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Abstract: | will present a pedagogical introduction on the application of tensor networks to the renormalization group. This program has resulted in
a non-perturbative, real-space RG approach for lattice systems and the multi-scale entanglement renormalization ansatz (MERA). The MERA is
currently of interest in a wide range of research areas, from statistical mechanics to condensed matter, from quantum field theory to holography in
quantum gravity.
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goal: Define a proper* RG transformation on the lattice
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goal: Define a proper* RG transformation on the lattice

(*) Requirement:  « consistency with the continuum
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goal: Define a proper* RG transformation on the lattice

(*) Requirement:  « consistency with the continuum
scale
g transformation 5
field theory > field theory
Rc‘ontinumn
discretization discretization
D D

scale

transformation

lattice model lattice model

-"err:'n’

Do -R(‘onrinumn = :R!nrr'ir‘e' oD

* including explicit scale invariance at expected RG fixed-points

Our strategy:

* proper removal of short-range entanglement/correlations
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appetizer: What can MERA / TNR do for you?
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appetizer: What can MERA / TNR do for you?

iput

1D quantum / 2D classical Hamiltonian

* on the lattice
* at a critical point
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appetizer: What can MERA / TNR do for you?

imput

output

1D quantum / 2D classical Hamiltonian

* on the lattice
* at a critical point

Numerical extraction of conformal data
of underlying CFT:

* central charge ¢

* scaling dimensions A, = h, + h,
and conformal spins s, = h, — h,

* OPE coefficients C,p,
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appetizer: What can MERA / TNR do for you?

output
input Numerical extraction of conformal data
of underlying CFT:
1D quantum / 2D classical Hamiltonian « central charge ¢
* on the lattice = .
* at a critical point * scaling dimensions A, = h, + h,
and conformal spins s, = h, — h,
* OPE coefficients Cp,
e.g. critical lSing model (approx. an hour on your laptop) Pfeifer, Evenbly, Vidal 08
w1
1/8} 1/&}
I+1
1+1/8] 1+1/8
| ]
'| 4
a M
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imput

* on the lattice
* at a critical point

1D quantum / 2D classical Hamiltonian

e.g. critical Ising model

M
1/8} ! R 4 | 1/8 |l
()] - - 4 }

(approx. an hour on your laptop)

appetizer: What can MERA / TNR do for you?

output

Numerical extraction of conformal data
of underlying CFT:

* central charge ¢

+ scaling dimensions A, = h, + h,
and conformal spins s, = h, — h,

OPE coefficients C,p,

Pfeifer, Evenbly, Vidal 08
(4;=0)

A, ~ 0.124997

A; ~ 0.99993
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4, ~0.125002

0.500001
0.500001

&

By
Az

&

Page 18/96



appetizer: What can MERA / TNR do for you?

output
input Numerical extraction of conformal data
of underlying CFT:
1D quantum / 2D classical Hamiltonian « central charge ¢
* on the lattice = .
« at a critical point * scaling dimensions A, = h, + f_l“
and conformal spins s, = h, — h,
* OPE coefficients C,p,
e.g. critical lSing model (approx. an hour on your laptop) Pfeifer, Evenbly, Videl 08
A= 0
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Many-body wave-function of N spins

. . - ZN
W) = Z lpili2'"iN ligiz = in) parameters
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ilII-ZIH.!
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Many-body wave-function of N spins
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Many-body wave-function of N spins
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Many-body wave-function of N spins
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Many-body wave-function of N spins
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Many-body wave-function of N spins
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Many-body wave-function of N spins
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Many-body wave-function of N spins
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Many-body wave-function of N spins
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TENSOR NETWORKS
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TENSOR NETWORKS

Computational condensed matter

(Frustrated magnets, interacting fermions,

quantum criticality)
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TENSOR NETWORKS

Material
Computational condensed matter science

(Frustrated magnets, interacting fermions,

quantum criticality) ’

Verstraete l st

Cirac Swingle  White Nave

Chen Pollmann Qi Read
P Gu . Dittrich
Classification _ Hastings ;
Wen Xiang
of gapped phases Schuch Eisert
Nishino
and many more...
Orus Tagliacozzo
Singh Evenbly
Corboz

