Title: 2+1D topological orders and braided fusion category
Date: Oct 22, 2015 09:00 AM

URL: http://pirsa.org/15100105

Abstract:

Pirsa: 15100105 Page 1/35



Pirsa: 15100105

2+1D topological orders
and braided fusion category

Xiao-Gang Wen
Oct., 2015

There are gapped phases beyond symmetry breaking order
— topological orders

Xiao-Gang Wen Oct., 2015 241D topological orders and braided fusion category

Page 2/35



Pirsa: 15100105 Page 3/35




Pirsa: 15100105 Page 4/35




Pirsa: 15100105

2+1D topological orders
and braided fusion category

Xiao-Gang Wen
Oct., 2015

There are gapped phases beyond symmetry breaking order
— topological orders

Xiao-Gang Wen Oct., 2015 241D topological orders and braided fusion category

Page 5/35



Examples of topo. orders — long range entanglement (LRE)

Abelian topological order: — fractional statistics N —
e IQH and Laughlin Laughlin PRL 50 1395 (1983)

f 1572 F.B |
\Ur 1 1—[1, i< N(Zj . 2 ‘ W;J 1/ H(ZI Zi)m'
(LIJ:L l)m

where z; = x; + 1y;.
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Examples of topo. orders — long range entanglement (LRE)

Abelian topological order: — fractional statistics N
e IQH and Laughlin many-body state aughlin PRL 50 1395 (1983)

|
f LS |z2 F.B
Vo1 = llicicjentzi —z)ema ==t N7 =11(z — z;)"e
VN 0 VN 1" Vo (Wf l)m

F.IQH . . .
where z; = x; + 1v;. WV, 2, has an invertible topological order

o WEB/F symmetric/anti-symmetric — bosonic/fermionic topo. order;
Wen PRB 40, 7387 (89)

Non-abelian topological order: — non-abelian statistics

e SU(N)> state via slave-particle Wen PRL 66 802 (Feb. 1991)
2

B f 2 . f / , |
wﬁ“t:l (Vy=2)® v =1, \Usfr‘tﬂ)‘ (V=)™ v 2%
' ' 5

— SU(N)> Chern-Simons effective theory — non-abelian statistics

e Pfaffien state via CF1 Moore-Read NPB 360 362 (Aug. 1991)
D l l 1 T o, |2
VB — A T - z)et SR, =1
‘ Z1 — 22 23 — 24
- The Pfaffien and SU(2)> have the same non-abelian statistics

- The SU(3), state has the Fibonacci non-abelian statistics
Xiao-Gang Wen Oct., 2015 241D topological orders and braided fusion category
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Topological invariants that define LRE and topo. orders

(1) W = space of locally |nd|st|ngu|shable (LI) vectors
- Given vector V;, 3 other LI V>. N/ “-
- Topo. degeneracy D, = dimV, '
depends on topology of space Deg=!
Wen PRB 40, 7387 (89), Wen-Niu PRB 41, 9377 (90)
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Examples of topo. orders — long range entanglement (LRE)

Abelian topological order: — fractional statistics N
e IQH and Laughlin many-body state aughlin PRL 50 1395 (198

|
f L $™ | z)2 F.B
Vo1 = llicicjentzi — z)ema =t N =11(zi — z;)Me
VN=0 & VN=1""" Vo (W, )"

FLIQH . . .
where z; = x; + 1vy;. W, 2y has an invertible topological order

o WEB/F symmetric/anti-symmetric — bosonic/fermionic topo. order;
Wen PRB 40, 7387 (89)

Non-abelian topological order: — non-abelian statistics
e SU(N), state via slave-particle Wen PRL 66 802 (Feb. 1991)

2

B F 2 , F / 3 <

w-‘*”( (\Uf, _‘) , V 1, \Usmﬂ)‘ (wf _') » V Q°
' .

