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Abstract: <p>The Lagrangian dynamics of a fluid element within a self-gravitational matter field isintrinsically nonlocal due to the presence of the
tidal force. Instead of searching for local approximations, we provide a statistical solution that could decouple the evolution of the fluid parcel from
the surrounding environment. Given the probability distribution of the matter field, the method produces a set of ordinary differential equations to be
solved locally. Mathematically, it corresponds to the characteristic curve of the transport equation of the density-weighted probability density
function (IsPDF). Physically, it describes the mean evolution of the element with specific density and shape averaged over various environments.
Furthermore, it is guaranteed that the one-point T+PDF would be preserved if one evolves these local, yet nonlinear, curves with the same set of
initial data as the real system. This PDF based method, which is well developed in turbulence and other fields, provides a new perspective for
understanding the non-linear structure formation in cosmology, e.g. the halo formation and the evolution of cosmic web. For Gaussian distributed
dynamical variables, we demonstrate that the localized mean tidal tensor is proportional to the shear tensor, and the coefficient would recover the
prediction of Zel&™dovich approximation (ZA) with the further assumption of the linearized continuity equation. For Weakly non-Gaussian field,
the averaged tidal tensor could then be expressed as polynomial of other variables. Moreover, one could further generalize this concept of the mean
evolution of the fluid element to incorporate some stochastic contributions, which we suggest would be valuable in describing a variety of processes
in cosmology, such as the shell-crossing and realistic halo formation.</p>
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Large-scale Structure as a Field

Y i e S T Ah T
- —

"o 2 & g

-~ Millennium Run (Springel et al. 2005)

Pirsa: 15090065 Page 3/44



Individual Cosmic Object

* In our human language, we keep
talking about individual objects.

— Halos, voids, filaments, clusters, galaxies,
stars ...

— their various properties: masses, ages,
time evolution, etc.

— Convenient for model construction
¢ L2 * e.g. Halo model

4 . . .
‘[ - However, their evolution are not isolated.
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Individual Cosmic Object

« Example: dark matter halos model

— useful for large & small scales:
* constitute LSS
* hosting galaxies

- Ingredients:
» spatial distribution
* halo density profile
* halo evolution model. collapse criteria

* e.g. spherical collapse, ellipsoidal collapse
(simplified)
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Newtonian Gravity + Cosmic Fluid

e The reason: non-locality, non-linearity

e Eulerian Fluid in Newtonian Gravity

r%:ﬂ+v'ﬂl+&nﬂﬁuﬁﬂ—0,
2
v(x, 1) .
e + H((x, 1) + [v(x, 1) * V]u(x, 1) = —VD(x, 1),

V2d(x, 1) = 3QA *(1)d(x, ).

 Lagrangian fluid dynamics
— Spherical collapse

(" ) 1 .
- = 5,=—(1+4,)0,
1 \ aTr
y d 2 9
\[ ¢ 0= {H(.—)o +-0% + a\a,f] — AnGy pa’s,
aT < ’
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Large-scale Structure & GR

 Lagrangian fluid dynamics
— Spherical collapse
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Pace et al. 2010
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Large-scale Structure & GR

 Lagrangian fluid dynamics

- In general,

l
;—O, =—(1+ (5 ,)0
aT
d —, ] 2 ii - 2
]—T9=— H(T)H -+ qﬂ + J(TI'J - ."177(1;\")(1 (51,.
( L
d —' 2 k 1 gmn K
EO-U:_ -H(T)(T,J“‘EH(T,'J +(T,‘k(TJ —gﬂ'”," ') ] ‘f_] >>

. : 0
- Where velocity gradient = .;n,’_‘j b 0ij + wij

S L2 - and |

! \ P Vi s K _ drlCin /m ‘)P 5K _
P t] 3 fa; |' LV 2 1) |' Ly

3¢ . X

{

Pirsa: 15090065 Page 8/44



Large-scale Structure & GR

* Time evolution of €i; ?
- Newton Gravity:

_ 0 3 f"’,h riri | -
€i(x) = Gnpa” /fl' x' —; -3 5} (‘)’.,(.\")

T T

- In GR:

* E_ij: electric part of Weyl tensor (tidal tensor)
* H_ij: magnetic part of Weyl tensor

dE; a _ . _ )
— + = E;; + OE; + 6,;6"E,; — 36" ;E
dt a
(!"\ + e GE @ — —4nGpa’oy;
F\
) ‘., Hawking 1966, Ellis & Bruni 1989

Pirsa: 15090065 Page 9/44



Large-scale Structure & GR

e Silent Universe model
- H,=0 d

dr cij + H(T)eij + Oeij 4 Iu”“-'-frf

ok 2
—30" i€ = —4dnGpa®o;;

- More filaments (contradict with ZA prediction)
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Wang et al. 2014
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Large-scale Structure & GR

e However,

- (1/c) expansion of GR equation

— Nonlocal ¢;; evolution equation

0 a 4nG d3x'
o B + — Egp) — —— guglpv’),, = GazU pv’]
yyap

0t a 3 |x — x'|
Kofman & Pogosyan, 1995
e
b\ - Problem remains (open question) ...
S ’ * Local approximation (Hui & Bertschinger 1996)

{
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Large-scale Structure & Non-locality

* Question

- Is that possible to
construct a nonlinear but
local theory ?

