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iideal FQH'states: the exact zero-energy. ground states
1/2 bosonic Laughlin state z, ~ z», second order zero

Pia=[lz-2). WVipla.z)=oz-2)

D Vapla—z)P2=0

<)
All other states have finite energies In N - x limit (gapped)

e 17 = 1/4 bosonic Laughlin state 2y = 22, fourth-order zero
5 Y
f 1/4 l‘[{l ‘ r.’
i<

Vya(z1.22) = voo(21 — 22)
7+, sacond-order zero

no zero, £
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e 1+ = 1 Pfaffian state: zi = 22

4 |
[ A A (\."| 2o 23 Z4
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| fermionic IQH state® 21 =

Py - TI(:, Zj):

e |
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3 ideal FQH states: the exact zero-energy ground states

1/2 bosonic Laughlin state: z; ~ z>, second order zero

<]
> Vaja(zi = z)]Pr2 = 0.
I<J

All other states have finite energies in N — ~ limit (gapped).
e v = 1/4 bosonic Laughlin state: z; ~ 7>, fourth-order zero

Pija=]](z
I<j
. >]
Vi/a(z1.22) = vood(z21 — 22) + v ;- 0(21

~ 73, second-order zero:

p]

1 1 :
Po ._1( i — zj) = PA

e v — 1 Pfaffian state: z; ~ 75, no zero; z; ~ z

27 Z3 Z4 ZN -1 ZN/ Zj
Vpi(21. 22. 23) = S[vod(21 — 22)d(z

e i = 1 fermionic IQH state: z; ~ 7, first-order zero:
Vi(z1. 22)
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3 ideal FQH states: the exact zero-energy ground states

1/2 bosonic Laughlin state: z; ~ z>, second order zero

P1/2 H(Z;
I<j
3" Vijazi — 2)Pij2 = 0.
i<j

All other states have finite energies in N — ~ limit (gapped).
e v = 1/4 bosonic Laughlin state: z; ~ 7>, fourth-order zero

P1/4 H(

i<J

)
Vi/a(21.22) = vood(z21 — 22) + w205 0(23

» A 73, second-order zero:

e v — 1 Pfaffian state: z; ~ 75, no zero; z; ~ z

P .4(ﬁ1 1

£) 23 — 24 .HLN 1 = 4N/ = r

Vee(21. 22. 23) S{VU"(fl Z7)0(2
e i = 1 fermionic IQH state: z; ~ 7, first-order zero:
Vi(z1. 22)

Xiao-Gang Wen Lectures on topological order: Fractional quatum Hall states

Pirsa: 15060013 Page 4/65



3 ideal FQH states: the exact zero-energy ground states

<]
> Vaja(zi = z)]Pr2 = 0.
iI<J

All other states have finite energies in N — ~ limit (gapped).
e v = 1/4 bosonic Laughlin state: z; ~ 75, fourth-order zero

y

22) + V203 8(21 — )0

1 Pfaffian state: z; ~ 25, no zero; z; ~ z» ~ z3, second-order zero:

.4( : lﬁ

Z1 22 23 Z4 ZN -1 ZN

i ;
Vbe(21. 22. 23) = S[vod(z21 — 22)0(z 3 v10(2

e i = 1 fermionic IQH state: z; ~ 7, first-order zero:
Vi(z1.22) =0

Xiao-Gang Wen Lectures on topological order: Fractional quatum Hall states

Pirsa: 15060013 Page 5/65



Pirsa: 15060013

] B&de al FQH states: the exact zero-energy ground states

1 /2 bosonic Laughlin state. z; = Z2, second order zero

Pia=[J(zi -2 Visalar.zoige (21— 22
i< \

" Vaa(a = 2)1Py

e |
All other states have finite energies in N
e I/ — 1/4 bosonic Laughlin state: 2y & Z

Py l_Il-. .'-',]'1
1<)