— SU(N)> Chern-Simons effective theory — non-abelian statistics

2)2

e Pfaffien state via CF1 Moore-Read NPB 360 362 (Aug. 1991)
2 l l 1 T ) o, |2
VE, = Al S | (OIS T o
‘ Z1 — 22 23 — 24
- The Pfaffien and SU(2)> have the same non-abelian statistics

- The SU(3), state has the Fibonacci non-abelian statistics
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Topological invariants that define LRE and topo. orders

(1) W = space of locally |nd|st|ng|,||shable (LI) vectors C
- Given vector Wy, 3 other LI V>, - “-

- Topo. degeneracy D, = dimV, 7 N\ _
depends on topology of space Deg=1  Deg.=D,

Wen PRB 40, 7387 (89), Wen-Niu PRB 41, 9377 (90)

f ' ‘\'- /
( e=0 ]~

(2) Vector bundle on the moduli space

i. Consider a torus 27 w/ metrics gj;. ii. Different metrics g;; form
the moduli space M = {g; }. iii. The LI states depend on spacial
metrics: W, (g;;) — a vector bundle over M with fiber WV, (g;).
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Examples of topo. orders — long range entanglement (LRE)

Abelian topological order: — fractional statistics N
e IQH and Laughlin many-body state

aughlin PRL 50 1395 (1983)

|
f —2157 2 F.B m .
\U." 1 1—[1 <] N(Z" Zf]t T L \U;l 1/m H(Z’ ZJ’) :
, ) 4{10),/1)} E
VN=0® VN=1""" V; (V=)™

FLIQH . . .
where z; = x; + 1vy;. W, 2y has an invertible topological order

o WEB/F symmetric/anti-symmetric — bosonic/fermionic topo. order;
Wen PRB 40, 7387 (89)

Non-abelian topological order: — non-abelian statistics

e SU(N)> state via slave-particle Wen PRL 66 802 (Feb. 1991)
2
wE (W )2 v=1, V! -

S5U(2) SU(3)s

2

(Vo). v

2
.

— SU(N)> Chern-Simons effective theory — non-abelian statistics

e Pfaffien state via CF1 Moore-Read NPB 360 362 (Aug. 1991)
D l l | P .
Ve, = A MG - 7)e i S p=1
‘ Z1 — 22 23 — Z4
- The Pfaffien and SU(2)> have the same non-abelian statistics

- The SU(3), state has the Fibonacci non-abelian statistics
Xiao-Gang Wen Oct., 2015 241D topological orders and braided fusion category
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Topological invariants that define LRE and topo. orders

(1) W = space of locally |nd|st|ng|,||shable (LI) vectors C
- Given vector Wy, 3 other LI Ws. [ N

- Topo. degeneracy D, = dimV, 7\
depends on topology of space Dee=l  Dew.=D,

Wen PRB 40, 7387 (89), Wen-Niu PRB 41, 9377 (90)

(2) Vector bundle on the moduli space

i. Consider a torus 2; w/ metrics gj;. ii. Different metrics g;; form

the moduli space M = {g;}. iii. The LI states depend on spacial

metrics: W, (g;;) — a vector bundle over M with fiber WV, (g;/).

e Local curvature detects grav. Chern-Simons term o' 2& Jm2.s1%3
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Topological invariants that define LRE and topo. orders

(1) W = space of locally |nd|st|ngu|shable (LI) vectors
- Given vector Wy, 3 other LI V. [\ BN
- Topo. degeneracy D, = dimV, 7\
depends on topology of space Deo.=| deg. =D
Wen PRB 40, 7387 (89), Wen-Niu PRB 41, 9377 (90)

(2) Vector bundle on the moduli space

i. Consider a torus 2; w/ metrics gj;. ii. Different metrics g;; form
the moduli space M = {g;}. iii. The LI states depend on spacial
metrics: W, (gj;) — a vector bundle over M with fiber W, (gj).

e Local curvature detects grav. Chern-Simons term ¢’ 5 Jmzxst w3
e Loops m (M) = SL(2.7Z): 90° rotation |V ,) — |V S.3|V3
Dehn twist: |V,) — |V T.3/V3) 7 i

