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Abstract: The Ryu-Takayanagi proposal (and generalizations) for holographic entanglement makes predictions for geometric CFT entanglement
entropy (EE) that continue to hold for any CFT, regardless of existence of large-N limit or strong coupling. We establish this using a direct field
theory calculation, thus providing a non-trivial check of the holographic proposal. This universality emerges for small perturbations of the EE of a
ball shaped region. Einstein&€™ s equations arise from the field theory calculation as away to efficiently encode this perturbative CFT entanglement
holographically in the geometry of adual space-time.
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MOTIVATION: Entanglement <—— Geometry

Learned from AdS/CFT that gravity can emerge from
a purely quantum system. Relating:

Ryu-Takayanagi; EE = Area

First law of EE = Einstein’s equations

EPR = ER

Error-correcting codes = bulk/boundary correspondence

etc:
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RYU-TAKAYANAG

Entanglement Entropy in holographic CFTs computed
via geometric quantity in dual gravity theory

You all know this:

A
Hiot = Ha @ H 4 @ UV

04 —tr a0y

: Area(m(A
SEE(pa) = ;(C ) : <
TN \
bulk R
Ryu, Takayanagi ‘06 minimal surface
m(A
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BUT HOW GENERAL!

Expect: works for CFTs with classical gravity dual

Large Nyof / very strong coupling

GN ~ 1/Ngot /local EFT for gravity in the bulk

Hartman et al.
Hints it works beyond this: 2d CFTs, large-c and a low lying
sparse spectrum (which does not preclude bulk = string theory)
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EXAMEEE S DEF@RIVEDESIES

TF 14
EE provides RG monotones (c-functions) UV CFT (cuv)

¢,Fain 2,3,4 dimensions respectively
Pnf’/‘gy

oY e (i/P

Proven in 2d and 3d using EE and SSA

Casini, Huerta 04,12
€.g F(R) = (R()n - 1)5}5[5(1?,) Liu, Mezei *12
F'(R) <0

IR CFT (¢Ir)
Equal to Fyv, Frr fixed points
Important: ball shaped region CUv > CIR

Y
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AR E | B S E @I 2B (EIFIFS

TF 14
EE provides RG monotones (c-functions) UV CFT (cuv)

¢,Fain 2,3,4 dimensions respectively
Pnc"f‘gy

-7 b (i/P

Proven in 2d and 3d using EE and SSA

Casini, Huerta 04,12
€.g F(R) — (R()n — I)S]g[g(R) Liu, Mezei *12
F'(R) <0

IR CFT (ciR)
Equal to Fyv, Frr fixed points
Important: ball shaped region CUvV > CIR

Y

Pirsa: 15080061 Page 9/43



Physically: CF'Tyy ~ quantum critical point - lattice system
° > say in 2+1d

S try {. gapped

Quantum fluctuations in ground state large; diverging correlation
length & as ¢t — ¢,

Characterize fluctuations in g.s. wavefunction with EE

i Area(0A
t =t, SEE = ”( b Fyv
gas
UV divergent T

Interesting part

short ranged entanglement

Derivatives remove divergence:

cut off by lattice scale a

F(R) = F (or use Mutual Information)
' uv Casini, Huerta, Myers, Yale 15
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t > t. gives a finite correlation length a K R ~ §
F'(R) now probes the crossover from UV to IR

(assuming Relativistic flow)

L ‘\
| R

§

L
Leading correction: St =t

F = Fyy <N(R/€)*")+ ...

Have calculated this leading correction using
conformal perturbation theory. Computation directly
maps to classical GR problem in one higher dimension!

Entanglement Entropy = Area!
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PIREY 2V OIF RESIUILTRS

scalar operator

More precisely: H = Heopp + A / O leading relevant
[@F=r =] 7

found previously for holographic theories

— Liu, Mezei 12
(At

—‘ZA—7+”'

Claim 2: Space dependent couplings can also be treated:

Claim |: Field theory calculation gives:

F(R) = Fyy — N*R67282y2

H = Hopp + /)\(:1;)(9(:1:)
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(5SE1«:|@(A2) = dArea(g) where the metric g is given by the
following problem ...

Solve Einstein’s equations coupled to a free scalar field ¢
perturbatively about AdS in d+| dimensions where

m3 = A(A — d)

Impose the following boundary conditionsas z — 0

o = A(z)2%2 +

Calculate the change in area of the

perturbed minimal area surface

due to 5‘(] o O()\:z)

Pirsa: 15080061 Page 14/43



5S;gp;|@()\-_)) = §Area(g) where the metric g is given by the
following problem ...

