Title: Hawking Radiation Energy and Entropy from a Bianchi-Smerlak Semiclassical Black Hole
Date: Jul 14, 2015 11:00 AM
URL: http://pirsa.org/15070082

Abstract: <p>Eugenio Bianchi and Matteo Smerlak have found a beautiful relationship between the Hawking radiation energy and von Neumann
entropy in a conformal field emitted by a semiclassical two-dimensiona black hole. Shohreh Abdolrahimi and | compared this relationship with
what might be expected for unitary evolution of a quantum black hole in four and higher dimensions. If one neglects the expected increase in the
radiation entropy over the decrease in the black hole Bekenstein-Hawking A/4 entropy that arises from the scattering of the radiation by the barrier
near the black hole, the relation works very well, except near the peak of the radiation von Neumann entropy and near the final evaporation. These
discrepancies are calculated and discussed as tiny differences between a semiclassical treatment and a quantum gravity treatment.</p>
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Introduction

Eugenio Bianchi and Matteo Smerlak have found a relationship
between the Hawking radiation energy and von Neumann entropy
in a conformal field emitted by a semiclassical two-dimensional
black hole. We compare this relationship with what might be
expected for unitary evolution of a quantum black hole in four and
higher dimensions. If one neglects the expected increase in the
radiation entropy over the decrease in the black hole
Bekenstein-Hawking A/4 entropy that arises from the scattering of
the radiation by the barrier near the black hole, the relation works
very well, except near the peak of the radiation von Neumann
entropy and near the final evaporation. These discrepancies are
calculated and discussed as tiny differences between a semiclassical
treatment and a quantum gravity treatment.
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The Bianchi-Smerlak Relation

Eugenio Bianchi and Matteo Smerlak have found a beautiful
formula relating the Hawking radiation energy flux F and the
retarded time derivatives of the von Neumann entanglement
entropy S at future null infinity for a two-dimensional conformal
field theory in a fixed two-dimensional classical or semiclassical

spacetime:
1 /6. .
F=— (—52 + S) .
21 \ C

Here F is the energy flux at future null infinity (Z7) as a function
of the retarded time u, S is the renormalized entanglement entropy
of the radiation at Z™ up to the time u, ¢ is a constant that
depends on the conformal field, and an overdot represents a
derivative with respect to the time u. This formula has been
applied to many solvable models of gravitational collapse by
Bianchi, De Lorenzo, and Smerlak.
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Comparison with 4-Dimensional Spherical Black Holes

Here we wish to compare the predictions of this formula with what
Is expected to be the case for the energy flux and the von
Neumann entropy of Hawking radiation of massless fields from a
four-dimensional spherically symmetric black hole. For the emission
of a conformally invariant scalar field, one might expect the
Hawking radiation to be dominated by the scalar field modes that
have zero angular momentum (S-waves) and hence are spherically
symmetric, effectively reducing the problem to a two-dimensional
one for which one might expect the formula of Bianchi and
Smerlak to apply, at least to some level of approximation.
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Point of Agreement

We find that during most of the Hawking emission by a black hole
o_f initial mass My that is large in Planck units, the first term (the
52 term) on the right hand side dominates over the second term

(the S term) of
Fo b (95'2 + 5) .
27 \ ¢

The power-law dependence of this first term on the mass M is the
same as that of the flux F on the left hand side in the case of 4
and higher dimensions. Therefore, by choosing the constant ¢
appropriately, one can get a good match between the left and right
hand sides.
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First Difference

If Spu(v) = A/(4G) (not the von Neumann entropy S but the
logarithm of the dimension of the black hole Hilbert space), then
the logarithm of the effective dimension of the radiation Hilbert
space is Spaq(u) = bSp1(0) — bSpii(u), where b > 1 because the
emission of radiation is not adiabatic. (In d = 4, the emission of
photons and gravitons gives b ~ 1.48472.) S is approximately the
smaller of these two dimensions, so during the first stage

S ~ —bSpy, but during the second stage S ~ Spu.

