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Most of us are here because we are interested in the following types of questions:

1. What states have good geometric duals?
> >

2. How do we understand holographic RG and the emergence of the radial
direction?

3. What is the meaning of area in spacetime and the relation to black hole
entropy?
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This conference is called Quantum Information in Quantum Gravity |I.

It’s useful to look back at where we were at the same time last year at
Quantum Information in Quantum Gravity | and see what progress we have
made (and where we’re still hopelessly confused).
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This conference is called Quantum Information in Quantum Gravity |I.

It’s useful to look back at where we were at the same time last year at
Quantum Information in Quantum Gravity | and see what progress we have
made (and where we’re still hopelessly confused).

So let’s pull up some slides from last year and see how well (poorly?) we’ve
done.
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This conference is called Quantum Information in Quantum Gravity |l.

It’s useful to look back at where we were at the same time last year at
Quantum Information in Quantum Gravity | and see what progress we have
made (and where we’re still hopelessly confused).

So let’s pull up some slides from last year and see how well (poorly?) we’ve
done.

Note: This presentation is a reenactment, not history.
Past slides may have been edited for continuity and brevity, but | promise
not to have cleaned up our misconceptions.
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[Swingle]
One can efficiently represent certain low-energy states by a lattice of
unitary operators. Swingle has suggested that the structure of this

lattice for the vacuum state of a CFT mimics the coarse structure of
AdS. (Qa)
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[Swingle]
One can efficiently represent certain low-energy states by a lattice of
unitary operators. Swingle has suggested that the structure of this

lattice for the vacuum state of a CFT mimics the coarse structure of
AdS. (Qa)

Lattice points deeper in the bulk encode IR entanglement in the CFT. (Q2)

When we cut out a region of the MERA lattice, we

remove a number of unitary operators proportional to
the area of the cut.

The number of possible states that fills in the lattice is
proportional to the area of the cut. (Q3)
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[Swingle]
One can efficiently represent certain low-enerqgy states by a lattice of

This is a nice story for the ground state, but what is the general

story?
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1. What is the analog of the MERA network for non-vacuum states?
What are the rules for building the ‘right’ type of network?
What boundary data determines this network?

)
v

When is the network geometric
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1. What is the analog of the MERA network for non-vacuum states?
What are the rules for building the ‘right’ type of network?
What boundary data determines this network?

When is the network geometric?

2. How do we interpret the holographic RG in terms of a tensor network?

3. What is the entropic meaning of subregions of a tensor network?
What is this entropy actually counting?

4. How do we translate between the tensor network and continuum
language?
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Our Starting Point: Differential
Entropy
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Differential entropy is the continuum analog of oul
procedure of assigning an entropy to a length in the

MERA.

We begin by noting that we can write the integral
for the length of the boundary of a region in terms of
it's tangent vectors.

We can do a (non-local) transformation from the
tangent space to the boundary-anchored geodesics
that the tangents lie on.

These geodesics are (sometimes) minimal. RT tell us b
their length is actually the Entanglement entropy of
the region.
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Differential entropy is the continuum analog of our
procedure of assigning an entropy to a length in the

MERA.

We begin by noting that we can write the integral
for the length of the boundary of a region in terms of
it's tangent vectors.

We can do a (non-local) transformation from the
tangent space to the boundary-anchored geodesics
that the tangents lie on.

These geodesics are (sometimes) minimal. RT tell us
their length is actually the Entanglement entropy of
the region.

The integral takes a miraculously simple form: e’ Y
B / g d\ du(N\) OS|[v( ,-\ ), ()] “
d du : -
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Integral geometry studies measures on geometric spaces that are invariant
under the action of the symmetry group

Two classic results of integral geometry:

The Radon Transform of a function f on the real plane is another function on the
space of straight lines in the plane :

Rf(l) = /"/'(/..,-
JU

The area of a plane curve can be written as an integral |
of the intersection number over the space of lines: :

S(C) ll / L (1 N C) d?l
I
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The Radon transform and the Crofton formula can be naturally extended to
hyperbolic space:
Let " be the space of planes in H3 with the unique invariant measure. Then:

l : “
S(C) = 3 / #(~v N C) d?~
1/,

If we call the Crofton Form a volume form, then it is the metric
on Lorentzian de Sitter space.