‘\-‘! ‘|{:'| ."".] ll"*(-”l

| Pfaffian state: zq =~ 22, NO (m .1 =

Il Z3=24 ZN-1
Vpi(z1. 22 Z3)2 Sl\'["*li—'l — 22)0(22 - 73) - "'1"[-1

1 fermionic |QH state: 21 =~ z,, first-orcler zero

p=T-2) Va2 =
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3 ideal FQH states: the exact zero-energy ground states

1/2 bosonic Laughlin state: z; ~ z>, second order zero

1<J
[Z \/1 3(:,' :[)]Pl 2 0.
1<J

All other states have finite energies in N — ~¢ limit (gapped).
e v = 1/4 bosonic Laughlin state: z; ~ 75, fourth-order zero

\/1 4(21.22) Voo( 21 Zy)

e i — 1 Pfaffian state: z; ~ 75, no zero; z; ~ 75 =

Pe A(ﬁl lj...ﬁ 1?)1‘[_.

Z1 Z2 23 Z4 ZN -1 ZN

Vet(21. 22. 23) = S[wod(z1 — 22)0(22 — z3)

e i = 1 fermionic IQH state: z; ~ 7, first-order zero:
Vi(z1. 22)

Gu Zheng-Cheng
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3 ideal FQH states: the exact zero-energy ground states

1/2 bosonic Laughlin state: z; ~ z>, second order zero
Vi/2(21. 22 '

<]
> Vaja(zi = z)]Pr2 = 0.
i<J

All other states have finite energies in NV — > limit (gapped).
e v = 1/4 bosonic Laughlin state: z; ~ 75, fourth-order zero

P14 H(:f z)*

i<j
\/1 4(21.22) Voo(2z; Zy)

1 Pfaffian state: z; ~ 2>, no zero; z; ~ 7, ~ 73, second-order zero:

.A(ﬁ ! 1j . . - )H(Zf

4| Z2 23 Z4 ZN -1 ZN
VPr'(fl-f;‘-f'i) S[V{'J"(fl Z2)0(2;

e i = 1 fermionic IQH state: z; ~ 7, first-order zero:
Vi(z1. 22)
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Quasi-holes in the v = 1/m Laughlin state
and fractional charge

e A hole-like excitation = missing an electron, charge

o Z‘;)HI H(Z,{ o Z,‘)”IV \__: Z;i|“ 4

I<j

which can be splitted into m quasi-hole excitations:

S =12 /¢4
H(:\l — Zf') ’ "H(:\m — Z;') H(Zi — Zj)m" 3 :

i i I<J

e A quasi-hole excitation = minimal excitation, charge = 1/m

H(L - Z,‘)H(Zf. _ Z,’)m(\ S |22 /4

,' oy
0

VA
S

- Why the density dip have a small finte size?
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‘\ ‘Q,ua.si—holes in the v = 1/m Laughlin state
\ and fractional charge

Lyl Y

o A hole-like excitation = missing an electron, charge

1[“—- -'-'a"'”H(,::, z)"Me >z /4

which can be splitted into m quasi-hole excitations

1-__[“‘ Z)) 11(,1.,.. ;.',\H(::, z)Me

minimal excitation, charge

oo

[/'m

e A quasi-hole excitation

HL: :"’1..—1("'" i

STz 214

- Why the density dip have a small finte e
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3 ideal FQH states: the exact zero-energy ground states

P12 H(
I<j
[Z Vi/2(zi — zj)]P1j2 = 0.
i<j

All other states have finite energies in N — ~ limit (gapped).
e v = 1/4 bosonic Laughlin state: z; ~ 75, fourth-order zero

22 23 Z4
Vee(21. 22. 23) 8{1’0"(51 Z2)0(2;

e i = 1 fermionic IQH state: z; ~ 7, first-order zero:
Vi(z1. 22)
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Quasi-holes in the v = 1 Pfaffian state:
What is non-Abelian statistics?

e Ground state: z; ~ 2>, no zero: z1 ~ z» ~ z3, second-order zero:

1 1 1 | 1
Wps = A ) = P ( )
\Z] — 2223 — 24  ZN—1— 2ZN Zj — Z
e A charge-1 quasi-hole state

