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Examples of long -ange entanglements (topo. orders)

itord bl oo A, i

e First example su t of the partide configurations
then sum over the loop states
L) ]

| | '
L \l

i i I | |
I I

— string-net condensation (stringliquid)

» Topological order with gappable edge

e Second example scamble the phases

Vron(21. 22,0 1(:, z) D
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Examples of long range entanglements (topo. orders)

e First example sum over a subset of the particle configurations
by first join the particles into strings, then sum over the Ioop states

i/m NS /é\‘f% S

S

— string-net condensation (string liquid):

(D|(n)p_:' ) 1=

Zall loop conf. |

T
T

Kogut-Susskind 75, Kitaev 97, Wen 03, Levin-Wen 05
e Topological order with gappable edge.

e Second example scamble the phases Laughlin 83

VEQH (21,22, ' ema AN Wsp(z1.20.

e Topological order with gapless edge (ungappable).
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The experimental discovery of FQH effect

- Quantum Hall states (1980's)
Quantized Hall conductance:

m e 1
n h }\'H
Uf ‘-|i-=[rnna

% of flux quanta

Magnetic field (T)

e FQH states states have different phases
with no symmetry breaking, no crystal order, no spin order, ...
so they must have a new order — topological order Wen 89
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Introduction of fractional quantum Hall (FQH) states

e One-particle in magnatic field (choose B = 1 and z = x + iy):
H(} \_i(r').. }lZ)(M | {1:2)

Lowest energy eigenstates: P(z)e alzl” P(z) =Y aZ

since e4°“ (id, 11112')(“)‘-- FizzZ)e 4~ (id; — |
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Introduction of fractional quantum Hall (FQH) states

e One-particle in magnatic field (choose B = 1 and z = x + iy):
H” \1((}.. {':Z')(U_.. | !Z)

s 4

) 1,2 -
Lowest energy eigenstates: P(z)e 421" P(z) DETr4

since 177" (10; — 112°)(i0; + 1}2)e 4% = (i0; — i12")10;
e N-electrons (fermionic or bosonic) in a magnetic field:

! B B
H(gr.g2) = > (io;, 12 10z + 1 ,2i) Ver.eo(Xi = Xj. Yi — ¥j)

=1 1< |
e When V., ., = 0, there are many minimal energy wave functions
515

. 1 <N y. i . A "
U =~FP(z. - .zy)e s==1%4 P = 3 (anti-)symmetric polynomial

all have zero energy (for any P):

’ivj(ir'). iBZ')(;}'J,. : iBzf-) P(z, -
N o R 4
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3 ideal FQH states: the exact zero-energy ground states

1/2 bosonic Laughlin state: z; ~ z», second order zero
Pip=]](zi—2)* Viplzi.z2) = (21 — 2).

I ]

[\Lj Vi/2(2 :.f)]Pl 2

<]

All other states have finite energies in N — o limit (gapped).
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3 ideal FQH states: the exact zero-energy ground states

1/2 bosonic Laughlin state: z; ~ z», second order zero
P12 zi — zj)°. Vip(zi.z) = 0(z1 — z2).

[\/—‘ Vl ,‘(zr :.v)]P] 2 0.

A

I<.J

All other states have finite energies in N — o limit (gapped).
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Introduction of fractional quantum Hall (FQH) states

e One-particle in magnatic field (choose B = 1 and z = x + iy):
Ho 5 (0; — 22*)(0,+ + 22)

Jra—

) 1,2 -
Lowest energy eigenstates: P(z)e 41?1 P(z) DETr4
since e4%? (10, — i72*)(i0+ + ig7z)e 4% (id, — i52*)i0,
e N-electrons (fermionic or bosonic) in a magnetic field:

N B B
H(g1.82) Z( 107, — | 4 Z; )( 10z + 1] A Zj) Var.eo(Xi — Xj. ¥i — ¥j)

=1 1< |
e When V., ., = 0, there are many minimal energy wave functions
51:.5.