- Many approximations...

— What’s the best
approach? (theoretically) ~

- The “local
approximation” == some
“mean effective
evolution”

o \ - Mean?? -> statistical
. description ?

4
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Large-scale Structure & Non-locality

» What to do with
data ? (experimental
or simulated)

— Measure it !!

— Problem: How to
describe such

procedure local (ZA) |
e analytically? R\
"\ A9
\ (u %) ?\\\:/
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Dynamical to PDF Evolution

« From Dynamics to statistics
-~ Define dynamical variables

Y = {0p,Aij} = {0,,0,0i;}

- Lagrangian dynamical evolution

d
(1) = x[¥, &ij]

- Which in details

s ——(1+6,)0
dr p— plY,
t'] F' l 9 ”‘ v ) -
@ o 0 — H(T)() -+ 30.' + 0 (T,'j' — "'17T(r N,‘)H-Ap.
A d ’ 2 o »
P —(T = — H(T)(Tr'j + EHUU -+ (T”‘.(Tj — SU,,,,I(y’?f.;,("i..\j . E,‘J
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Dynamical to PDF Evolution

 Lagrangian approach
-~ Define fine-grained PDF
PL(W;7) = 6p [1(7) — W] = 8p [6,(7) — A,) 6p [A(T) — A,
- whose ensemble average relates to
(PLWi))L = [ QW' PL(W)5p(W' — @) = Py (i),

— Simply taking time derivatives

¢ L2 9 ) W, [ 9 .
® (.;—TP,.(‘D:T)=<;—TP£(~D;T)> =<” [ ”“('/'m_‘ml>,,

L dr | 0vY,

‘ { o () )f . o () f .
/ —— (o (gl @in]) = —gg- (xaPL@in),
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Dynamical to PDF Evolution

* PDF evolution (/inear PDE)

0
oV o

)
(,;—TPL(‘I’ZT) + (xa|W:7), PL(W;7)| =0,

* Method of Characteristics
— PDE -> ODE

— Textbook example ) §en
a(z,y)u, +b(z,y)u, = c(z,y) | e
- Integral curves
Iz
€12 - = a(2(s), y(s))
F\ dy
¥ . b(xz(s 8
S ) 75 = 0(@(s),y(s)) Ceacndl ]
[ dz v (et uy)
; c(x(s),y(s)) -
-,\ s
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PDF Evolution & Characteristic Curve

PDF evolution

(W)

racteristic curve

Sfluid trajectory

: ‘u s {d'p, 0, (T’.f}
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Dynamical to PDF Evolution

e From statistics

0
oV,

d
5, PL(¥;7)+ (Xa|¥;7), PL(¥;7)| =0,
 Projected characteristic curve

d

—W(7r) = (x|¥;7)L.

dr

{
« Original dynamics (;—T'l/’(’r) = x[¥, €ij]

— The only non-trivial equation:
e
=\ d 1 1 2 ‘ vk 1 ) mn oK f
S 3 EL;’_} + H(T)LU' + E(‘)L” + L'.k“,l' — iL””"L ()i.j = —(Ej_j|l]!; 7—)1‘_
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Projected Characteristic Curve

* Mean evolution for %1/:(7') = x[%, €]

nonm hh"-‘lf

d

—W(7) = W:T)L. &&ET55

U (7) = (x| ;7). |

. . './(::{.#"73 )
« Conserving one-point PDF -
ocal (#A) |

- Statistical equivalence zi \
— repeating derivation with mean trajectory \\\-“”

- ldentical PDF evolution equation % o

.2 flP;.(W:r)=<iP{(W:r)> :<'“'“ [ 2 n‘n(u-(r)—‘mb
L L

dr | 0y,

. 19, 0
{ )f . X o f .
‘[ <\,. [“‘UHI"(‘I"”}>L T <\,,P,,(x|:.r)>ﬁ.
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Statistics Evolution

Lagrangian Evolution in Eulerian space

- Tidal tensor should be averaged in Eulerian
space

e define density weighted PDF
D(W;7) =14+ A,(7))Pp(¥;T)
e And consider

<(1 + 5,,)%cg(d”"”)> |
¢ We obtain
0 J
E'D(‘I’:T) + U (Xa|¥;T)D(W;T)| =0
B\, ° and 1
‘j ¢ (Xa|¥; 7)1, = A+ A,)Pa(9) ‘/rIX Xa(14+A)Pe(X,¥) = (Xa|W:T)E
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Statistical Closure of Tidal Tensor

 Conditional average of tidal tensor, since

2

1
;()L,, + Tk 5 — 2 EmnEE = r(sz—,mp;r).