\U( harge-1 — H(L Zf’).‘t(
z1— 2223 — 24

ZN—-1

A((L — 1 )(§ — 22) (§ — z3)(§ — z1) )

Z1 — & 23 — 24

e A state with two charge-1/2 quasi-holes

(—21)(§'—22)+ (1< 2
Wieye = Al o -

S S
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Quasi-holes in the v = 1 Pfaffian state:
What is non-Abelian statistics?

e Ground state: z; ~ 7>, no zero: z; ~ z» ~ z3, second-order zero:

1 1 1 | 1
Wps = ”4(21 2 z3—24  ZN_) - ZN) .' pf(z,- : z-)

1 J

e A charge-1 quasi-hole state

1
\U( II.H}_‘\H—I ] H(L ) Z,ﬂ),‘l( “ e )
Z] — 22723 — Z4 - ZN

ZN -1

-4((:“ —)(§ — 22) (§ — z3)(§ — z) )

Z1 — 2» Z3 — 24

e A state with two charge-1/2 quasi-holes

A((L 21)({' —22)+ (12
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How many states with four charge-1/2 quasi-holes?

e One of the state with four charge-1/2 quasi-holes
(&1 —2z)(&2 — zi)(&3 — 2j)(§a — 2Zj) + (1 < )
(12, 34];,, )

Zi — Zj

Pf(

The other two are P(13)(14), P(14)(23).

Xiao-Gang Wen Lectures on topological order: Fractional quatum Hall states
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How many states with four charge-1/2 quasi-holes?

e One of the state with four charge-1/2 quasi-holes

(& Zi)(&2 Zi )(&3
P12)(34) Pf( | -

[12,34],,, ...

Zi — Zj

Pf(

The other two are P(13)(14), P(14)(23).
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How many states with four charge-1/2 quasi-holes?

e One of the state with four charge-1/2 quasi-holes

(& zi)(&2 Zi)(&3
Paz)(3) = PF( = f

[12.34],.2 ..

Zi — Zj

Pf(

The other two are P13)(14), P(14)(23).

Xiao-Gang Wen Lectures on topological order: Fractional quatum Hall states

Pirsa: 15060013 Page 21/65



Pirsa: 15060013 Page 22/65




How many states with four charge-1/2 quasi-holes?

e One of the state with four charge-1/2 quasi-holes
(& zi)(§2 — zi)(&3
P{l_‘_u 34 ) Pf( l ,

[12.34],,
Zi — Zj )

Pf(

The other two are P(13)(14), P(14)(23).
e But only two linearly independent states. Using Nayak & Wilzcek

)

[12. 1)4]:‘:‘. - [13 24]:‘:, (zi — Z{):(LI — &a)(&2 — &3) ZiiG14823
we find (with z1o = z; — 25, {10 = & — &, etc)

quu4;u

2 (1234212 — 215610803 [12.
(

- Np.n’r-‘l (Zl_‘:\ldi_’%

Xiao-Gang Wen Lectures on topological order: Fractional quatum Hall states
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(12, 34],,., -
F%IJHﬂJJ ' F111H34) AhanlJLJﬂfl(ZlJ . - "')
Z34
Similarly
[12. 34],,
P(12)(34) — P(l-l_}(gﬂ) N;:.;;‘;LULJL“(ZIJ )

So
Pa2y3a) — P13y(24) P12)(34) — P14)(23)

( [ (

Q14423 S13Q24

e Two states for four charge-1/2 quasiholes, even if we fixed their
positions. The two states are topologically degenerate.
D, _l,(\ 2)" states for n charge-1/2 quasiholes.

/2 states per charge-1/2 quasihole !!!

Quantum dimension for the charge-1/2 quasihole d = /2
The charge-1/2 quasihole has a non-Abelian statistics.
For Abelian anyons d = 1.

e In general, for n particles with non-Abelian statistics, there are D,
degenerate states even after we fix the positions of the particle:
o, &1, ....&p). Q 1.....D,.