Therefore, the ratio (5)2/F drops by a factor of 1/b% from the
first stage to the second stage, which would require ¢ to drop by
this same factor, contrary to the Bianchi-Smerlak formula in which
c is supposed to be a constant.
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Second Difference

When S(u) goes from increasing to decreasing, there is a brief
period during which the negative S term dominates over the
positive (6/¢)(S)? term, leading to a negative expression for the
energy flux F in the Bianchi-Smerlak formula

F:i<95'2+§>.
27 \ C

If one trusted this formula during this stage of the evaporation, it
would seem that the black hole would have to gain a bit of energy
near the peak in the von Neumann entropy S, rather than
continuously losing energy.
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Third Difference

Third, if one extrapolates the semiclassical approximation for

S =~ +SUH as a function of the black hole mass M down to Planck
and sub-Planck values (where the semiclassical approximation is
not believed to be valid), one again gets a regime in which the
second term on the right hand side of

F:L<§g2+§)_
2T \ C

dominates over the first term and again gives a negative expression
for the energy flux.
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Schwarzschild-Tangherlini Black Hole
Consider a d-dimensional, non-rotating, spherical, uncharged
Schwarzschild-Tangherlini black hole of horizon radius R, with the
metric

{1 2 S
ds® = —(1 — — = )dt? + (1 - — 3)7 A+ rPdwiy ),

where ;1 = RY~3 and df,u(zd ) is the metric of a
(d — 2)-dimensional unit sphere. The ADM mass M of the black
hole is given by

(d =2)Qg-2)0  (d —2)Quq 2R3
167G N 167G '

and the Bekenstein-Hawking thermodynamic entropy is

A _Q(d—z)Rdz_ 47 ( 167G 73 d=2
(

S:; = —_— = - Mdj.
S Ye 4G d—2\(d - 2)Qg_2) 0
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Massless Hawking Radiation

The Hawking radiation energy flux into massless particles is

dM a2 a _ ((d=2)Qq 2 73
du  R?  j2/(d=3) ? 167 GM '

where photon and gravitons in d = 4 give a ~ 0.00014990.
The lifetime and evolution of mass and radiation entropy are

Ur =

(d = 2)(d = 3)Qu-2) gy __d -3 167G \73, 4=t
16n(d —1)Ga ' ° (d =2)Q-2) D

Srad(u) = b[Sp1(0) — Spn(w)] = bSpn(0) [1 - (1 - i) d I] :

Ut
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von Neumann Entropy of the Black Hole and Radiation

Spii(u) and S;.q(u) should give approximate upper bounds on the
von Neumann entropy S of the two subsystems, which should be
near the minimum of the two upper bounds. These values cross at

d—1

b d-2
Up = Ut 1-— (m)

Therefore, we expect

S ~ b[Spi(0) — Spn(w)]é(up — u) + Spn(u)d(u — up)
= bSpu(0) {1 — (1 — i) ﬁ] O(up — u)

Ut

Ut

+S111(0) (1 - i) = ).
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Time Derivatives of the von Neumann Entropy
The Hawking temperature of the Schwarzschild-Tangherlini black

hole is q_3
f“r' =—
i — = X
27 4R
so M = —F = —a/R? gives
s - M - F - 4?("3
o 647 Ga®
SBH = — 7
(d—2)(d - 3R
: 4mab dma
G g e . — ) — ————— B — :
+(d—3)R (up — u) ([d—3)R (u—up)
. 6472 Ga’b
S ~ + O(u, — u
(d —2)(d — 3)Q(g-2)R? (4p = u)
6472 Ga® 4ra(b+1) .

_ 01y — _
(0= 2)(d = 3)2q RI U~ o)

(d—3)R o(u — up).
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Bianchi-Smerlak Flux for Most Times

Except for the retarded time u near either u, or ut, the first term
dominates in
L [ .
Fps=—|[-5S“4+5]).
2w \ C

Therefore, for most times the Bianchi-Smerlak flux is given by

= [bQH(up —u)+ 0(u — up))].