1 <N y. > . . :
V=~FP(z. - .zy)e s==1%4 P = 3 (anti-)symmetric polynomial

all have zero energy (for any P):

N
(> 2 270 +

e For small non-zero V,, ,,, there is only one minimal energy wave

function P whose form is determined by V, ...
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3 ideal FQH states: the exact zero-energy ground states

1/2 bosonic Laughlin state: z; ~ 7>, second order zero

P12 H(Zf Zr)"- Vi o(2

I /

[\/—‘ Vl ,‘(‘-—"r

e

I<.J

All other states have finite energies in N — o limit (gapped).
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3 ideal FQH states: the exact zero-energy ground states

e i — 1/2 bosonic Laughlin state: z; ~ z», second order zero

[_)I 2 H(H ’:r)k‘- V[ ’( « L2 f‘(z'. Z,')-

I /

[Z Vl ,‘(Zr

1<J
All other states have finite energies in N — o limit (gapped).
e » = 1/4 bosonic Laughlin state: z; ~ 2, fourth-order zero

P14 H(Z“ zi)*
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3 ideal FQH states: the exact zero-energy ground states

e i — 1/2 bosonic Laughlin state: z; ~ z», second order zero

P12 H(" zi)°. Vi/2(21. 22) o2 2>).

i<

[Z Vl ,‘(Zr

<]

All other states have finite energies in N — o limit (gapped).
e / = 1/4 bosonic Laughlin state: z; ~ 2, fourth-order zero

P14 H(Ze z)*

Vi/a(21. 20) Z5)

| Pfaffian state: z; ~ 25, no zero: z; ~ z» ~ z3, second-order zero:

) M- 2 =P T

<
S[vod(z1 — 22)0(z2 — z3)

| fermionic IQH state: z; ~ 2, first-order zero:
Vl(Z[. .‘_"7'_)
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From wavefunction to physical properties

e What are the physical properties of those FQH states
described by P, », P4, and Pps ?
Are they they really belong to different phases? What are the
fractional charge/statistics of quasiparticles, edge excitations,etc ?

e The densities of gapped FQH states are quantized as
rational-number (filling fraction) 1 x 21::

[d?z...d%zy |P(z. 2. .... 2n)
pe(2)

22:d225...d%zp | .
| d?z1d?z;...d*zy |P(z

Hall conductance 0., — V5
l[(Z; Z;") — V

; . - .
' is quantized as exact an rational number as N
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From wavefunction to physical properties

e What are the physical properties of those FQH states
described by P, >, P4, and Pps ?
Are they they really belong to different phases? What are the
fractional charge/statistics of quasiparticles, edge excitations,etc ?

e The densities of gapped FQH states are quantized as

rational-number (filling fraction) 1/ x5

[d?z...d%zy |P(z. 2. .... 2n)
pe(2)

22:d225...d2 .
| d°z1d?z;...d*zy |P(z

Hall conductance 0.,
Pi=1[(zi—z) = v
P =11
Pr/a =11
Pp¢ = Pf(

)

Zj)* = v
4
Z;)

1_-‘ ) [1(zi

(T v ||r . - .
% " is quantized as exact an rational number as N

;
;

(z
(z
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Why v = 1 for state V; = H,-<J-(z,- — zj)e‘2|zf|2/4

One-particle eigenstate (orbital) for Hy

zlem 47" 5 3 ring-like wave function with

a radius r; = v2/ and angular momentum /.

The » = 1 many-fermion state is obtained by filling the orbitals:

V= ]](z - z)e 12150 = Al(21)°(22)t Jem 1 2 1A
1</

Empty

Filled

| electrons within radius r; — one electron per 7r7 /| = 27 area.
— v = 1.
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Quasi-holes in the v = 1/m Laughlin state
and fractional charge

e A hole-like excitation = missing an electron, charge
S [2:12 /e
Z!.)m H(Zf ZJ')mi‘ > | }
i<
which can be splitted into m quasi-hole excitations:

ZJ.')”]" \:

e A quasi-hole excitation = minimal excitation, charge

[ - 20 [[(z — z)me =2

I (<

L

- Why the density dip have a small finte size?
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Quasi-holes in the v = 1/m Laughlin state
and fractional charge

e A hole-like excitation = missing an electron, charge
\‘ 4 ‘. L
Z!.)m H(Zf ZJ')mi‘ > | }
i<
which can be splitted into m quasi-hole excitations:

Z’.)m“ \:

e A quasi-hole excitation = minimal excitation, charge = 1/m

[ - 20 [[(z — z)me =2

I (<
()

L

- Why the density dip have a small finte size?
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Quasi-holes in the v = 1/m Laughlin state
and fractional charge

e A hole-like excitation = missing an electron, charge

Z;')”IH(Z:' ZJ')m{‘ S |zi]%/4

i<j

which can be splitted into m quasi-hole excitations:

H(il Z;-)'~-H(Lm Z’)H(Z! Zf,)m“ S

i I [ <]

e A quasi-hole excitation = minimal excitation, charge = 1/m

H(L Z,‘)H(Zf Zf)f”', 3 |z /4

I (<
()

L A

- Why the density dip have a small finte size?
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Quasi-holes in the v = 1/m Laughlin state
and fractional charge

e A hole-like excitation = missing an electron, charge

Z;')”IH(Z:' Z!.)m‘\ S |zi|%/4

i<i

which can be splitted into m quasi-hole excitations:

H(il Z;-)'~-H(Lm ZI)H(Z’- Z’,)m“ S

i I [ <]
e A quasi-hole excitation = minimal excitation, charge

H(L Z:’)H(Z; z)"e S |zi|?/4

I <

/

- Why the density dip have a small finte size?
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Quasi-holes in the v = 1/m Laughlin state
and fractional charge

e A hole-like excitation = missing an electron, charge

Z;')”IH(Z:' Zjl)m‘\ S |zi]%/4

i<j

which can be splitted into m quasi-hole excitations:

'H(Lm Z,)H(Z; Zf')m" >

I [ <]
e A quasi-hole excitation = minimal excitation, charge

H(L Z,‘)H(ZI Zf)m" Sz 2/4

I (<

L

- Why the density dip have a small finte size?
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Quasi-holes in the v = 1/m Laughlin state
and fractional statistics

Calculate fractional statistics:
e A hand-waving way

B

Berry’'s phase =2 m x encl. elec. Berry's phase =2  x (encl. elec. — 1/m)

e A quasiparticle is a bound state of 27 flux and 1/m-charge.
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Quasi-holes in the v = 1/m Laughlin state
and fractional charge

e A hole-like excitation = missing an electron, charge

Z;')”IH(Z:' ZJ')mi‘ S |zi]%/4

< |

which can be splitted into m quasi-hole excitations:

'H(Lm Z,)H(Z; Zf')m" >

I [ <]

e A quasi-hole excitation = minimal excitation, charge = 1/m

T - 2) [z — z)me a4

I (<
()

L Y

- Why the density dip have a small finte size?
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Quasi-holes in the v = 1/m Laughlin state
and fractional charge

e A hole-like excitation = missing an electron, charge

Z;')”IH(Z:' Z!.)m‘\ S |zi]%/4

i<j

which can be splitted into m quasi-hole excitations:

-
'H(Lm Zf)H(Z{ Z,")m" ;

I [ <]

e A quasi-hole excitation = minimal excitation, charge = 1/m

T - 2) [z — z)me /4

I i<j
()

/ YA

- Why the density dip have a small finte size?
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Quasi-holes in the v = 1/m Laughlin state
and fractional statistics

Calculate fractional statistics:
e A hand-waving way

B

Berry’'s phase =2 m x encl. elec.  Berry's phase =2 w x (encl. elec. — 1/m)

e A quasiparticle is a bound state of 27 flux and 1/m-charge.
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Quasi-holes in the »=1/m Laughlm state
and fractional statistics

Pirsa: 15060016 Page 40/50




Quasi-holes in the »= 1/m Laughlin state

- and fractional -

tatistics

Calculate fractional s

Pirsa: 15060016 Page 41/50




Quasi-holes in the v = 1 Pfaffian state:
What is non-Abelian statistics?

e Ground state: z; =~ z», no zero;, z; ~ 7z, ~ 73, second-order zero;

1
2)

1 1 1
Wpr = A ) = Pf(
21 — 2223 — 24 ZN Z

I

e A charge-1 quasi-hole state
Z]

22
e A state with two charge-1/2 quasi-holes
" ) + (1 +

i
4
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Quasi-holes in the v = 1 Pfaffian state:
What is non-Abelian statistics?

e Ground state: z; =~ z», no zero;, z; ~ 7z, ~ 73, second-order zero;
1 1 1 1
oo =4 ) )
21— 223 — 24 ZN Zi — Zj

I

e A charge-1 quasi-hole state

22

e A state with two charge-1/2 quasi-holes
21)(§" —2z2) + (1 <

Zj)
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Quasi-holes in the v = 1 Pfaffian state:

- What is nor-Abelian statistis? )}
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Quasi-holes in the v = 1 Pfaffian state:

| What is no_nwhmm s
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Quasi-holes in the v = 1 Pfaffian state:

- What is non-Abelian statistics?
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Histates: the exact zero-energy ground states
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