Solve Einstein’s equations coupled to a free scalar field ¢
perturbatively about AdS in d+| dimensions where

m3 = A(A — d)

Impose the following boundary conditionsas z — 0

¢ — A(z)z8~2

+ ... B
(¢ R 200 T R o @

) )

Calculate the change in area of the

perturbed minimal area surface

due to 59 i O()\:z)

Pirsa: 15080061 Page 15/43



Pirsa: 15080061

Note that G N cancels out of the final answer for dSEE

The only independent parameter is the normalization of the two
point function of O which can be fixed in AdS by studying the
two point function of ¢

Recognize: this as how you would calculate dSgg in CFTs with
a classical gravity dual

Two reactions when | tell people this ...

Page 16/43



“This is obviously wrong; you've been watching too many
disney movies with your daughter ...”

(complaint:“this is outside the regime of validity of AdS/CFT
shouldn’t there be strong quantum corrections if Vot is small?”)

Pirsa: 15080061 Page 17/43



“This is obviously correct ..."”

Hindsight: CFT calculation depends on: (OQ) and (T},,00)
(O0) Fixed by conformal invariance up to normalization
(T,,,OO) Fixed by conformal invariance +Ward Identity

Thus universal answer in any CFT, once normalization of O
fixed. If we were to calculate this in quantum gravity taking into
account bulk quantum corrections we would still get the same

answer,

Surprise: easiest way to calculate is with classical gravity!
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ANANALOGY

CFT 3 point functions fixed up to a finite set of parameters

(O(x1)O(22)O(x3)) = Cx12) "2 (213) ™2 (223) ™2
Can also calculate this in AdS/CFT: (an early check of AdS/CFT)

4 i) x3 X9 Zr3
g . )
. o~
= [ dx | s o +...
\ L ‘\
U

\ | can only renormalize
1 I finite set of parameters

Here we have the reverse. AdS/CFT answer calculated first, only
now checking it agrees with CFT calculation!
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EXAMPLE Il; ENTANGLEMENT
D E N S ITY Preliminary/Work in progress with

Leigh, Parrikar, Balakrishnan

Would like to study universality extended to stress tensor defs:

. . 1 : 2
Scrr — Scrr + / huT" at second order in O(h*)

Expect fixed by (T'T) (T'TT)
e

3 parameters

5 pure diffeomorphism:
@ @ -

Easier problem: deform shape of the ball
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Bhattacharya, Hubeny, Rangamani,
Takayanagi 14

Define second order variation, “entanglement density":

B S(AC)- S(ABC) — S(A) + S(AB)
- / orP (x1) / 61 (z2)n(z1, T2)
Joa Joa o

(7
Again can prove this is universal in any CFT (conformal pert.
theory )
( RS wA ) 27?‘20’]‘ 1 Found in holography first:
nN\r1,xr2) = - e — : Nozaki, Numasawa,
(d -+ 1) (.‘111 e 51:2).2((1— L) Prudenziati, Takayanagi "13

also: Mezei ‘14
I;w;(vﬁ(flfl o .’15‘2)
(515'12)2(1

where CT is fixed by: (Tu,uTwﬂ) = CT

turns out this quantity is not sensitive to all data in (T77T)
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DIFFERENIF CEIFUNIVERS ALY

These results should be contrasted with:

in even dimensions the trace anomaly leads to:

(()A . : 4 ~ (X o
SEE ~ | 5 | + In(e/L) / [(LR(Z) + ¢ (2Kqp K P — I\z)]

JOA
d=4 C + const. D
Main difference; sensitivity to the bulk: /

F'(R) and entanglement density etc. /,"

probe the bulk metric and fields

0 :
Constant/non-local term in UV expansion \d /

of Sgg

Solodukhin ‘08

B
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AN ASIDE -
A DIFFEREN T APPROACH:

Many recent papers have observed such universality
Mezei 14, Bueno, Myers, Witczak-Krempa 15, Haehl 15 ...

study large set of higher derivative gravitational theories
calculate EE via various generalizations to RT  Pong. Camps
always find the same answer - claim victory!
But: quantum corrections? not quite a proof

Hybrid approach: show CFT calculations only depends on
discrete set of data
Match that data to a gravitational theory

Use this gravitational theory to calculate EE (easier)
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SKETCIH OF CALCUIEATICOIN

Important tool: p4 = trz|0) (0| = exp(—H,)

Rz— ::2 . V¢l
—bHA —277/ l( |I’ )TH o / dX E"]j;u/
25 JA
CFT (A=0)

Modular/Entanglement Hamiltonian

Casini, Huerta, Myers "11

Generlization of Unruh effect in Rindler space:

ball sh‘ipcd region

Rindler observers are uniformly accelerated
/ in x direction. Only have acces to pa
A4 4 pa = exp(—K,)
t
L TS K, is the generator of boosts in QFT
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SKETCIH O CALCUIEATRICIN

Important tool: p4 = trz |0) (0] = exp(—H4)

Rz— ::2 . V¢l
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Rindler observers are uniformly accelerated
/ in x direction. Only have acces to pa
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For a CFT can use a global conformal transformation that maps

the half plane to a circle: .-
i ]‘:1: o H/l

H 4 is “conformal boost” generator (symmetry of CFT vacuum)

