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Interacting surface states
of 3+1D Tls

AN

T-invariant

U(1) gauge theory in 3+1D

Quantum Hall-fluid
atv=1/2
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Bulk duality in 3+1D

* EM duality of U(1) gauge theory with fermionic matter and ¢ = 7.
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Surface “duality”

Lree = $7* (8 — 1A

- | B )
p Lf¢ ,- , 2 ’ ot I
Loep, = bay! (()u - ””’N)‘/J‘i t @ v + EA:”«I "0, an

Same anomaly under U(1),,, and T symmetries - yes!

Same at the IR fixed point - ?
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Surface “duality”

Lree = $7* (8 — 1A

- | )
L ¢ . 2 ’ ext [«
Loep, = Vqy! (()u - 7’”’!*")(‘/)“ t @ v + EAH "0, an

Same anomaly under U(1),,, and T symmetries - yes!

Same at the IR fixed point - ?

Gapped, symmetric, topologically ordered surface: T-Pfaffian,
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U(1) gauge theory in 3+1D

1 . 10
L=—f:
4e? /

UVAC p
Hv —I_ 327]_2 € f;l..'/

f)\rr T = = 2

* Assume microscopic Hilbert space has only bosons

* Bosonic charge matter or fermionic charge matter
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S and T dualities

10

A2 fxw 3972

A\ (/
eh” (Tf,uu]()\rr T = = 2

Bosonic matter: R o G——
T:T7—>71+42, (0 — 0 + 4)
Generate a subgroup of SL(2, Z)

* Lattice of dyon excitations - Cardy, Rabinovici, 82

* Partition function on non-trivial manifolds — Witten, 95
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Dyon excitations

Excitations: electric charges and magnetic monopoles
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Dyon interactions

1 . A2 -
CeUIomS: E=_—— ¢’ + 2 mm’ ® - 0
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(q,m) (¢",m)
Statistical: pilgm’=mq’)§2/2 (q,m)
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Dyon self-statistics

0=0:
Charge: boson Monopole: boson Bound state: fermion
© @
(g =1,m =0) (q=0,m=1) (¢g=1,m=1)
More generally: (¢, m) ———> (—1)9m

A. Goldhaber, (1976)
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Monopole (dyon) statistics at finite ©

N Om
qg=n-4+ —,m
1 27
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Neutral monopole: 0 =(0 -boson
T:0 — 0+ 4n

0 = 21 - fermion
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S-duality
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At 0 = (0 exchange electric and magnetic charges, ¢ — —
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Fermionic charge matter

0=0:
Charge: fermion Monopole: boson Bound state: boson
o ©
(¢g=1,m =0) (q=0,m=1) (g=1,m=1)

More generally:  (q,m) —> (—=1)9" x (—1)¢
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S-duality, fermions

0=0:

Charge: fermion . Charge: boson

Monopole: boson Monopole: fermion
AS’[,./'

fermion matter, 6 = ( > boson matter, 6 = 27

More generally,

Sy T — ——+1, fermion matter ——> boson matter

T
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S-duality, fermions to fermions

1
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S-duality from partition function

* How does pure gauge theory know about matter?

| R 16
_ 2 ’ WG g »
L - 4(}2 J v + 327_[_2 6! .}(;w f/\nr

7 = /Da,,, e
l_'_I

Bosonic matter: sum over complex line bundles

Fermionic matter: sum over Spin_ bundles

View gauge-theory as emergent from Hilbert space of bosons,

Do not assume a Spin manifold!
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SL(2,Z) duality from partition function

* Bosons:

ZP(=1/7) = (ir) Xt (—ir) X8 701y Zb(r 4 2) = Z°(7)

Witten (95)

Arbitrary oriented manifold

X - Euler number

o - Signature
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SL(2,Z) duality from partition function

* Fermions (oriented manifold):

75 (—1/p) = e~ 5& tpte™ +571) (j 5)(xF+0)/4(_; 5)(x=0)/4 Zf ()

Zp+2) =27 (p)

0 4
p=21+1=(1+—-]——

m (&

MM (15)
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Time-reversal symmetry

* |s S-duality compatible with time-reversal?

