=1,3,517,...

Particles: Soliton/Antisolton, Bound States. The space of solu-
tions of FBE was completely sorted out by Miwa, Jimbo, Smirnov
(2007-2012):

FFF consists of module generated from " primary fields” (expo-
nentials) by operators P, Ps
PsO(z) = [Ps, 0(2)]

and,a set of fermionic operators gg,~vg and B;ﬁ;‘ (again, s € S =
{1,3,5,...}), with certain explicit action on the formfactors. In
particular, it is possible to show that

PB3y} - I =P1B3y: - I,

Tor1=08s7 - I, ©Os_1=87 -1
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Moreover, it is possible to show that (this is a new result)

Xs=PB1v:B17: - I € -Fsticial

e Substantiates (for the sine-Gordon) the general conclusion about
"integrable deformations” {Xg}.

e Yields explicit formfactors of Xs. In particular, for O = X3 we
find

£529,(8) = cs sinh(8) sinh(s6)

That is, for the SG model, the "integrable deformations” X are in
one-to-one correspondence with the infinitesimal changes by the
CDIy factors: For

L=Lsc+ Z 0gs sz
6=135....

S(0) = 8, {I + > esdgs sinh(s8) + }

a=1.315....
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11. More remarks

Take expectation values of both sides of the identity

Toy1(2)T541(2) — ©4-1(2)0,-1(2") = Xs(2') + derivatives.

Since in space-time homogeneous system (derivatives) = 0, we
have

((T3+1(z)T‘s+1(z') - @s—l(z)és—l(z’))) — (XS(Z’)) =(Xs).
If also the space-time geometry is such that z and 2z’ can be
broyght arbitrarily far apart, then

Lh.s. = (To41){Ts+1) — (©5-1)(Os-1)
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Important example of such geometry is Euclidean cylinder, with
"spatial” coordinate compactified on a circle on a circle of finite
circumference R. In this case the spectrum of Hamiltonian is dis-
crete, and expectation values in above relations can be understood
as

()= (n|..[n),

where | n) is any non-degenerate Energy-Momentum eigenstate.

Consider coordinate system in =) in which X, is tangent to
coordinate line of gg, i.e. in terms formal action

o
= | X.(2)d?z.
693#‘1 f 3(3) -4

Théh
o (R B _ .
c')gsEn(R’ g) o -/0 = (X8> =R [<Ts+1)<T3+1> i (@371)(6371)]

The r.h.s. can be evaluated explicitly in special case s = 1.

Page 32/45



Pirsa: 16020114

Important example of such geometry is Euclidean cylinder, with
"spatial” coordinate compactified on a circle on a circle of finite
circumference R. In this case the spectrum of Hamiltonian is dis-
crete, and expectation values in above relations can be understood
as

() =(n|..[n),

where | n) is any non-degenerate Energy-Momentum eigenstate.

Consider coordinate system in =UI") in which X, is tangent to
coordinate line of gs, i.e. in terms formal action
0
dgs

A= f Xs(z) d?z.

Théh
0 R _ )
5g, En(R9) =/0 dx(Xs) = R [(Top1)(Ts41) — (©5-1)(Ss-1)]

The r.h.s. can be evaluated explicitly in special case s = 1.
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s = 1. corresponding currents are components of the energy-
momentum tensor

To=Tz=T, Th=Te=T, Og=60g=-Tyz=0O
The associated field X7 is not trivial
X1 = lim [T(2)T(z") - ©(2)©()]

2=z

We have
(X1) = (THT) — (©)2 =

16 (=4 (B (Tyy) + 4 (Toy)(Ty))

In the geometry of a cylinder, for a stationary state with energy
and momentum E(R), P(R)

_(211')2 ( d

(X1) = B(R) S E(R) + 1 PAR))

. 4R
(P(R) = 2").
Then (with g1 = t)

0
ot

P2(R)
R

BR,0) = B(R,) - E(R,8) +
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