Consider finite “conformal boost™ acting on a local CFT
operator in A: rapidity factor: 7 = €’

e*H450(z)e 48 (= p1*O(x)p%)

tor at a different point in: D(A)

Claim: this is a local op

this point: z°

o dl @)

Sometimes called “Modular Flow”
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BISR@RVEDHEET

That was for a CFT ... perturbation theory:

H—)H(:FT—F)\/O  ——— /)A:p()+(5]p+52/)+...
Not modular Hamiltonian! ; q’/l O(/, 2
Construct Jdp using a Euclidean path integral

Rosenhaus, Smolkin "14

—p» Spgp = —trpalnpa

At second order in A\ there are two terms:

0SEg =0 (Ha) — S(pal|po)

~ Relative entropy

Always vanishes on
b o 52 first orde[ d;anges
(TO) =0 soonlyfrom 0%p O(5" p)

Entanglement first law
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DIERORVEDLHEFT

That was for a CFT ... perturbation theory:

H—)H(:m*—F)\/O —e /)A:p()+(5]p+52/)+...
Not modular Hamiltonian! 8 q’/l O(/, 2
Construct Jdp using a Euclidean path integral

Rosenhaus, Smolkin "14

—p» Spp = —trpalnpa

At second order in A\ there are two terms:

0SEg =0 (Ha) — S(pal|po)

~ Relative entropy

Always vanishes on
. i 52 first orde[ d;anges
N D, so only from P O p)

Entanglement first law
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BIER @R EDHEE

That was for a CFT ... perturbation theory:

H—)H(:FT—F)\/O ——l /)A:p()+(3]p+52/)+...
Not modular Hamiltonian! 8 C\’/’ O(/, 2
Construct Jdp using a Euclidean path integral

Rosenhaus, Smolkin "14

—p» Spp = —trpalnpa

At second order in A\ there are two terms:

0SEg =0 (Ha) — S(pal|po)

~ Relative entropy

Always vanishes on
5 o v first orde[ d;anges
(TO) =0 soonlyfrom 0%p O(5" p)

Entanglement first law
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here | differ from

Relative entropy term most interesting: Rosenhaus, Smolkin "14

S(pallpo) = trpa(lnpa — In pg)
Difficult to expand In(pg + dp) because [po,dp] # 0O

Baker-Campbell-Hausdorff formula has o0 number of terms
each term naively contains a CFT n-point function for n large
doom universality?

Casini, Heurta

rickK IS to re-write: — 111 O — al -
i Jo B+pa B+1

1 1
—p S(p|lp :/ dfpptr ~0p dp
(pllpo) i / T o

OO
- / dsK (s)tr (pis6ppy >~ 16p)

Last line: insert complete set of entanglement eigenstates then fourier transform
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» OO

S(pallpe) = / dsK (s)tr (pidppg**~'dp)

of =00

Now Euclidean path integral gives for the change in the state:

Rosenhaus, Smolkin "14
dp = po AO(z)
J M

full Euclidean manifold

See appearance of modular flow: O(z) — O(z*)
— / ds / / (.. )UO(x7)O(z2))
This is enough to claim victory (c.f. Hybrid approach)

But why stop now??? Here comes the fun ...

Lets do some integrals!
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Actually | failed to do these integrals directly.

Can rewrite these integrals suggestively as:

S(pallpo) = (H2™ (¢))

i e B R T e L e e anlad iade o o ]

Becomes a bulk AdS;41 quantity

Associate to “conformal boost” isometry

on boundary - a boost isometry in the bulk

AdS Rindler wedge between
D(A);m(A)

H2" () is the charge/Hamiltonian associated to this isometry
for a free scalar field theory in the bulk
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: dXHTE (9)¢%

j 2054

Final form: J0Sgpr = (HA} ey /

J 2
Wald, lyer:

Any metric fluctuation h in AdS satisfies: TF Guica, Hartman, Myers
van Raamsdonk

0A(h) = 6Ea(h) — / diXPEg0(Guy + Aguy)
//‘ .
ch 1 \ \
b e Falloff of h LHS of Einstein’s
area of m(A) .
at boundary equations

Compare terms: if we demand that h satisfies Einstein’s equations
B :
coupledto T, (¢) then: §Spp = JA(h)

So we can encode the CFT EE in this metric!

Page 40/43



Some intuition for this calculation:

The s integral: /dsK(s)O(:I:,,.) is like
a smearing function that allows us to reach

into the bulk and construct the dual bulk field

Essential to include this effect to derive

these universal CFT results (maybe not so

essential to see the Ine UV divergent terms)

Rosenhaus, Smolkin “14
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CONCLUSSIONS

Derived universal contributions to EE for CFTs
Always: various small deformations of ball shaped EE

Only depends on CFT 2 & 3 point functions, thus fixed by a finite
set of CFT parameters

Agrees with holographic theories in a non-trivial way

Most natural derivation involves:  Entropy = Area
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