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Abstract: <p>In this talk we will discuss how C*-algebras can be identified and characterised in terms of certain cosheaves with self-action. The
reason we are interested in such a study isit to try and give a rigorous mathematical derivation of the axioms of quantum theory. In particular, many
of the standard axioms for C*-algebras have unclear physical and operational meaning, but by defining an equivalence of categories between
C*-algebras and cosheaves with self-action, we believe that these axioms can acquire a clear operational meaning. So far, however, we have only
managed to show that every C*-algebra becomes a cosheaf with self-action, but we don't know whether the converse holds as well. This work is
done in collaboration with Tobias Fritz.</p>
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MOTIVATIONS

Aim: Try and give a rigorous mathematical reconstruction of the

axioms of quantum theory.

Strategy: Construct an equivalence of categories between
C*-algebras and cosheaves with self-action.

Obtained Result: As far as measurements are concerned, we obtain
a complete reconstruction of quantum theory.

Challenge: Take into account dynamics given in terms of the
non-commutative structure.
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2. MATHEMATICAL PRELIMINARIES

2.1 Functors

@ We assume that every measurement has a compact Hausdorff
space X as its set of outcomes.

@ For sets of outcomes X and Y, continuous maps f: X - Y
model post-processings (or coarse grainings).

Base category (CHaus) has as objects compact Hausdorff spaces (out-
comes), and morphisms continuous maps (post-processing).
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2. MATHEMATICAL PRELIMINARIES
2.1 Functors

@ Now let's assume that for every possible set of outcomes
X € CHaus, we have a set F(X), which is the set of
measurements on S with outcome space X.

@ For every post-processing function f: X — Y, we have a map
F(f): F(X) - F(Y) that tells us which measurement gets
mapped to which by the post-processing.

F : CHaus — Sets is an example of a functor.
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R 2. MATHEMATICAL SETTINGS
2.1 Functor of measurements

CHaus. Objects: compact Hausdorff spaces. Morphisms continuous
maps.

C*alg,. Objects: unital C*-algebras. Morphisms: unital
*-homomorphisms.

For each object A in C*alg, we define the functor F4 : CHaus — Sets:

— Objects: for each object X ¢ CHaus, the collection of
*-homomorphimsms.

Fa(X) = {C(X) ~ A}

— Morphisms: given a morphism f: X - Y, then
Fa(f): Fa(X) - Fa(Y) takes each map C(X) - Ato a map
C(Y) - A through the Gelfand duality.
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2. MATHEMATICAL SETTINGS

2.2 Interpretation

The *-homomorphimsms C(X) — A correspond to
measurements on A with values in X.

For X finite, the *-homomorphimsms C(X) — A correspond to
complete families of orthogonal projections in A.

Assume we have amap f: X - Y in CHaus. Then we get at the
functor level

C(X) C(Y)
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2.2 Interpretation

The *-homomorphimsms C(X) — A correspond to
measurements on A with values in X.

For X finite, the *-homomorphimsms C(X) — A correspond to
complete families of orthogonal projections in A.

Assume we have amap f: X — Y in CHaus. Then we get at the
functor level

C(X) C(Y)
F,,(I)~

g —_—

A A

2. MATHEMATICAL SETTINGS

Pirsa: 15100063 Page 10/34



B talk P13.p... H not

v talk_PI_3.pdf — C*-algebras as cosheaves with self-action
File Edit View Go Bookmarks Help

4 307 of: -

2. MATHEMATICAL SETTINGS
2.2 Interpretation

A measurement on A with values in X gets "transformed” to a
measurement on A with outcomes in Y

X C(X)
Gelfand Transform
f 5 C(f)
Y
N C(Y)

Physical evolution goes from the system represented by A to the
space of outcomes X. Then the map C(f) "moves" it to the space of
outcomes Y.

Maps in the base category are post-processings.
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Maps in the base category are post-processings.

2. MATHEMATICAL SETTINGS
2.2 Interpretation

At the functor level F4(f) represents the action of composing the
measurements with post-processing.

Example: X = {e. 0.0}, YV = {0 o}
f: XY, {01,02.%3} = {®12. 03}

Given a complete family of orthogonal projections g: C(X) — A,
we want to define the family Fa(f)(g).

(P1.Pz, P3) = (P + P2, Ps)
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2. MATHEMATICAL SETTINGS
2.3 cosheaves

The functor F4 for each A ¢ C*alg, is a cosheaf.

Meaning: Given a bunch of suitably compatible coarse-grained
measurements on A, then there exists a unique fine-grained
measurement which coarse-grains to all of them.