* Focus on fermion matter,

L = iy"(0,, — ia, )y — |m|costprp — i|m|sindyy°1

Zy (0, |m]) . 1 / ) N .
= 6P |40 P e fu,fae — o (M
Zy(0 =0,|m]) SR 327 . M( ve Juv A 86( )
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Time-reversal symmetry

L = iny"(0,, — ia, ) — |m|cospip — i|m|sindipy i)

T P&, t) — CTAY(E, —t), i— —i, T?=(-1D" u(l)xT

CT: (@ t) = (@ -, i— —i, wu(l)xCT
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Time-reversal symmetry

L = ¢ir"(0,, — ia, ) — |m|cosOipp — i|m[%i

T W(E, t) — CTAY(E, —t), i— —i, T?=(-DF u(l)xT

CT: (@ t) = (@ -, i — —i, u(l)xCT

0=0,m
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Time-reversal symmetry

L = ¢ir" (0, — ia, ) — |m|cosOinp — i|m[3i

T : P(E, t) = CTAY(E, —t), i— —i, T*=(-D" u(l)xT

CT: (@ t) = (@ -, i— —i, wu(l)xCT

0 =0,[7]
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Topological insulators

L = yiy" (0, —ia, ) — manp
 Topological insulator with (1) x T or wu(l) x CT

m>0,0 =0 -trivial Tl
- ¥

X
JAN

m<0,0=mn

nontrivial v=1TI
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Topological insulators

L = yiy" (0, —ia, ) — manp
* Topological insulator with u(1) x 7" or u(l) x CT

m > 0,0 =0 -trivial Tl

- v
< 0.0 -lnontrivial v=1TI
m 0=

* Non-interacting classification:  w(1) x T": Zq

(
w(l) x CT: 7 — Zg
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S-duality, 6=m

q q

2. m -2 -1 m
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S-duality, 6=m

q q

N &
<

2m -2 -1

T . q— q T q— —q

m — —m m —m

Is this sufficient to establish S; duality?
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T-SPT ambiguity

* SPTs of bosons with T-symmetry in 3+1D: Z%

1l,e,m, e} {1, f1, far f3}
T'rz - _17 T.'%r, = —1 T/z, =1
eTmT FFF
ZeTmT = (_l)l wi ZFFF = (_1)X
Z(!r[’m'l‘(RP/l) = —1 Zl*’l*’l*‘((cpz) = —1
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S-duality, 6=m

1

J o=
4e?

fuw [P+ iy (0, —iay )y — mapep, m <0, |m|— oo

4
* ToshowS;: T <= (T, ¢ > —
e

need to compare partition functions on all manifolds,
including non-orientable

* Assuming only ambiguity is a bosonic SPT phase

RP* and CP?
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Dirac fermion on non-orientable manifold
L = yy" (0, + iw,, — ia, ) + map)

CT symmetry: u(1) x C'T" - require Pin, structure

lirh Z‘U(_T”’) - (}_271'?1':;
m—»0o0 Z,t/,(’n),)

n = % (Z A% — Z A7+ N{))

A>0 A<0

Qo| —

n=-=n
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Dirac fermion on non-orientable manifold
L = yy" (0, + iw,, — ia, ) + map)

CT symmetry: u(1) x C'T" - require Pin, structure

Zrt; _7”;) f
lim Zup(=m) = e*™1 . Pin, bordism invariant
m—»0o0 Z,i/, (’H},)

n = % (Z A% — Z A7+ N{))

A>0 A<0

n=-n 2 — g

Qo| —
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Dirac fermion on non-orientable manifold
L = yy" (0, + iw,, — ia, ) + map)
Tsymmetry:  u(l) x T - require Pin, structure

Zy(—m)

—1)N“/2 - Pingbordism invariant
Z«{/;(IIHJ)

Ny -number of zero modes of “doubled” Dirac operator
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Dirac fermion on non-orientable manifold
L = yy" (0, + iw,, — ia, ) + map)