S. T generate a rep. of modular group: S = (ST)> = C.C- =1
Wen 1JMPB 4, 239 (90); KeskiVakkuri-Wen 1JMPB 7, 4227 (93)
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Classify 2+1D topo. orders (ie patterns of entanglement)

via the topological invariants (5. 7. ¢)

e A 2+1D topological order — a (5. T.¢)
e An arbitary (5. 7T.c) 4 a 2+1D topological order

e (S, T,c)'s satisfying a set of conditions <> 2+1D topo. orders
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Bosonic invertible topological orders

invertible topological orders have no topological bluk excitation
(particle-like, string-like, ...), but have non-trivial boundary with
gauge /gravitaional anomalies. (5. 7.¢) = (1.1.¢).

e SPT orders C invertible topological orders with symmetry G.

e Construct SPT orders or more general invertible topological orders:

S /mfx MO+ 1A+ iMNg? + i2r / WO+ iA+ ilMNg]

g€ G xSO(x)
— SPT orders are labeled by H/[G x SO(>). U(1)]/ ~.

0+1
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Classify 2+1D topo. orders (ie patterns of entanglement)

via the topological invariants (5. 7. ¢)

e A 2+1D topological order — a (5. T.¢)
e An arbitary (5. 7T.c¢c) 4 a 2+1D topological order

e (S, T,c)'s satisfying a set of conditions <> 2+1D topo. orders
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Classify 2+1D topo. orders (ie patterns of entanglement)

via the topological invariants (5. 7. ¢)

e A 2+1D topological order — a (5. T.¢)
e An arbitary (5. 7T.¢) 4 a 2+1D topological order

e (5. T,c)'s satisfying a set of conditions <> 2+1D topo. orders
assuming each (5. T.¢) — one topological order, otherwise
(5. T.c)'s satisfying a set of conditions <> several topo. orders

e How to find the conditions?
Study topological excitations above the ground states
— unitary modular tensor category theory (UMTC)
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Theory of topological excitations = category theory

e Local excitations: 1) W, and WV are LI except near a few points &.
2) V., = ground-state subspace of Hy,, = H + 0He, + 0He, - - -.
Ex. V=T](zi — ;). Vexe =11, ,(z = &) [1(zi — 2))™ € @,V
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Theory of topological excitations = category theory

e Local excitations: 1) W.,. and VW are LI except near a few points &;.
2) V., = ground-state subspace of Hy,, = H + 0He, + 0He, - - -.
Ex. V=T](zi = ;). Vexe =1]1;,(z = &) [1(zi — 2))™ € @,V
- Trivial excitation: can be created by local operators
OV C Weye 1V — Vo, O(EWVeye CV 1 Wy — V. O(€) acts on Ve

" (contained in) = morphism in category. Viyivial exe <+ V¥

- Topological excitation if cannot be created by local operators
(Or more preC|Se|yv WTLJF)(J ex( (Ll:\_]) 77 wv w 7 WIH[):) e x( (:\l:\_‘) )
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Theory of topological excitations = category theory

e Local excitations: 1) W.,. and WV are LI except near a few points &.
2) V., = ground-state subspace of Hy,, = H + 0He, + 0He, - - -.
Ex. V=]](zi —z)™. Vexc =],z =&)][](zi —z;)" € @,V;

- Trivial excitation: can be created by local operators
OV C Weye 1V — Vo, O(EWeye CV W — V. O(€) acts on Ve

" (contained in) = morphism in category. Wiyivial exe <+ W

- Topological excitation if cannot be created by local operators
(or more precisely, Wiopo. exc(£1.&2) A W, W 4 Wigpo. exc(&1.£2) )

e Topological type = equivalence class of W, W . ~ W _iff
Ve - V. and V. — WV, isomorphic in category

- simple type: V., — WP implies WP — W,
- composite type: k=i @, i — k. j — k. Accidental degeneracy
e Topo. excitations (topo. types) <+ objects in category C:
A category C = a set of topo. exc.: C = {/}gmple + 1/ /. -
Example: C = {spin-0. spin-1, .. } simple + {spin-1 & spin-2, - -+ }
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Theory of topological excitations = tensor category theory

e Topological excitations can fuse (form bound states) —
{ Topological excitations } <+ A tensor (fusion) category C.