N Turns out that the compatibility must be sufficiently strong such
that it guarantees that the measures commute.
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3.EXAMPLES
3.1 First Example

- 120

3 4 '

e o 348
13 24 1234
L ] L ] —_—

Q family of projections indexed by {e13.e24}.
R family of projections indexed by {5, e34}.
These projections are compatible: Qi3 + Qo4 = Ry + A3s = 1.

Can we uniquely define the family P on the four-point space?
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3.EXAMPLES
3.1 First Example
1 2
L 128
3 4 ﬁ’
e o 34e
| |
13 24 1234
L ] L ] —
Q family of projections indexed by {e13.e24}.
N
R family of projections indexed by {e,,e34}.
These projections are compatible: Qi3 + Qo4 = Ry + A3s = 1.
Can we uniquely define the family P on the four-point space?
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3. EXAMPLES
3.1 First Example

Py = Qi3Ry2. P2 = QaaRi2, P3:= Q13R34, P4 = Q2aFa4

For these P; to be projection operators, we need them to be
self-adjoint:
Qi3Ri2 = (Qy3R2)" = R12Qy3

The families Q and R must commute with each other.

Compatibility is trivial:
Q2+ Qa=Ri2+ R =P1 +Pa+P3+Ps=1

The families of projections Q and R don’t necessarily commute:
no solution for the family P.

If Ais commutative, then we have a unique solution for the family
P given by the fact that the above diagram is a pullback.
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3. EXAMPLES
3.2 Second Example

4@ 4e
3 e —= 3
1 2
e o 12e
1 2 34 12 34
e & o —— o @

Compatibility condition: Qa4 = R3 + Ry and Rz = Q@ + Q2. Must take
Py:=C, P2:=Q, P3:=HRs, Ps:=R,
which coarse-grains as desired,
P3 + Py = Qaa, P1+ P2 = Rja.
Check orthogonality:
Q1 Q34 =P1(P3+P3)=0 = P1P;=P1P4=0.
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3. EXAMPLES
3.2 Second Example

4@ 4e
3 e —= 3
1 2
e o 12e
1 2 34 12 34
e & o — @ @

Compatibility condition: Qa4 = R3 + R4 and Rz = Qy + Q2. Must take
Py:=CQ, P2:=Q, P3:=HRs, Ps:=R,
N which coarse-grains as desired,
P3 + Py = Qaa, P1+ P2 = Rja.
Check orthogonality:
Q1Q34 =P1(P3+P4)=0 = P1P3=P1P;=0.
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Therefore the family P exists and is unique.
3. EXAMPLES
3.3 Third Example
@ Consider all maps X - 0.
@ As before, we consider a family (3/).x.n : C(0) — A of
compatible sections over 0. (*-homomorphisms)
© Compatibility conditions requires the range of the sections to
commute: given 3y, 34: C(0) — A, [5¢(a). Bg(b)] = 0 for all
a.be C(0). Therefore the image of all such maps singles out a
commutative subalgebra of A.
N © We can then replace C(o) - Aby C(o) - C(W) for some

space W.

@ By Gelfand Duality we get W - 0.
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3.EXAMPLES
3.3 Third Example

@ Every f: X - 0gives amap s;: W — o (Gelfand transform of
3¢). We want to glue these maps together to obtain a map
g: W - Xsuchthat sf=fog.

© It suffices to consider W = 1.

© In this case, the cosheaf condition states that: the points of X
N are the same as consistent assignments of values to all

functions f: X — 0.
5¢

I

O
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3.EXAMPLES
3.3 Third Example

Interpretation: Physics is done in terms of numerical measurements.

Assume you have a complicated measurement taking values in some
big space X.

Instead of considering the outcomes in X, you post-process them
along all possible functions X - 0.

For each f: X — 0 you obtain a new measurement with values in .
(Numerical)

Cosheaf condition: can uniquely glue all these coarse-grained

measurements to the original complicated measurement with values
in X.

Considering numerical measurements is enough for doing physics.
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3.EXAMPLES
3.3 Third Example

Interpretation: Physics is done in terms of numerical measurements.

Assume you have a complicated measurement taking values in some
big space X.

Instead of considering the outcomes in X, you post-process them
along all possible functions X — 0.

For each f: X - 0 you obtain a new measurement with values in .
(Numerical)

Cosheaf condition: can uniquely glue all these coarse-grained
measurements to the original complicated measurement with values
in X.

Considering numerical measurements is enough for doing physics.

Open problem: Can it suffice to consider [0. 1] instead of 0?
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3. PARTIAL C*-ALGEBRAS
3.1 Motivation

So far we have considered for each A ¢ C*alg, the cosheaf
F, : CHaus — Sets which assigns to each X ¢ CHaus the set
Fa(X) ={C(X) - A} of measurements on A which take values in X.

The maps f: X — Y were interpreted as post-processing.