Tsymmetry:  u(l) x T - require Pin, structure

Zy(—m)

—1)N“/2 - Pingbordism invariant
Z«{/;(IIHJ)

Ny -number of zero modes of “doubled” Dirac operator

Z.5 classification
* On orientable manifold,

(3271"1',1] _ (_1)Nn/2 _ (_1)m [ fNf—%0
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Simpler problem: bosonic matter, 6=0

1 ' f
b N E D) —S|a)
Z(/'T((') - V()l(g) I ./ ”’f" € '(L(l) X CT
1 ' ,
b\ E J—b[(r,]
Zrle) = Vol(9) < / Pay e k) WL

| - pur
S[(L] - 4(7 / d .’I?\@f“,,fl

€

? 2
Z?:T((f) = Z’!f‘ (_W)
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Simpler problem: bosonic matter, 6=0

Ztr(e) 2 (det N2’+)_l/2 ((1(3tNl’+) /2 | Tor(H?*(M,7))|
Z3(2m/e) V(M) (det N1-)Y2 |Tor(Ha (M, Z))|
y det!, A” /det/ [ A\~ /2
det_AY \ det’_Al
N©E  ~inner product on H("?H_
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Simpler problem: bosonic matter, 6=0

_Z?f’r(“) _ T (M)
Zh (27 /e) T<(M)

Thanks to E. Witten!

* Analytic Ray-Singer torsion

T (M) = (det, A*) ™! ((l(lt;/_\:‘) /2 (det’ , A1)~1/2 det/, A"

* Reidemeister torsion

| Tor(H*(M,7Z))| v
Tor(H*(M, Z))|[Tor(H?(M, 7))

& (d(“tN:;ﬁ)_l/z (d“th’Jr) 2 ((1(3tNl’+)_1/2 ((1(3tNU’+) 2

T¢(M)
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Simpler problem: bosonic matter, 6=0

Ze(e) _ T (M)

- — =1 Cheeger, Muller (77-78)
Zh (27 /e) T<(M)

Thanks to E. Witten!

* Analytic Ray-Singer torsion

T (M) = (det, A*) ™! ((l(rt;/_\:‘) /2 (det’  A1)~1/2 det/, A"

* Reidemeister torsion

| Tor(H?*(M,7Z))| v
Tor(H*(M, Z))|[Tor(H?(M, 7))

& (d(“tN:;ﬁ)_l/z (d“th’Jr) 2 ((l(rt,Nl’+)_1/2 ((1(3tNU’+) 2

T¢(M)
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Back to fermions

Zo(e

VI Z /D(I,, S[u] Z?TH}
()
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Zrl'l (f

Vl Z /D”ﬂ e S VR
ol(

lll

| e
S[(L] - 4(7 / d fI:\@f;!.Vfl

47
Z(;*]*(() Z[ ( o )
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Back to fermions

/ ) y ‘ —1)2/2
Z"flat’”(‘{lﬂ/(') :? 2(l—b|-|-h:i)/2((letN2,-|—)1/2 ‘T()I'(H‘B(Afa Z))‘ ((32 )
Z}, cple) Tor(H2(M,Z))| \ 47

' 1
Z-f le) = E ) ——(f, ) + 27
(‘z,(,l(f) . (XI)< 20 i f) W"I)

4 1 ., TI"I:N()
Zhate) = Yow (-t )+ T30
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Back to fermions

/ ) y ‘ —1)2/2
Z"flat’”(‘{lﬂ/(') :? 2(l—b|-|-h:i)/2((letN2,-|—)1/2 ‘T()I'(H‘B(Afa Z))‘ ((32 )
Z}, cple) Tor(H2(M,Z))| \ 47

' 1
Z-f le) = E ) ——(f, ) + 27
(‘z,(,l(f) . (XI)< 20 i f) W"I)

