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') L
Results for [D- action

The simplest cases: type (1.0) and (0. 1)

. ) . . . . > -
['he n* eigenvalues of Dirac operators can be written in terms ol

the n eigenvalues p; of the matrix H or the eigenvalues iu of L.

(o]
For the (1,0) case one has eigenvalues
/\,'J' = H; T /!}

while for the (0.1) case

Aij = i =

This follows from the fact that eigenvectors of D are of the form

w; @, with u; the eigenvectors of H or L.
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A type (p.q) geometry has a signature s = ¢ — p mod 8

which determines some of the characteristics of the spectrum of

D. These properties are well-known, holding also for the case
of a Riemannian geometry in dimension d, which is a type (0, d)
spectral triple with signature s = d mod 8. The properties can
be seen in the Monte Carlo simulations below.

—

Symmetry For s # 3,7, if A is an eigenvalue then so is —A\.

Doubling For s = 2,3 or 4, each eigenvalue appears with an
even multiplicity. o
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A type (p.q) geometry has a signature s = ¢ — p mod 8

which determines some of the characteristics of the spectrum of

D. These properties are well-known, holding also for the case

of a Riemannian geometry in dimension d, which is a type (0, d)

spectral triple with signature s = d mod 8. The properties can

be seen in the Monte Carlo simulations below.

Symmetry For s # 3,7, if A is an eigenvalue then so is —A\.

Doubling For s = 2,3 or 4, each eigenvalue appears with an
even multiplicity.

A(h',
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A Monte Carlo algorithm for matrix geometries

An observable f(D) is a real- or complex-valued function of Dirac
operators. The expectation value of f is defined to be

| [ |
(f) = E/ f(D)e > P)dD. (1)

The integral can be approximated as a sum over a discrete en-

semble {D;.j=1,...,! NV}.

SIAI( D, )(‘-,H'( “.i]

(fIN =

(2)
T o—S(Dy)
]

[n the limit taking N — oc. the average obtained through this
discrete sum will converge towards the continuum value. This
convergence can be improved by using a Markov Chain Monte
Carlo algorithm.
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(a) Autocorrelation of S for n = 5. I’E:h\ (b) Autocorrelation of /\min for n =

ST 5]

Fiegure 1: Fall-off of the autocorrelation for the action and the
minimum eigenvalue for a tvpe (1,0) geometry with S = Tr (D?).
The blue line is n = 5 and the vellow line is n = 15. The
horizontal axis is Monte Carlo time.
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') -
Results for - action

The simplest cases: type (1.0) and (0. 1)

e ] - . . . . .
['he n* eigenvalues of Dirac operators can be written in terms ol

the n eigenvalues p; of the matrix H or the eigenvalues iu of L.
For the (1,0) case one has eigenvalues

/\,'J,' = M; + /!]

while for the (0. 1) case

,;(h'\

/\,"}' = W; — /I_,'

This follows from the fact that (‘ig(‘ll\'(‘('lul's of D are of the form

w; Uy, with u; the eigenvectors of H or L.
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For the (1,0) case, using the simplified action tjlii[) one can
then transform the integral over the Dirac operator into an inte-
oral over the Hermitian matrix H.

SLO(D) =Tr (D"’) = 2nTr (Hz) +2(Tr H)? (3)
:2112;:?—#—222/“;1) (4)

2 |
(5)

The (0. 1) case is similar. but one has to take into account the

fact that the integration over Dirac operators is an integration
over traceless matrices L. Using {:ITD ojves
~(0) | p— 9 ¢ ye 2 '
SOL (D) = Il'(D'):—_’nlr(L ) (6)

:'_)NZ/I;-'). (7)

These random matrix models are close to the Gaussian Her-
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For the (1,0) case, using the simplified action (13) one can
then transform the integral over the Dirac operator into an inte-
oral over the Hermitian matrix H.

SLO(D) =Tr (D"’) = 2nIr (Hz) +2(Tr H)? (3)
:2112;:;’)*22211;;1) (4)

j i
(5)

The (0, 1) case is similar, but one has to take into account the
fact that the integration over Dirac operators is an integration
over traceless matrices L. Using (jlﬂ) ojves

(0, T (P2 9Ty (T2 :
SO (D) = II'(D ):—_’NII'(L ) (6)

:'_)HZ/I;-'). (7)

These random matrix models are close to the Gaussian Her-
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mitian matrix model [11, 3]. which has the similar action

S'(M) = 2nTr (J["’) = 2n Z T

with integration over all Hermitian matrices.

A standard technique in random matrix models is to calculate
the joint probability density for the eigenvalues. The formula is
9]

P(\,..., An) = Cexp—S(\) [T\ = Aj)2. (8)
1 <J

The terms with the differences of eigenvalues result from the Ja-
cobian for the change of variables from the matrix elements to
the eigenvalues. Since this term is small when two eigenvalues are
close, this results in the phenomenon of the repulsion of eigen-
values.

The matrix M can be split into traceless and trace parts, and
these are statistically independent. It follows that expectation
values in the (0, 1) model can be calculated as expectation values
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(5]

-1.5 - 1.0 =0.5 05 1.0 1.5 =1.5 -1.0 =0.5 0.5 1.0 1.5

-

(a) Type (1,0) n =15 (b) Type (0,1) n =15

Figure 3: The semicircle law is compared with the density of

states for H or L.
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(a) Average eigenvalues (b) Eigenvalue distribution

Figure 7:  Type (0,3). The action is S(D) = Tr (D?) and the
matrix size is n = 10.
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Figure 9: The distribution of selected eigenvalues at different
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(a) Type (1,0) (b) Type (0,1)

Figure 13: The eigenvalues of S = Tr (D* — 10D?) for n = 10.
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Figure 15: Type (0,2). The eigenvalues of S = Tr (D* — 10D?)
for n = 10.
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