Quantum dimension d = lim—~ (D) "

Xiao-Gang Wen Lectures on topological order: Fractional quatum Hall states
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[12.34],,
P{[_‘}( 34) P(l’:H_‘-l') N;:.if'rLl-lLJﬂ~‘l(ZlJ - )
Z34
Similarly
(12, 34],,
PHJ}( 34) P(Ll_}(lﬂj N[U,',Ll»,:\:,l.—l(Zlg N )
£34

So

PIIJJ{’»-'H P(l’»’l(h"li Pll._‘}{ 34) p(l-'l)lﬁ_”)}

( ( (
Q14423 C13K24

e Two states for four charge-1/2 quasiholes, even if we fixed their
positions. The two states are topologically degenerate.
D,
/2 states per charge-1/2 quasihole !!!
Quantum dimension for the charge-1/2 quasihole d = /2
The charge-1/2 quasihole has a non-Abelian statistics.
For Abelian anyons d = 1.

L(\/2)" states for n charge-1/2 quasiholes.

)

e In general, for n particles with non-Abelian statistics, there are D,
degenerate states even after we fix the positions of the particle:
a,€1,....6,), a=1....D,

Quantum dimension d = lim—~(D,)"
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Local dancing rule — global dancing pattern

e Local dancing rules of a FQH liquid:
(1) every electron dances around clock-wise
(Prqy only depends on z = x + 1y)
(2) takes exactly three steps to go around each other

(Relative angular momentum S> = 3)  Wen-Wang arXiv:0803.1016

— Global dancing pattern ®equ({z1.....2n}) = [[(zi — z;)°

e A systematic theory of FQH state — Pattern of zeros S,:
a-electron cluster has a relative angular momentum S,

S,=: : v=1/3 Laughlin
S. = Sy=5 S v=1/2 Pfaffian
e Local dancing rules are enforce by the Hamiltonian to lower energy.

e Only certain sequences S, correspond to valid FQH states. Which?
e Different POZ S, give rise to different topological properties

Xiao-Gang Wen Lectures on topological order: Fractional quatum Hall states
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How many states with four charge-1/2 quasi-holes?

e One of the state with four charge-1/2 quasi-holes

(&1 —2zi)(§2 —zi)(§3 —z)(§a — z;) + (1 &)

P(12)(34) = Pf( j , ).
Zi — Z;
12, 34],.,
pr(1230ssy
Zi — zj
The other two are P(13)(14), P(14)(23).

e But only two linearly independent states. Using Nayak & Wilzcek

)

[12. ’7)4]:‘:‘. - [13 24]:‘:, (zi — Z{)_(\I — & )(&2 — &3) Z;'_;:\HL_‘%
we find (with z1o = z; — 25, {10 = & — &, etc)

PiHH_‘Jr]

A [12-74]:;:_- Zf‘gil:l:\_’% [13j
( o

— Npair A
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Local dancing rule — global dancing pattern

e Local dancing rules of a FQH liquid:
(1) every electron dances around clock-wise
(Prqy only depends on z = x + 1y)
(2) takes exactly three steps to go around each other

(Relative angular momentum S> = 3)  Wen-Wang arXiv:0803.1016

— Global dancing pattern ®equ({z1.....2n}) = [[(zi — zj)°

e A systematic theory of FQH state — Pattern of zeros S,:
a-electron cluster has a relative angular momentum S,

S = ; v=1/3 Laughlin
S. = Sy=5 S v=1/2 Pfaffian
e Local dancing rules are enforce by the Hamiltonian to lower energy.

e Only certain sequences S, correspond to valid FQH states. Which?
e Different POZ S, give rise to different topological properties
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A general theory for non-Abelian states — Pattern of zeros

e The sequence of integers {S,} characterizes the polynomial

P({z;}) and is called the pattern of zeros.
e S, is the relative angular momentum of an a-electron cluster.

v, H(z,— zj) = $1.5,.=0.1.3.6.10. ...
+ 51.5,.=0.2.6.12.20. ...

1.92.=0.4.12.24.40. ...

0.0.2.4.8.12.18.24.