Page 33/96



Pirsa: 15090079

TENSOR NETWORKS
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Multi-scale entanglement renormalization ansatz

(MERA)
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Multi-scale entanglement renormalization ansatz

(MERA)

» Variational class of states for 1d systems, which extends in space and scale
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Multi-scale entanglement renormalization ansatz

(MERA)

» Variational class of states for 1d systems, which extends in space and scale

» Variational parameters for different length scales stored in different tensors
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Multi-scale entanglement renormalization ansatz

(MERA)

» Variational class of states for 1d systems, which extends in space and scale
» Variational parameters for different length scales stored in different tensors

* |tis secretly a quantum circuit and an RG transformation
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MERA as a quantum circuit

also a
two-body unitary gate

disentangler isometry
two-body unitary gate




MERA as a quantum circuit

0)|0)0)|0)|0)|0)|0}|0}I0)I0)|0) O} O} O)|0}|0)O} 0)|O)I0)| 0} O)I0}0)I0}|0)|0)I0)|0) O)I0}0)

\\l:\\ \ \R [ 7 {777 \\]\/

also a
two-body unitary gate

disentangler isometry
two-body unitary gate
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MERA as a quantum circuit
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MERA as a quantum circuit

0)|0)|0)|0)|0)|0)|0}|0}|0)|0)|0)|0)| 0} O)|0}|0)I0} 0)|0)I0)| 0} 0|0} 0)I0}Y|0)|0)I0)|0) O)I0}0)

quantum Bitein
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ground state ansatz II{J) = U |0)®N
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MERA as a quantum circuit

0)|0)|0)|0)|0)|0)|0} 0} I0)I0)|0)|0)| O} O)|O}|O)O} 0)|O)I0)| 0} Oy} 0)I0}Y|0)|0)I0)|0) O)0} 0)

AL \\\)Q~ [/ {777 \\|\/
] L] “time”

-4

e - 4 -

quantum
circuit U

ground state ansatz ILP) — U |0)®N

Entanglement introduced by gates at different “times” (= length scales)
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MERA as RG Transformation

Kadanoff (1966) + White (1992)
blocking variational optimization

[Vidal 05)
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MERA as RG Transformation

Kadanoff (1966) + White (1992)
blocking variational optimization

L, L] L] L L] ] L ® [ ]
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|
|
® L ] L ® ] [ ]
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MERA as RG Transformation

Kadanoff (1966) + White (1992)
blocking variational optimization

L . . o e .
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[vidal 05)

MERA as RG Transformation

Kadanoff (1966) + White (1992)
blocking variational optimization

L, L] L] ° L] ® L o [ ]
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|
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MERA as RG Transformation
failure to remove

Kadanoff (1966) ~ +  White (1992) some short-range

blocking variational optimization
/ entanglement !

L e S ORI
AP A A A
L o o o o ds o e o o

Entanglement renormalization (2005)

L, L] L] ° L] ® L ® [ ]

I P Py

Il I\l | A . D | N
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|
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MERA as RG Transformation
failure to remove

Kadanoff (1966) ~ +  White (1992) some short-range

blocking variational optimization
/ entanglement !

L S A
A A A A A
L e o o o ds o e o o

Entanglement renormalization (2005) removal of all

short-range
/ entanglement
®

Lo e
Lﬁﬁﬁﬁ%ﬁﬁﬁ

| | | |

| |
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MERA as a sequence of ground state wave-functions

|¥) = |¥') = [P7) - -
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MERA as a sequence of ground state wave-functions

I¥) = |¥') = [P7) - -
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MERA defines an RG flow
in the space of wave-functions W) - [W') > [Py - -

stable = W stable
fixed ® < e * fixed
point A j\ ﬁ( point B

critical

fixed

point
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MERA defines an RG flow
in the space of wave-functions |¥) - W) - |¥") -