This appears distinct from the differential entropy formula, but they are in
fact equivalent: Differential Entropy = Crofton Formula

We can first integrate over the interval size coordinates

at each point (with support starting at «(9) ) to give the

differential entropy formula:

' 5 " AS L}
/ H(yNC)dey - / ( (1w, V)| yuydu
Jr J Ou
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The Radon transform and the Crofton formula can be naturally extended to
hyperbolic space:
Let " be the space of planes in H3 with the unique invariant measure. Then:

1/ i
S(C) = 7 / #(v N C) d2A
Jr

If we call the Crofton Form a volume form, then it is the metric
on Lorentzian de Sitter space.

This appears distinct from the differential entropy formula, but they are in
fact equivalent: Differential Entropy = Crofton Formula

We can first integrate over the interval size coordinates

at each point (with support starting at a(#) ) to give the

differential entropy formula:
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The Radon transform and the Crofton formula can be naturally extended to
hyperbolic space:
Let " be the space of planes in H3 with the unique invariant measure. Then:

1 ] o
S(C) = 1 / #(vNC)d*y
Jr

If we call the Crofton Form a volume form, then it is the metric
on Lorentzian de Sitter space.

This appears distinct from the differential entropy formula, but they are in
fact equivalent: Differential Entropy = Crofton Formula

We can first integrate over the interval size coordinates

at each point (with support starting at «(9) ) to give the

differential entropy formula:

' - 08 ‘ L}
/ H(y N C)den - / ( (u, V)| puydu
Jr J Ou
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Kinematic Space

« We would like to describe geometry in terms of information theoretic
quantities.
» These are not local observables in the geometry, but are integrated quantities.

« It would be natural, then, to describe a geometry indirectly, by some sort of
integral transform.

 In the context of 2 dimensional bulk spatial geometry, we want a dual space
whose points correspond to geodesics. Let’s call this space the associated
Kinematic Space for our geometry.

s < <

../\/l [\—_w |t.‘>,‘)_\/;
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General Geometries

» Is there a measure on the space of geodesics so the Crofton Formula works
more generally?

« Yes. There is a natural Crofton Form that reproduces the lengths of any curve
in any geometry whose tangent space is covered by boundary-anchored

geodesics.

« The Crofton form is given by
A%~y = 9,0,S (u, v)dudv Qi:__*_t-—?

» It will be natural to interpret this density as the
volume form of our Kinematic Space. )
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Causal Structure

« What is the meaning of the causal structure in Kinematic
space?

- Time-like: e —— e e :

» Light-like:

» Space-like:

21T

21T
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What do length computations look like?
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What do length computations look like?

= T,
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What do length computations look like?
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» Cusps from non-convex curves are just regions with higher intersection number
because geodesics can enter and leave a region multiple times.
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Interpreting Kinematic Geometry
* The volume form was chosen to be geometrically useful.

e But it also has a very simple information theoretic interpretation:

I(AC|B)
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MERA and Holography
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MERA and Holography

The MERA network has an additional spatial dimension to the boundary
state.

It is related to the length-scale of entanglement coarse-graining.

It is natural to view the MERA as related to a holographic geometry.

This can be made precise:

Associate a fixed distance to crossing each
line of the lattice.

ale}

(length ¢

The corresponding metric is that of a spatial
slice of AdS2.
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« MERA viewed as a discretized AdS2 geometry also realizes the Ryu-
Takayanagi procedure for calculating entanglement entropies:
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« MERA viewed as a discretized AdS2 geometry also realizes the Ryu-
Takayanagi procedure for calculating entanglement entropies:

* Consider a minimal cut in the MERA network that is homologous to
some boundary region of length L (measured in |lattice sites)

e The length of the cut is then given by:
d ~ log(L)

O(log(L))
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« MERA viewed as a discretized AdS2 geometry also realizes the Ryu-
Takayanagi procedure for calculating entanglement entropies:

* Consider a minimal cut in the MERA network that is homologous to
some boundary region of length L (measured in lattice sites)

e The length of the cut is then given by:

d ~ log(L)