Xiao-Gang Wen Lectures on topological order: Fractional quatum Hall states

Page 38/65

Pirsa: 15060013



Pirsa: 15060013

The physical meaning of pattern of zeros:
pattern of zeros and orbital distribution

e S, is the power of z's in P(z;.--- .z,) if the polynomial has a
variables.

e Relation to monomial symmetric polynomial ( “highest weight” ?):
Let [, =5, —S,-1 0r S, =>7_, /i, then

-

._)AU S

h_b
[lez_;---] LEER my !l_ft-‘__”}.(Z,‘. W ZN) T ..

The monomial symmetric polynomial can produces any sequences
S, if we treat S, as the POZ at z = 0.

e Pattern of zeros and occupation distribution
Convert [, to ny, the occupation distribution: nj = > =", 0/ ;

Lsa=1

Xiao-Gang Wen Lectures on topological order: Fractional quatum Hall states
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The physical meaning of pattern of zeros:
pattern of zeros and orbital distribution

e S, is the power of z's in P(z;.--- .z,) if the polynomial has a
variables.

e Relation to monomial symmetric polynomial ( “highest weight” ?):
Let [, =5,— 5,1 0r S, =>7_, i, then

-

.)AU‘_\

h_k
[ZIIZ_C .. ] 4 ... my ;1_;.:__,_}.(2';‘» ZN) T

The monomial symmetric polynomial can produces any sequences
S, if we treat S, as the POZ at z = 0.

e Pattern of zeros and occupation distribution
Convert [, to ny, the occupation distribution: n; = > ", 0/ ;

Lsa=1
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V=T](z - z)e t X171 = A[(2,)%(2,)*..]e" 3 X4
<J

Empty

A
Filled

0.1.3.,6.10, ...

nonynp--+: 111111111111 ---

0.2,6,12, 20, ...

.. 0.2.4.6.10.---,  ngnyno---: 101010101010 --
root monomial poly. 8[(21)”(2,)‘1(24)'1...]

Xiao-Gang Wen Lectures on topological order: Fractional quatum Hall states
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\ H(Z,‘ Zf')i‘ \: .4[(21)1}(2_‘”.._]1- ,\:
I<Jj

Empty

o
Filled

0.1.3.6.10, ...

Wb, -+ :0.1.2.3.4,--- . ngnyny---: 111111111111 ---

(Al(21)°(22)"(23)%...]) = S1.52.... = 0.2,6.12.20. ...

-1 0.2.4.6.10,--- . nonino---: 101010101010 --

root monomial poly. 8[(21)”(23)‘1(24)'1...]

Xiao-Gang Wen Lectures on topological order: Fractional quatum Hall states
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U II(L zj)e s 2zl Al(z1)"(2)".. ] e 3 2 12il°
I<J

Empty

Filled

0.1.3.6.10, ...

nonynp--+: 111111111111 ---

(Al(21)°(22)"(23)%...]) = S1.S2.... = 0.2,6.12.20. ...

-2 0,2.4.6.10.---.  ngnyny---: 101010101010 --
root monomial poly. S[(z1)(22)%(z3)"...]

Xiao-Gang Wen Lectures on topological order: Fractional quatum Hall states

Pirsa: 15060013 Page 43/65



e v = 1/4 Laughlin state P,y =[], :(zi — z)~
S1.S5.-+-:0.4,12.24.40.60.84. - - -
h.h,---:0,4,8,12.16,20. - -
nomnz -+ - - 100010001000100010001 - - -

root monomial poly. S[(z )”(Z‘)'l(z)})'”'_..]

A cluster (unit cell): 1 particles 4 orbitals

e v = 1 Pfaffian state Pps -—l( - 1‘_| l‘,.; co ) [lici(zi — z)

51.5.---:0.0.2.4.8.12.18.24. - --
h.bh.---:0.0.2.2.4.4.6.6. -
noninz - -+ 2020202020202020202 - - -
root monomial poly. S[(21)"(22)"(23)%(z4)"( 7r,)"1(z(1)‘]...]