Pha;/ &se B

stable 5 e stable
fixed ® < 4 * fixed

point A j/ point B

critical
fixed
point

... and in the space of Hamiltonians HoH - H" > ..
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MERA defines an RG flow
in the space of wave-functions |¥) - W) - @) -

B/ &se B

stable / E stable
fixed ® < > * fixed

point A j/ point B

critical
fixed
point

... and in the space of Hamiltonians H->H - H" > ..
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* Variational parameters for different length scales

* |tis secretly a quantum circuit ———>

“removes
short-range
entanglement”

and an RG transformation

v
W) = V')

\
H—- H'

“entanglement at

different length scales”

“preservation
of locality”
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Summary so far

MERA

« Variational parameters for different length scales

“entanglement at

* |tis secretly a quantum circuit ———> different length scales”

and an RG transformation

“removes ¥ / N 1 | “preservation
short-range ILIJ> - |LIJ ) H—-H e e

” of locality
entanglement

* blah, blah, blah...

Does it work?
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input

1D quantum Hamiltonian

* on the lattice
* at a critical point

[optimization by
energy minimization]
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input

1D quantum Hamiltonian

* on the lattice
* at a critical point

output "

Numerical determination of conformal data:

* central charge ¢

» scaling dimensions A, = h, + h,
and conformal spins s, = h, — h,

* OPE coefficients C,p,

[optimization by
energy minimization]
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input

1D quantum Hamiltonian

* on the lattice
* at a critical point

output "

Numerical determination of conformal data:

* central charge c

 scaling dimensions A, = h, + h,
and conformal spins s, = h, — h,

i [optimization by
* OPE coefficients C,p, P
energy minimization]
e.g. critical ISing model (approx. an hour on your laptop) Pfeifer, Evenbly, Vidal 08
(4;=0)
v 1
1/8 A A, ~ 0.124997

i A, ~ 0.99993

[
&

.~ 0.125002

~ 0.500001
0.500001

=
<
2

[
<l
4
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input

1D quantum Hamiltonian

* on the lattice
* at a critical point

output "

Numerical determination of conformal data:

* central charge ¢

» scaling dimensions A, = h, + h,
and conformal spins s, = h, — h,

: [optimization by
* OPE coefficients C,p, e
energy minimization]
e.g. critical ISing model (approx. an hour on your laptop) Pfeifer, Evenbly, Vidal 08
1/8 1/8 A, ~ 0.124997 €00 = 3 €up = T
. A, ~ 0.99993 Cogp =i Cep = —i
1 o] 1418 A, ~ 0.125002 e~ e
- W u leJﬂlU =7 CII);JU =7=
) D I Ay ~ 0.500001 V2 V2
"o Ag ~ 0.500001 (26107
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input

1D quantum Hamiltonian

* on the lattice
* at a critical point

output "

Numerical determination of confo

* central charge ¢

* scaling dimensions A,
and conformal spins s,

* OPE coefficients C,p,

e.g. critical Ising model (apprd

Also:
1+1 critical systems with

» impurities/defects
» boundaries
» interfaces

2+1 gapped phases with
» topological order
» frustrated spins
» interacting fermions

(tensor networks have
no sign problem)

A, % 0.99993

4, ~ 0.125002

Ay ~ 0.500001
Ag % 0.500001

&

4

[optimization by
energy minimization]

Pfeifer, Evenbly, Vidal 08

1

Cwa = 5
Cew'j) . j
I
c M
Yyuo — V2

1

Coyy = —=
Epp 2

Cegyp = 1
I

ew

Coue = —=
Yue = /5

(6 x 107%)
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part Il

/

\

1+1D quantum systems:

Euclidean path integral
(or 2D statistical partition function)
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L 2
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tensor network renormalization

(TNR)
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Euclidean path integral
Z(A) = tr e PHG"

V/4
Y4

1d
quantum

LL
r /4

L

Statistical partition function
124
Z(T) = Ze 7 Hel
{s}

V/4
77

L " 2d %
y A .
: classical

LL
/4

Ly
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Euclidean path integral
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77
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L/ 4
B 1 quantum d