Data to describe fusion of simple types:
® ] kK — maps {’-}aimplr ’ '{jlfsiml)h' — ]l".lrsimplf-
— kij € {i}simples Vi,J € {i}simple- Wrong!

e Bound state of simple types /. may correspond to serveral k's with

accidental degeneracy: i @) = ki & ky & ko & kz 5 - - ) /\/fk

Ex. for H with SO(3): spin-1 @ spin-1 = spin-0 & spin-1 & spin-2
e Associativity condition: ) ..

(i@j))xk=i2(ok) =3, NoNm=5  N™N,

N_‘.f" are the data to describe fusion of the tensor category.
Nl.i" = topological inv. — fusion ring of a tensor category.

N_‘.i" — quantum dimension d; for topological type-i.
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Theory of topological excitations = braided fusion category

e Particles can also braid — unitary braided fusion category

e Braiding requires that
NI = N

e Braiding — mutual statistics o'’
and non-trivial spin s;
27 rotation of (/.j) = 27 rotation of k
27 rotation of (/./) = 27 rotation
of / and j and exchange /. twice

'S o = ']._‘\‘*.‘.

A unitary braided fusion category (UBFC) is a set of quasiparticles
with fusion and braiding, which is described by data (N/.s))

Xiao-Gang Wen Oct., 2015 241D topological orders and braided fusion category

Pirsa: 15100105 Page 24/35



Relation between (S, T, ¢) and (N, s;, c)

Conjecture: A bosonic topological order [ie a non-degenerate
UBFC = an unitary modular tensor category (UMTC)] is
fully characterized by data (S. 7.c¢) or by data (/. s;. c) .
e From (5. T.¢) to (N!\"'. si.c): Verlinde formula
N:‘U- :/

e From (Nf.s,. c)to (S.T.c):

S1iSii (Si)*
S,

Sr'f’ '\l‘ 12 :f N"”‘l:”(\;.k" “r]df\- TH-
s ! K

V 4L
Conditions on (Nf. s;.c) <> Conditions on (5. 7.c¢)
— A theory of unitary modular tensor category (UMTC)
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Relation between (S, T, ¢) and (N, s;, c)

Conjecture: A bosonic topological order [ie a non-degenerate
UBFC = an unitary modular tensor category (UMTC)] is
fully characterized by data (S. 7.c) or by data (/. s;. c) .
e From (5. T.¢) to (Ni". si.c): Verlinde formula
N;‘U- :f

e From (Nf.s,. c)to (S.T.¢c):

SiSH(SK)”
Sy

S”’ - ]:- = T‘f N.:[{ ( lj’fI[\‘l i H’I >k ](]’I\ . T”'.
ST de —K K

V £ai
Conditions on (Nf. s;.c) <> Conditions on (5. 7.c¢)
— A theory of unitary modular tensor category (UMTC)
simplified theory of UMTC Rowell-Stong-Wang arXiv:0712.1377

e The standard point of view:

UMTC's are fully characterized by (/\/ﬂf;’l. /—"’f{:’\ R_‘if:"_].') (but not
one-to-one). Conditions on those data + the equivalent relations

— a theory of UMTC. hard to work with
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A simplified theory of UMTC based on (NE, Si, €)

¢ Fusion ring: N;.i" are non-negative integers that satisfy

N
Ji Li E ik prki
N‘\\. NJ’ "\”. Nl Nl
I‘I\ 1

N
Z Nr’ffiN””\ Z N””N:I; or NiN; NN,

where /. J. Ly dynve /\/, and the matrix N; is given by
(N;) N N defines a charge conjugation i — i

\\‘I[L
H -
Ny = 5. \m \\.)

We refer N as the rank.

e Vafa's theorem: Njf and s; satisfy Vafa PLB 206, 421 (88) !.

det(W, ;) det(W; ) = det(W; i Z iySr = 0 mod 1

m

I ij pnKD il ppik YL T LA E if
ifkl Nr Nr Nr Nr Nf Nr’ ) K Oir) N N
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2+1D bosonic topo. orders (up to Eg-states) via (N, s;, ¢)
: D La), Rowell-Stong-Wang arXiv:0712.1377; Wen arXiv:1506.05768
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Remote detectability: why those (N,’;j, si, c) are realizable

e The list cover all the 2+1D bosonic topological orders.
But the list might contain fake entries that are not
realizable. Schoutens-Wen arXiv:1508.01111 used
simple current algebra to construct many-body wave
functions for all the entries in the list.