A cluster (unit cell): 2 particles 2 orbitals

Xiao-Gang Wen Lectures on topological order: Fractional quatum Hall states
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e v = 1/4 Laughlin state Py,4 =[], :(zi — z)~
S1.S,.-+-:0.4,12.24.40.60.84. - - -
h.h,---:0,4,8,12.16,20. - -
nomnz - - - - 100010001000100010001 - - -

root monomial poly. S[(z )”(Z‘)‘l(zaj“...]

A cluster (unit cell): 1 particles 4 orbitals

e v = 1 Pfaffian state Pps -—l( - 1‘_| ___:1‘__7 ) [[ici(zi — z)

51.5.---:0.0.2,4.8.12.18.24. - --
h.b.---:0.0.2,2.4.4.6.6.---
noninz - -+ 2020202020202020202 - - -
root monomial poly. S[(zl)“(Z_‘)”(z),):('z_l)"(Zr,)‘l(z“)‘i...]

A cluster (unit cell): 2 particles 2 orbitals
P

Xiao-Gang Wen Lectures on topological order: Fractional quatum Hall states

Pirsa: 15060013 Page 45/65



e v = 1/4 Laughlin state Py,4 =[], :(zi — z)~
S1.S5.-+-:0.4,12.24.40.60.84. - - -
h.h,---:0,4.8.12.16,20. - -
nomnz - - - - 100010001000100010001 - - -

root monomial poly. S[(z )”(Z\)‘l(z)})":...]

A cluster (unit cell): 1 particles 4 orbitals

e » = 1 Pfaffian state Pps -—l( - 1‘_, _._:1‘._: ) [lici(zi — z)

51.5,.---:0.0.2.4,8,12,18.24, - -
h.bh.---:0.0.2.2.4.4.6.6.---
noniny - -+ : 2020202020202020202 - - -
root monomial poly. S[(zl)“(z_‘)”(z:,):('z_l)"(Zr,)‘l(z“)‘;...]

A cluster (unit cell): 2 particles 2 orbitals
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o v = 1/4 Laughlin state Py =[], (2 = z/)*
0,4,12,24,40, 60, 84,
0,4,8,12,16, 20,
mongng < 100010001000100010001 - -
foot monomial paly. = &[(z }“[.';-l'{.ﬂ]" |
A cluster (unit cell): 1 particles 4 orbitals

® 1= 1 Plaffian state Py - .-1(" - 'i—ln ) ”,,Jf:; - )
1S3+ 0,0,2,4,8,12, 18,
hohieo 0,02,24.466
oy ny 20:03020303020:030:- .
oot monamial poly. = &|(z, 1°(2)%(24) 20) (2 (z)0 . |

A cluster (unit cell) 2 particles 2 orbitals

- .
Iun-—.mu-uu.ul CL i [T Aphat o

Hall st
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epvm=]/4 L:Illghhn state f'”-. E ]I,_J(.‘.‘ - .';l'l
5.5; 0,4,12, 84,40, 60, 84,
ik 0.4.8 R, 16,20
moning < 100010491000100010001
root manomial poly. = S[(4° ()" (z)" ]
A cluster (unit cell): 1 particles 4 or )l als
® 1= 1 Plaffian state Py _.1(_" I‘.
5 5,
hih
Moy my

1ot monomial poly,

gtate on thin cylincer)
Hakdane & Flagay 0

"ilasvuorl, Wikberg, 1
Karllwcla, 0, flay ! it

. 2
tiong | iatf oo pm

Im--u-u-qdu“-l-d- [T
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e v = 1/4 Laughlin state P,y =[], :(zi — z)~
51.55.---:0.4,12,24.40.60.84, - -
h.b,---:0,4.812.16.20, -
nonynz - -+ : 100010001000100010001 - - -

root monomial poly. S[(z )”(Z‘)'l(z)})“...]

A cluster (unit cell): 1 particles 4 orbitals

e » = 1 Pfaffian state Pkps --l( - l‘,r ___:1‘,.: ) |1 i(zi — z)

$,.S,.---:0.0.2.4.8.12.18.24. - - -
h.bb,---:0.0.2.2.4.4.6.6.---

nonynz - -+ : 2020202020202020202 - - -

root monomial poly.