* The density matrix for the boundary
regions is determined by the IR PIR
density matrix and part of the network
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« MERA viewed as a discretized AdS2 geometry also realizes the Ryu-
Takayanagi procedure for calculating entanglement entropies:

* Consider a minimal cut in the MERA network that is homologous to
some boundary region of length L (measured in lattice sites)

e The length of the cut is then given by:

d ~ log(L)

* The density matrix for the boundary
regions is determined by the IR PIR
density matrix and part of the network
* The dimension of the IR Hilbert
space gives an upper-bound
on the EE: / \

S < klog(L)

(scaling realized for the ground state)
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Incongruities with the Standard Picture

1. In assigning a metric to the MERA network, a Euclidean signature
was assumed, not derived

 The network can have a natural causal structure associated to it that is
suggestive of Lorentzian signature:

e

Causal Cone '
()

O e,
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Incongruities with the Standard Picture

1. In assigning a metric to the MERA network, a Euclidean signature
was assumed, not derived

 The network can have a natural causal structure associated to it that is
suggestive of Lorentzian signature:

Covsa Some &
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Incongruities with the Standard Picture

2. A particular node in the network corresponds to a unitary
transformation that affects a region of a certain size, but that can’t
be localized as a unitary on any smaller interval.
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transformation that affects a region of a certain size, but that can’t
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Incongruities with the Standard Picture

2. A particular node in the network corresponds to a unitary
transformation that affects a region of a certain size, but that can’t
be localized as a unitary on any smaller interval.

« Seems more natural to associate this with a symmetric region in a
narrow shell of the RT surface.
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Lessons from MERA for general TN

* Picture from MERA is not perfect. But, | would like to translate the
workings of MERA into general principles for constructing a tensor
network.

* MERA only realizes the RT procedure insofar as the links cut are

assumed to be uncorrelated, so distances and cuts are both additive
and locally measurable. This is the heart of the connection between

tensor networks and geometry.

* This is equivalent to saying that the .
of the interval, where we have removed all mutual

information of edges of the network.

* We argue this should be elevated to a principle:

1. The TN should encode compressed states along the ‘RT’ surfaces.
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Lessons from MERA for general TN

 |If the boundaries of the RT region are uncorrelated, then
of the network:
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Lessons from MERA for general TN

 |[f the boundaries of the RT region are uncorrelated, then
of the network:

A,
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Lessons from MERA for general TN

 If the boundaries of the RT region are uncorrelated, then
of the network:

—Sapc —Sp
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Lessons from MERA for general TN

 |If the boundaries of the RT region are uncorrelated, then
of the network:

& . &

3 h 5 —SaBc —SB
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Lessons from MERA for general TN

 |If the boundaries of the RT region are uncorrelated, then
of the network:

4 ) g —SaBc —SB
W 2= =

==
. -+ “' Vet
CHfOon Lo HE £ £\ 00

\

- - -
B

Pirsa: 15080075 Page 47/98




The Basics
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* Notice that an area element in Kinematic space
describes the exact same quantity as does the
marked region in MERA for the ground state of a
CFT

I(A,C|B)

* The ‘RT’ surfaces should actually be understood as
the causal domain of dependence of the boundary
region of dS2

* The tensor nodes aren’t describing a point of
discretized H2, but are points of discretized dS2
associated to a particular geodesic/boundary
interval
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* But, we didn’t just find a Kinematic space for the AdS vacuum.

» Using our principled approach to understand what MERA is doing, and our

knowledge of Kinematic geometry, can we find efficient tensor networks for
more general states?

* In hindsight, let’s modify our principles:

1. The TN should encode compressed states along the boundary of the
domain of dependence of a boundary interval.
The purpose of the domain of dependence is then to extract all the
mutual information a region has with its sub-systems.
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* But, we didn’t just find a Kinematic space for the AdS vacuum.

» Using our principled approach to understand what MERA is doing, and our

knowledge of Kinematic geometry, can we find efficient tensor networks for
more general states?

* In hindsight, let’s modify our principles:

1. The TN should encode compressed states along the boundary of the
domain of dependence of a boundary interval.
The purpose of the domain of dependence is then to extract all the
mutual information a region has with its sub-systems.

2. Conditional Mutual Information is encoded locally by the volume of
Kinematic space.

and see how far we can go with just these ideas...
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