All the topological order in the table can
be realized in multilayer FQH systems
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A simplified theory of UMTC based on (NE, Si, €)

e Fusion ring: V] are non-negative integers that satisfy
N
if ji 1 ik pokj
Ny =N N =65 ) NEN,
.I‘I\ 1
N

m m

N
NIN =" N[N or NN; = NiN,
m=1 m=1
where /. j.---=1.2.--- . N, and the matrix N; is given by
(N;)i = N/. N defines a charge conjugation i — i N
.. 1k
if - e ———
[ (o /o)
We refer N as the rank. \ &Y v
Ny

e Vafa’s theorem: N, and s; satisfy vafa PLB 206, 421 (88)

det(W; ;) det(W; k) = det(W,; ) — Z Viisr = 0 mod 1

N NN+ NI — (85, + 0 + 0 = 01) S N
f Nr” Nr 1 N!F Nr J N: N,’ '(’.’f'r 1 ir T kr T ‘.’h) N”

ijkl m
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A simplified theory of UMTC based on (NE, Si, €)

From (Nf. si.c) = (S.T)
e Let d; be the largest eigenvalue of the matrix N;. Let
1 ij 2mi(si+sj—sk) 2 2
Sii D Z N, e - de. D Z dr.
Then, S satisfies
Sfr'sf;'

Siu>0. Y SN/ s S sic. Cij=Ny.
, 1

1 7)o

o Let Tj. = ™17 5, then (rep. of modular group SL(2.7Z

)

S*=(ST)’=C.

D
Vj /. Rowell-Stong-Wang arXiv:0712.1377

~ ik il —¢ -r - =
o Let v; = 253 N did e (5=, Then v; = 0 if i # i, and
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Remote detectability: why those (N,’;j, si, ) are realizable

e The list cover all the 2+1D bosonic topological orders.
But the list might contain fake entries that are not
realizable. Schoutens-Wen arXiv:1508.01111 used
simple current algebra to construct many-body wave
functions for all the entries in the list.

All the topological order in the table can
be realized in multilayer FQH systems
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Remote detectability: why those (N,';j, si, ¢) are realizable

e The list cover all the 2+1D bosonic topological orders.
But the list might contain fake entries that are not
realizable. Schoutens-Wen arXiv:1508.01111 used
simple current algebra to construct many-body wave
functions for all the entries in the list.

All the topological order in the table can
be realized in multilayer FQH systems

Levin arXiv:1301.7355, Kong-Wen arXiv:1405.5858 A

e Remote detectable = Realizable (anomaly-free):
Every non-trivial topo. excitation / can be remotely detected by at
least one other topo. excitation j via the non-zero mutual braiding

0 40— S; =255, N e "% dy is unitary (one of conditions)

if D £k

— the topological order is realizable in the same dimension.
e The M-center of BFC C = the set of particles with trivial mutual
statistics respecting to all others: Zy(C) = {i Hf.f” 0. Vj.k}.

Remote detectable <+ Zy(C) = {1} <> Realizable (anomaly-free)
Xiao-Gang Wen Oct., 2015 241D topological orders and braided fusion category
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A simplified theory of UMTC based on (NE, Si, €)

From (Nf. si.c) = (S.T)
e Let d; be the largest eigenvalue of the matrix N;. Let
1 ij 2mi(si+sj—sk) 2 2
Sii D Z N, e - d.. D Z dr.
Then, S satisfies
SHSH

Siu>0. Y SN/ < s=5s'c. ¢;=N/
, 1

1)

o Let Tj. = '™ 7% 5, then (rep. of modular group SL(2.7Z

)

S2—(ST)*=C.

‘t;‘ Tils Sl . . ry
N d;dy e*™1(5=5k) Then 1; =0 if i # i, and

Rowell-Stong-Wang arXiv:0712.1377
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241D fermionic topo. orders (up to p + ip) via (Ng,s;, c

e

Classified by UBFC’s with M-center {1.1}.
Lan-Kong-Wen arXiv:1507.04673
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