A cluster (unit cell): 2 particles 2 orbitals
e FQH < 1D pattern (by considering FQH state on thin cylinder)

Haldane & Rezayi, 94: Seidel & Lee, 06: Bergholtz, Kailasvuori, Wikberg, Hansson

Karlhede, 06: Bernevig & Haldane, 07
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o v = 1/4 Laughlin state Py =[], (2 = z)*
5.5, 0,4,12,24,40, 60, 84,
li b 0,4,8,12,16,20
fongng < 100010001000100010001 - -
root monomial poly. = &[(z ll'{.';-l'(n]" |

A cluster (unit cell): 1 particles 4 orbitals
® 1= 1 Plaffian state Py .-1(];]! 1

- ) ”“J[.', - 2Z)

S8 0,0,2,4,8,12, 18, 24,
hiho 0,0,2,2,4,4.66
oy 2020202020202020202 ..
oot monamial poly, = &§|(z, ()% (2 (:4}"{:5.]'(2;.)' ]
A cluster (unit cell) 2 particles 2 orbitals

* FQH 4 1D Pattern (by consicloris
Hakdanw & Nezayl, 04; Seidel & Los, 04
Kailhacla, g,

& FQH state on thin cylincler)

Bergholtz, Kailaswuor, Wikbrg, Hansson
Dornvig & Haldane o

.

Iﬂlnnhﬂlﬁh.lul CL ol [T ptionns |iall s pm
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A classification problem

e We have seen that
each symmetric polynomial P({z}) — {S5,} a pattern of zeros.
But each sequence of integers {S,} 4 P({z})

e Find all the conditions a sequence {5,} must satisfy, such that
{S,} describe a symmetric polynomial that satisfies the unique
fusion condition. —

A classification of symmetric polynomials (FQH states) through
pattern of zeros.
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Derived polynomials

e Unique fusion cond.: Let z; = \¢;
P( { Zj } )

P does not depend on the “shape”

ci. -(3) cl (a)
P({\f}'z l-Z.a-l'Z.w_‘-"') /_({\ })P(Evri\.f-‘(i(z J.Z‘i_l.ZJ_ )y N

e So, we can rewrite the above as
P( {Zf'}) \5“‘D(i»-ri\.-'v(i(zr‘}}‘Z.;- 1s £a+2: """ ) T ()(\\i . L)

e If we repeat the above, we get a derived polynomial
P(],,,;\,.’,{g(z{‘”. z(b) () ... ).
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Derived polynomials

e Unique fusion cond.: Let z; = \¢; -
P({zi}) = \>P(¢t,

P does not depend on the “shape”
ﬁ({:\f}zztil]-zx- 1:€a+2,"""
e So, we can rewrite the above as

P( {Zf'}) \-HJ‘D(i»-ri\.-'vci(zr‘)}-Z.a L1y 23425 """ ) 1 C)(\\i . L)

e If we repeat the above, we get a derived polynomial
P(;,,,i\,,,,d(z“’. z(b) (<) ... ).

Xiao-Gang Wen Lectures on topological order: Fractional quatum Hall states

Pirsa: 15060013 Page 59/65



. = Input: ~ DVI- 1280x720p@60Hz
Conditions on pattern of zeros — ground state
e Concave conditions
A_»(J. /)) — S_J. b — 5‘, —

Az(a.b.c) =S, psc — So0p — Sp,

The second one can be shown by considering

Perivea(2'?). 2(P) 2(€) ...} as a function of z¢), which leads to

D,.p. D,c+ Dy + off-particle zeros at “x" > D, + Dy
- D, . Dp = the number of

on-particle zeros at z'?). z(P)

b) (H-/?.c‘

- As z\9) — 7|
some off-particle zeros at “x

may also approach z'”),

- D.f-{)‘( ~ DJ_: T Dh,c
leads to the second condition.