This would fit well with the expected F = a/R? if

48ma - |
However, ¢ is supposed to be a constant, not changing between
the periods v < up and u > up.
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Plot of Black Hole Mass vs. Time in 4-Dimensions
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Behavior Near the Peak in S

For a random pure state in the tensor product of two Hilbert
spaces of dimensions 1 << m < n, the average von Neumann
entropy of each subsystem is

m
S~lnm-—..
2n

Then if
X = bSrm(O) - (b + 1)Srg'|[(u).

b 1 1 1
~ — —e* — — — —e ") f(x).
J (5”+b+1x 26)9( XH(S" b+1" 2° ) (x)
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Plot of Bianchi-Smerlak Flux Formula Near the Peak of S

R? P IM? dM
a a du
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Mass Increase When the Flux F Is Negative

For
. (b+1)c 2wa(b+1)
) = = ~ 0.001 6.
( T (d—3)2 0.001883

y =4In(vV1+6+V0) =4sinh~* V5 ~ 0.17355.

over a time period [(d — 3)yR,/[7a(b + 1)] = 37R, the flux F is
negative and gives a mass increase of

AM = T,(sinhy — y) ~ 0.0008725T,.

where T, = (d — 3)/(47R,) is the Hawking temperature of the
black hole at the time very near v = u, when the von Neumann
entropy S is maximized and when the flux F = —dM/du is
negative, leading to the increase in the mass M.

Pirsa: 15070082 Page 26/34



Mass Increase When the Flux F Is Negative

For
. (b+ 1) 2wa(b+1)
N = = ~ (0.0018836.
( T (d—3)2 0.0018

y =4In(VI+06+V8) =4sinh~! V5~ 0.17355.

over a time period [(d — 3)yR,/[7a(b + 1)] = 37R, the flux F is
negative and gives a mass increase of

AM = T,(sinhy — y) ~ 0.0008725T,.

where T, = (d — 3)/(47Rp) is the Hawking temperature of the
black hole at the time very near v = u, when the von Neumann
entropy S is maximized and when the flux F = —dM/du is
negative, leading to the increase in the mass M.

Pirsa: 15070082 Page 27/34



Uncertainty in the Time of the Negative Flux

Because of random root-N fluctuations in the number of particles
emitted, which in 4-dimensions is VVN ~ R/v/G, with each particle
taking a time ~ R to be emitted, one might consider the Hawking
evaporation to give an ensemble of semiclassical spacetimes, each
with its own time at which the von Neumann entropy of the
radiation is maximized. The rms spread in these times would be of
the order of ~ R?/v/G, which for a solar-mass black hole of about
1038 Planck masses would be of the order of 107® Planck times or
10'° times the present age of the universe. If the Bianchi-Smerlak
formula applied to each spacetime in the ensemble, then there
would be a negative mass flux of energy ~ —0.00087 T, over a
time less than a millisecond but uncertain by a time of the order of
10°® times the duration of the negative flux, a time roughly fifteen
orders of magnitude larger than the present age of the universe.
Therefore, the effect of this negative energy flux, if it really occurs,
seems to be quite negligible and virtually impossible to detect.
Surely it would be washed out by any averaging over the uncertain
time at which the von Neumann entropy S is maximized.
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Avoiding Negative Flux Near the End of the Emission

If one takes S ~ SL:,|__|_(U) ~ 53[[_(0)(1 — U/Ut)(d_m-"’j(d—l) at late
times, one finds that the Bianchi-Smerlak flux becomes negative
for uy — v small in Planck units. However, this can be avoided by
taking, for example, in d = 4 spacetime dimensions

_ 8maX  S§y
" 14+1/X  Spy+8ma

for X = R?/(8Ga) = Spyj1/(87a), giving

a X3 +8X2 49X

F=—
R? 2(X +1)*

This never goes negative but instead increases monotonically with
the time v as R decreases, always remaining within a factor of 3 of
the expression F = a/R?. Therefore, there is no problem
constructing S(u) that is close to the Bekenstein-Hawking black
hole entropy Spip = A/(4G) for a large hole but deviates when the
hole gets small so that the Bianchi-Smerlak flux stays positive.
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Conclusions 1

In conclusion, the Bianchi-Smerlak formula

1 . .
F = (952+5).
2w \ C

which was derived for a 2-dimensional model black hole with
quantum field theory on a definite spacetime metric (say with
boundary conditions given by a moving mirror), seems to work
fairly well for quantum black holes in higher dimensions, but there
are some inadequacies in the model. Perhaps the most serious is
the fact that one cannot match the entropy and energy flux both
before and after the peak in the von Neumann entropy with a fixed
value of the constant c¢ in the Bianchi-Smerlak formula if the black
hole evaporation process is not adiabatic but generates extra
entropy in the radiation in excess of the decrease in the
Bekenstein-Hawking entropy A/(4G) of the black hole.
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