2L
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L

as a tensor network
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1. 24
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V/4
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Euclidean path integral
Z(A) =tr e PH;*

H3® = Z(a;; + oyoith)
i

(a) () ¢ ;. N | (b) J
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(a)

(c)

Euclidean path integral

Z(A) =tr e PH

H = ) (o} + aloi™)

i

[CY 1 1 A R A
IBL J8C 2L R
() o o
— TLITLTLTL
Lyl
'L I L I
il

Fiv

= { —

~ Od =

Statistical partition function

1 .2d
Z(T) = Z e T Hel
{s}

H%= Z olal

<>
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Euclidean path integral Statistical partition function

2d

1 -1
Z(A) = tr e PH" Z(T) = Ze T el
{s}

e e JLTLILT
el LI L1 L il : 3 , x.
TITIIT I —s ]'[“|'[H|'[_| ] O'}
Rpagapa I L 1 ‘t t
L liglgi
|/1 1 a‘f.‘. __.IQ”‘ 1
- od={5E LA
| A

Pirsa: 15090079 Page 69/96



Euclidean path integral Statistical partition function

. _1..2d
Z(2) = tr e PH Z(T) = Ze T
{s}

i HE'= Z a'o)

<>

O oo L L1 L H‘ | ! I |
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(c)
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Euclidean path integral

Z(A) =tr e~ PHG"

as a tensor network

—$

/ =

i

—O
e
-0
—9
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90— —0—0—90—0—
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goal: Define a proper* RG flow in the space of tensors
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goal: Define a proper* RG flow in the space of tensors
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Tensor Network Renormalization (TNR) Evenbly, Vidal PRL 2015

(b)

N
A

J
I
[ w

For a detailed description see:
Glen Evenbly, “Algorithms for tensor network renormalization”
arXiv:1509.07484
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Tensor Network Renormalization (TNR) Evenbly, Vidal PRL 2015

(b)
YBY =
AN
| |
y };_1 b% .'l.'_l y .\'_I (d)y"l x
~ e - 3| st~
| l Jwt (f) |
P Y A _J A .
N l V4
Tt ~ : :
W

For a detailed description see:
Glen Evenbly, “Algorithms for tensor network renormalization”
arXiv:1509.07484
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Tensor Network Renormalization (TNR) Evenbly, Vidal PRL 2015

(a)

(f)

)
(]
L)

1/

5 9 9oy
“—9—9
Mo
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TNR -> proper RG flow h///u

Example: 2D classical Ising e .
ks h

A‘_’A’—)A”_"“_’Afp WN

A% A@) 1A A :

below critical

T =097,

ordered (Z2)
fixed point
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TNR -> proper RG flow h,///u

Example: 2D classical Ising —

> A .k:— point B
A A 5 A" > ... 5 AP W(

fived

|A(l]| IA(Z)l |A(3)| |A(4)|

below critical ordered (Z2)
T =09T, fixed point
critical critical

T = TC‘ fixed point
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TNR -> proper RG flow h,///t

Example: 2D classical Ising -

pointA = > ] ';;;.H B
A —_ A! - A” -— t8e == Afp W/N
|A(1)| |A(2)| |A(3)| IA(4)| .
below critical ordered (22)
T=09T, fixed point
critical critical
T =T, fixed point

above critical disordered
trivial
T=11T, > ALl
fixed point
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TNR -> proper RG flow h,//Q

Example: 2D classical Ising e .
k.' point B
A —_ A! N A” — eee — Afp WN
1AW 1A@)] 1A®)] 1A@)| -
below critical ordered (Z2)
T =09T, fixed point
also TEFR of Gu, Wen (2009)
critical critical
T =T, fixed point

disordered
(trivial)
fixed point
also TEFR of Gu, Wen (2009)

above critical

T=11T,
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Euclidean path integral L as a tensor network

Aapys
1d

_ 1d
Z(A) = tr e PHa B A quantum A

/ =

2L
V4

L

Euclidean time evolution on different geometries

(a)

I'¥)

ground state
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Euclidean path integral /5/ as a tensor network