Lu + H(T)Ei; + 3

1
By definition,
(€ij|¥; TYP(¥;7) = /dE EijP(E,¥;T) = /dE Ei;P(T;7)

e (Gaussian variables

i rabs—1
(€i;|¥;7) = E,_;".,-, (f-!A i )(t:i Vg,
A 4G N pa® (15 J(Tm K oK K
("\ <:IJ|\I;; T) — 15 92 ( ;hnnh;n + ;dllld}IH o Au a?nn ) AH.‘N
,‘\ ™ "'(TU()

2 Y |
¥ ) ¢ (0 H - ‘ 05 2
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j o0 3 T 9o |
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Gaussian Closure

* Check Zel’dovich Approximation first
"IN = q+¥(q,1)

- So the particle motion equation
d*x dx

~ + A (1) = -V
drz? dr
- becomes - :.,,+ S d¥] 3 o "
. (q.T) d2 H (1) dt — ) m (.
— Which has linear solution (ZA): v, PO D (1)8(q) -

— On the other hand, we have Poisson equation

V20 = 47Gy /)u"z(sp

-
!
\, - That means: 4G
o e o SOWING P
/ ~1] ‘Hf L7
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Gaussian Closure

* For Gaussian closure, assume 6 = —H(7)f(1)é
”fﬁ/”ﬁr} = —1/H(7)f(7)

P ) R
. o 2 [ Os0 Il y pa©
(ﬂ*JI‘l’.I) - ln(r‘\"{)” ( 2 (T‘;J = ’HI' ()'U
a0 .

P

e so that

e ZA? too trivial?

) _ i -17.*(}".\,'”"1;} "
- Sincein ZA &ij = *Tm, , It’s also local.

— Statistical closure = Localization procedure
- Soitis required that Gaussian closure = ZA

P\
» ¢ Verified the method !

‘ ‘

{
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Gaussian Closure

-

e

e For Ga
e so that non—local
(H
* ZA? to ==
T :
- Since «“““'j’”“
_ Statit "
- Soit

* Verifiel P

A local (ZA)
(@ ) \\

V)

B

b

Y

o local.

edure
y=ZA
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Gaussian Closure

* For Gaussian closure, assume 6 = —H(7)f(1)é
”fﬁ/”ﬁr} = —1/H(7)f(7)

P ) R
. o 2 [ Os0 Il y pa©
(ﬂ*JI‘l’.I) - ln(r‘\"{)” ( 2 (T‘;J = ’HI' ()'U
a0 .

P

e so that

e ZA? too trivial?

) _ i -17.*(}".\,'”"1;} "
- Sincein ZA &ij = *Tm, , It’s also local.

— Statistical closure = Localization procedure
- Soitis required that Gaussian closure = ZA

P\
» ¢ Verified the method !

‘ ‘

{
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Gaussian Closure

 For linearity assumption (also ZA)

d 1, 47G y pa’
—0 4+ —0° Yoy = ———
o + H(T)0 + 3 + o070y HF

e Not d 1 , y 9.
1—9:— H(T)H-F g(}“ +(T‘)(T,']‘ —élﬂ'(r'_,w[)ﬂ.“hp
aT i

« ZA '=spherical collapse (SC)

 Gaussian closure:
* No approximation until linear continuity equation
€ i2 « Consistent with both ZA & SC

1
\ =38, =—(1+16,)8,

{ ]. y L -
j : O=— |H(T)0 + =0° + n\,, — 4AnG npa®d,,
dr 3
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Weakly Non-Gaussian Closure

 Non-linearity & non-Guassianity

— statistical closure: keep all nonlinearity
d
—W(r) = (x| ¥;7)L.