4 1 ., TI"I:N()
Zhate) = Yow (-t )+ T30
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Back to fermions, RP#

| 1 * g . Qi )
Zr'{l,(,”[‘(({) — Z exp (—ﬁ<](’ f) -+ 27‘(‘17/) — (527"/8 + e

4 1 .o W?:N()
Zé{z,’r(“) - Z"XI)(—F<.IL1,IL>+ 9 )Zl

f , .
Z(tl,f]’(élﬂ-/(’) _ 2(1_[“ +b"g)/2((1(ﬁt]\/‘2’+) 1/2 |T()I'(H2(AJ, Z))|
Zl cple) [ Tor(H2(M,Z))|
¢ l | 1
. 1

YES!
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Surface “duality”

* Particle-vortex duality of single Dirac cone on Tl surface

Lfree = Pey" (O — 1A he / X /

_ |
—_— ] I"' : J— r‘ 7, [ '2
LQED:s - (/)fff}/ (()N !’U’f")(/)d' T 4(]2' v

1
xl A ¢
+ 4—A;," "0, ay
s

fi/’d,

/

Je
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Surface duality”

u(l) x T

\wA

A

u(l) x CT

~

WA

A

m——

gapped 1)

AVAVAVANCT

[
gapped 1))

(AVAVAVANS
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Surface ""duality”

u(l) x T u(l) x CT

~

i \wa

A Z_&
gapped 1) gapped 1/3
AN 4, AMAN G,

Introduce electron 1), charged under global U(1)ey 3 T
symmetry. Put into a trivial insulator.
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Higgs transition

u(l) x T
Y -i-
)& Condense /)
Higgs effect
gapped )

/M( U
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Higgs transition

u(l) x T
W WY o~ Y, .
/& / / Condense *t/fflx(/J
Higgs effect
gapped 1)

Result: ordinary TI!
/M‘”ﬂ»
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Dual picture

u(l) x T u(1l) x CT

AR =

A A

- —
gapped gapped ’t/j
M(’w \VAVAVAYH
Condense fz/ijfz/i Condense q/;("jx monopole?
Higgs

Result: ordinary Tl

Pirsa: 15100114 Page 49/55



Dual picture

u(l) x T u(1l) x CT

AR =

A A

- —
gapped gapped ’t/j
M(’w \VAVAVAYH
Condense fz/ijfz/i Condense q/;("jx monopole?
Higgs

Result: ordinary Tl
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Dual picture

u(l) x T u(1l) x CT

AR =

A A

- em—

gapped 1) gM
a o~

Condense 1/;(":1/; Condense q/;("jx monopole?
Higgs Bulk confinement
Result: ordinary TI Surface: QED,
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Surface “duality”

* Particle-vortex duality of single Dirac cone on Tl surface

Lfree = Pey" (8 — 1A he / X /

- 1 i
vy . 2 ' wt U ¢
Lorp, = Yay" (0, — iay)ha + — + — A0, an

4921 " 4

fi/’d,

/

Je
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T-Pfaffian,

1 )
2 't N«
Lap, = Bar* (O — iau )b+ g F i + = A0,

l Charge 2 Higgs: (12 Ctpy) # 0

U(1)ezt ¥ T symmetric gapped topologically ordered surface T-Pfaffian,
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T-Pfaffian,

e 1 ‘ 7:
L . 2 ext (N«
LQED;; = gyt (();:, - 71(1';;,)1‘/’”! + 4712,](”,, + EA "0y a)

l Charge 2 Higgs: {1/)3101/)({) # 0
U(1)exr x T symmetric gapped topologically ordered surface T-Pfaffian,

T — Pfaffian C Ising x U(1)_g

k=] 0 [ 11 2]3[4]5]6][7] Qu=q/d
I |1 —i 1 —¢

7 1 —q —1 I

v | —1 i —1 J

7 11| n g/ Bt N 'l

P. Bonderson, C. Nayak, X.L. Qi (2013), X. Chen, L. Fidkowski, A. Vishwanath (2013)
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Interacting surface states
of 3+1D Tls

AN

T-invariant

U(1) gauge theory in 3+1D

Quantum Hall-fluid
atv=1/2

Thank youl!
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