The maps Fa(f): Fa(X) - Fa(Y) as the effect of composing
measurements with such post-processing.

The cosheaf condition states that: Given a bunch of compatible
coarse-grained measurements on A, then there exists a unique
fine-grained measurement which coarse-grains to all of them.

A cosheaf on CHaus is a very complicated structure, and it's hard to
work with it because it's not very concrete. So we look for an
R equivalent but more concrete mathematical description.
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3. PARTIAL C"-ALGEBRAS
3.2 Introduction

Definition (Berg and Heunen)
A partial C*-algebrais a set A s.t.:

1. Reflexive and symmetric relation Rc A x A. If xRy, then x and y
commute.

Distinguished elements 0.1 € A,
An involution * : A — A,
A function - : C x A - A,

A norm function || - ||: A - R,

o & ODN

6. Binary operations +,-: R - A,

X such that every subset C c A of pairwise commuting elements is
contained in some subset C c A of pairwise commuting elements
which is a commutative C*-algebra with respect to the data above.

Partial C*-algebras in which the relation R is total: commutative
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3. PARTIAL C*-ALGEBRAS
3.3 Introduction

Definition
Given partial C*-algebras A and B, a partial *-homomorphism is a
function f: A - B such that

1. IfaRbin A, then

f(a)Rf(b).  f(ab) =f(a)f(b),  f(a+b)=1f(a)+f(b).

2. Forallae Aand z ¢ C, then f(za) = zf(a).
3. Forallac A, then f(a)" = f(a*).
4. f(1)=1.
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4. FIRST RESULT
4.2 Interpretation

Every physical system is a functor on CHaus.

Assuming that compatible coarse-grained measurements should
combine to give a unique fine-grained measure which coarse-grains
to each of them.

Assuming that for any two measurements there is at most one joint
measurement.

Then the equivalence of categories implies that such a system can be
described in terms of a partial C*-algebra.

This gives a partial reconstruction of Quantum Theory (no dynamics).
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5. NON-COMMUTATIVE STRUCTURE
5.1 Tentative attempt

@ We would like to take into account also the non-commutative
structure.

@ Introduce the notion of self-action on a partial C*-algebra:

Definition
A self-acting partial C*-algebrais a pair (A, «) consisting of
A e pC*alg, and a self-action, which is a map

a: At - Aut(A)
assigning to every unitary u € Ay an automorphism a(u) : A - A such

that if v and v commute, then a(u)(v) = v and a(uv) = a(u)a(v).

© Here a(u)a:= vau’

Pirsa: 15100063
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5. NON-COMMUTATIVE STRUCTURE
5.1 Tentative attempt

@ The aim of the self action is to axiomatize the fact that every
observable generates some dynamics

@ Clearly for Acommutative this self-action is trivial. Only for A
non-commutative do we get dynamics.

© Partial C*-algebras with self-action form a category denoted
sapCralg,.

© We would like the following equivalence of categories:

R Cralg, ~ sapC*alg,

Pirsa: 15100063 Page 29/34



B tak PI 3.p.. IH not

-

talk PI_3.pdf — C*-algebras as cosheaves with self-action
File Edit View Go Bookmarks Help

4 & |22 of: -

5. NON-COMMUTATIVE STRUCTURE
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6. AXIOMATIZATION OF QT
6.1 Tentative attempt

We have thus far identified the following axioms:

1. A physical system is described in terms of a functor F on
CHaus.

2. F satisfies the cosheaf condition.
3. Two measurements combine to at most one joint measurement
4. F comes equipped with a self-action.
We do not
N i. consider state spaces at all,

ii. talk about stochastic mixtures.
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1. talk apout stochastic mixtures.

7. OPEN PROBLEMS

@ Prove or disprove the equivalence pC*alg, ~ Cosh(CHaus).

@ What happens if you replace the unit square with the unit
interval?

© Understand how the non-commutative structure is taken into
account by the self action on the algebra. In particular proof the
equivalence
C*alg, ~ sapC~alg;,

3 This would help us introduce dynamics.
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II. talk apbout stochastic mixtures.

7. OPEN PROBLEMS

@ Prove or disprove the equivalence pC*alg, ~ Cosh(CHaus).

@ What happens if you replace the unit square with the unit
interval?

© Understand how the non-commutative structure is taken into
account by the self action on the algebra. In particular proof the
equivalence
C*alg, ~ sapC~alg;,

R This would help us introduce dynamics.
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8. Cosheaf

Definition
A covering cosieve S on X € CHaus is [0. 1]-directed if there is a

subset
W c SnCHaus(X.[0,1])

which separates points and such that for every f. g ¢ W there is a

diagram
X
LN
X !
[0,1] — (0,1]
with he S.
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