- Except for the tidal tensor ...
- By definition

(eij|W; T)P(¥; 1) = /dE Ei;P(E,¥;7) = /u’E Ei;P(T;7)

- In general, PDF expansion

e
1\

‘ ‘

{

n>3

/ (* I )” n 0” ’
P(T) = exp [Z ——&aa BT 0T, ] Po(T)
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Weakly Non-Gaussian Closure

 Expand to the 3" order cumulant:

J : 1, D o? 1 e
(ul®) = 1+ 25 (st Pa(®)) | colhe - 5P (W)eks:

P P P G
ov,, OV g0V,

o * .
X | / dE E,; ( (‘)[”(”i(” Pc (F)) -

— Where I = {E, ¥}.
- The corrections expressed as

| R DU s 7 sbhy = papy =1 b\ =1 ey =1
(il ®) = (e W)a + 5 |50 — €S eits €57 ] |- (€) optt (€79)0x (€9%)5, T, ]

— Therefore,
~ \ Bey 1wy = (€is| W) — (€i;| W) = 55:_,-,“.-{“ (3 )ms'l (3 );ul WsWax,
R,

{
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Weakly Non-Gaussian Closure

 Eventually the next order correction
Dey 1wy = (Qpdp + QO) Xy + Qxh‘(ﬁé)f_p

- Where -~ 1 -
(E-))II = Eimzm_j - q(zmuzmn)“ ;

tj

- and coefficients

l((»' ag)AA \ l)l (e—=a)dA
(I.Jﬂ f)zl)g |:n\\! | ‘) ])2 {‘

L steotas Do\ o o
('u)”_l):gl).": |:F){"(l o)AA { ()(]_)3) {‘(" 0]“.\]

/ e—a)AA
Qg2 =4D3¢ ™

\_ * Ingeneral, as higher order polynomials
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Generalization

 Up to now, only fluid description
— possible to generalize?

» Effective trajectory:
— Only statistics evolution is important
- Many sources of stochasticity

— Shell-crossing, internal dynamics, halo formation,
accretion, merger, fragmentation, etc.

* e.g. Shell crossing:
— Extra source of Eulerian equation

1
\,(X) !—'V_,(,:rr,_,)

o

A2
P\ - where
V]

{ 1 d®p | —
\ I . _ (%) [ (8) ] [ (8) ]
M \ X, T p— i ¥ J (X, p.7 2 i
1 l( ) /\”””_ (4” P )(}”J I"J”[ I ) p & P ty u U Uy

[
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Stochastic Generalization

e Stochastic noise

{ .
;—r»(,(r) — Ya(®,7) + Ca(T)
aT

- Where (Ca(X,7)Ca(%, 7)) = {id(r)ri;)(T )

 PDF evolution: Fokker-Planck eq.

0pn. 9 uyp. 9 D = Le¢ 0? D
372+ 55 UiD + 53~ (xal¥) _E“"f'*(r)mp“s)xbﬂ

 Langevin equation

d
‘ —Wa(T) = (Xal(T)[¥(7)) + Ca(T)

(.!f\' dr
!
S )2 — In particular ?

[ d 2 i ,

i + H(T)w; + ‘—;()wi — ojw; = (stochastic term...).
dr . :
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Summary

e Summary:
- Statistical closure method
- PDF conserved
- Gaussian level, recover ZA

- Non-Gaussian level, tidal tensor expands as
polynomials of dynamical variables

* How about realistic halos (or other objects) ?
- everything is effective (in this picture)
— carefully choose your ensemble
- e.g. conditioning on peaks
— evolution of scattering as well

e
I\

) {

{
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Example: Kinematics of Cosmic Web

e Cosmic web classification

- Velocity gradient tensor y
40
Al .
e where A=R""' ( A2 ) R, & P
A3 h
- halo: A < 0, 0
- void: Ai>0 !
— filament /wall: indefinite 20
.2 Y
- _ . -
! \ (l("[A r\[l /\" i ¢"|.|/\H * .\'L}/\ { 83 ”. =40 -20 0 20 40
]
X 4

{

Wang et al. 2014
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Example: Kinematics of Cosmic Web

Wang et al. 2014
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Rotational flow — spatial distribution
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Wang et. al. 2014
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Emergence of Vorticity
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Potential — Vortical transition

51 > 0,
SN/ISN/SN -~ SSN/ISSNISSN
‘v/;M
: , — o~ :
X, - X, < X
2
r l
X, ” ==
SFS v * <
SFC !
/ b
Vo / t
- —~ ] R
TR S - _
1 L\/J T : ~— ’a*"‘: "2 = %y
\: Wt 4 >T A t
m\ T\ ) 1 [ .
Y ) L \ N~ x, -
- [ L
' \ | \'..
. SNI/SIS . UFC
Ny UN/SIS

Pirsa: 15090065 Page 39/44



Pirsa: 15090065

Potential — Vortical transition
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Emergence of Vorticity
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Potential — Vortical transition
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Duffusion

 Explanation??

— Diffusive process ?

LG (1) = (xa(r)|¥(r)) + Ca ()

dr

- vorticity generation = effective diffusive process

1 2 :
;—w,- + H(7T)w; + E(}w,- — olw; = (stochastic term...).
dr : '
ye
\
R

{
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Thank you !