Aapys
1d

_ _ Hld / r
Z(A) = tr e PHa B 4 quantum 7]

/ =

2L
/4

L

Euclidean time evolution on different geometries

(a) : (b)

ground state thermal state
(c) : (d)
(D 3
L
P L) pg’ | B
L L
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[Evenbly, Vidal, 15]

Upper half plane

|LP)“"€_TH|¢0)

(a)

_______________________ LD SR S S
open boundary l
(f)
A’\
u
W""--o - -
= 1_1( . RS SR S S S R
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[Evenbly, Vidal, 15]

Upper half plane

|LP)’“’€_TH|¢0)
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[Evenbly, Vidal, 15]

Upper half plane

|LP)’“’€—TH|¢0)

X open boundar

TNR produces MERA
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MERA = variational ansatz

S
I |
l I
[ | [ |
[ I I I
iy W oy I ey I iy |
. ISR T TR T T !
X
energy
optimization
St
[ 1
[ |
| S
[ l I [
L Ll L.L
t .1 1T 1 71T 1
X
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MERA = variational ansatz - MERA = by-product of TNR

Pirsa: 15090079

S oo \AQ 00—
] 4 900909099
L 2 ° o ¢ 2
l & & o0 O O
I | [ | < * o0
[ [ | | 11111 1)
L 1 [ L [ & & o0
4 4 & & & 41 d —
X X open boundary
energy transform
optimization tensor network
into MERA
St s
B s I ey =
S e T
Sy VO sy W S W 111 1I [ll l.ll
t .1 T 1 I 1 71T 1 | = ! =P 1
X X
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Pirsa: 15090079

MERA = variational ansatz » MERA = by-product of TNR

S $ 9009090909
| | 4 MA" Y WD AN
l l $494490 909
[ | l l 4o —o—oo
[ [ | [ 11111 )
iy W oy Wy Wy | \ 4 g >
L. 1 T71 U1 1 B | !
X X open boundary
energy transform
optimization tensor network
into MERA
S S
I s I ey [ [
il I lillll 7I IiiiT Ii
i ! 1
e 3 e B8 e B v BB L = = =t = }
X X
energy minimization TNR -> MERA
1000s of iterations over scale * single iteration over scale
local minima * rewrite tensor network for ground state
correct ground ? * certificate of accuracy
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part Il

local scale
transformations
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summary / conclusions:

» Reformulation of Wilson’s RG using quantum information tools/concepts
(quantum circuits, entanglement)
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* Efficient representation of ground states (MERA) 'l '
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summary / conclusions:

» Reformulation of Wilson’s RG using quantum information tools/concepts
(quantum circuits, entanglement)

* Efficient representation of ground states (MERA) 'l '

* Proper* RG transformation (x3 !) —)\\
tensors

A=A -A"> .. _
wave-functions

|¥) - |¥') > |P"') > - Hamiltonians
H-oH ->H'-> ..
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wave-functions
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* Key ingredient: removal of short-range entanglement
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summary / conclusions:

» Reformulation of Wilson’s RG using quantum information tools/concepts
(quantum circuits, entanglement)

* Efficient representation of ground states (MERA)

* Proper* RG transformation (x3 !) _)\
tensors

A=A -A"> .. _
wave-functions

|¥) - |¥') > |P¥"') - - Hamiltonians
H-oH ->H"> -

* Key ingredient: removal of short-range entanglement

* Very accurate in 1+1 dimensions (Ising model, etc)
What about 2+1, 3+1 dimensions?
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summary / conclusions:

» Reformulation of Wilson’s RG using quantum information tools/concepts
(quantum circuits, entanglement)

* Efficient representation of ground states (MERA)

* Proper* RG transformation (x3 !) J\
tensors

A=A -A"> .. _
wave-functions

|¥) - |¥') > |P"') > - Hamiltonians
H-oH ->H'> ..

* Key ingredient: removal of short-range entanglement

* Very accurate in 1+1 dimensions (Ising model, etc)
What about 2+1, 3+1 dimensions?

* Continuum limit? (we managed to extract CFT data from the lattice!)
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