1"

Xiao-Gang Wen Lectures on topological order: Fractional quatum Hall states

Pirsa: 15060013 Page 60/65



Pirsa: 15060013

Conditions on pattern of zeros — ground state

e Concave conditions
A_»(;?. b) — S_J Lh — S‘; —

Az(a.b.c) =S, p-, Satb— Spte Sa

T (

The second one can be shown by considering
Pierivea (2. 2(P) 2(€) ...} as a function of z¢), which leads to
D,.p. D,c+ Dy + off-particle zeros at “x" > D, + Dy

- D, . Dp.c= the number of

on-particle zeros at z'?). z(P)

' a+b,c

- As z{3) — z(b) , 2

some off-particle zeros at “x

may also approach z'”),
- D\;-h.( sl DJ.: T D}u_c

leads to the second condition.

1"
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Primitive solutions for pattern of zeros

The conditions are semi-linear —
if (m;S>,---.S,) and (m";S).---.S,) are solutions, then

(m”; 85, -+ .8y =(m; S2,---.5,)+ (m"; 55,---.S]) is also a
solution ~ P"({z}) = P({z;})P'({z})
1-cluster state: » = 1/m Laughlin state
Pi/m: S=(m;).
(No.-- .Am_1) = (1.0.--- .0).
2-cluster state: Pfaffian state (Z> parafermion state)
P:j_}_’; : (m; S,) = (2:0).
(”(J-"' s Nm l) (20)

3-cluster state: /3 parafermion state
Pz o (m;52,5)=(2,0,0),
(”(J-"'~”m l) (_‘30)
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e v = 1/4 Laughlin state P,y =[], :(zi — z)~
S1.S,.--+:0,4.12.24.40.60.84, - - -
h.b.---:0.4.8,12.16,20. - -
nom no - -+ 100010001000100010001 - - -

root monomial poly. S[(z )”(Z‘)'l(z),)”...]

A cluster (unit cell): 1 particles 4 orbitals

e v = 1 Pfaffian state Pps -—l( 1‘_ l‘,_' ) [[ici(zi = z)

$;.5,.---:0.0.2.4.8.12.18.24. - - -
hol.---:0.0.2.2.4.4.6.6.---
nonyino -+ - - 2020202020202020202 - - -

(25)°(23)°(24)*(

root monomial poly.

A cluster (unit cell): 2 particles 2 orbitals
e FQH < 1D pattern (by considering FQH state on thin cylinder)

Haldane & Rezayi, 94: Seidel & Lee, 06: Bergholtz, Kailasvuori, Wikberg, Hansson

Karlhede, 06: Bernevig & Haldane, 07
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Primitive solutions for pattern of zeros

The conditions are semi-linear —
if (m;S>,---.S,) and (m";S).---.S,) are solutions, then

(m”; 85, -+ 8"y =(m; S2,---.5,)+ (m"; 55,---.S]) is also a
solution ~ P"({z;}) = P({z;})P'({z;})
l-cluster state: » = 1/m Laughlin state
Pi/m: S=(m).
(no.- -+ .nm_1) = (1.0.--- .0).
2-cluster state: Pfaffian state (Z> parafermion state)
P::_Z‘\ - (m; Sy) =(2;0).
(no.-++ nm-1) = (2.0)

3-cluster state: /3 parafermion state
P):'Z‘:: (HTZS:.SJ,) (200)
(”(J-"'-”m l) (_‘30)

Xiao-Gang Wen Lectures on topological order: Fractional quatum Hall states

Pirsa: 15060013 Page 64/65



A-cluster state: /4 parafermion state
P:‘ 7, (m; S>.---.5,) =(2;0.0.0).
(”U"" . Nm—1) (40)

5-cluster states: Zs (generalized) parafermion state
Ps /:‘:(m:S_m.---.S,,) (2:0.0,0.0).

(no. -+ ,Nm—-1) [50}

v (m: Sy -0 5,) =(8:0.2.6.10),

(no. -+ .nm—1) =(2.0.1.0.2.0,0,0)

6-cluster state:
Ps., - 5,) = (2:0.0.0.0.0).
(6.0)

Xiao-Gang Wen Lectures on topological order: Fractional quatum Hall states

Pirsa: 15060013 Page 65/65



