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2 bosonic Laughlin state. z; = 22, second order zero
Pia=[la -2y Viplz.z)=dz-2)
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All other states have finite energies in N = x limit (ga

e 1 — 1/4 bosonic Laughlin state 2y = 22, fourth-order zero
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3 ideal FQH states: the exact zero-energy ground states
1/2 bosonic Laughlin state: z; =~ z>, second order zero
P1/2 zi — zj)°. Vija(21.22)
<]
[Z Vl ;’(ZI :;)]Pl 2 0.
i<j
All other states have finite energies in NV — > limit (gapped).
e i/ = 1/4 bosonic Laughlin state: z; =~ 75, fourth-order zero

. 2 D
Vija(z1.22) = vod (21 — 22) + v203-0(21 — 22) )y,

® |/
- 1
PM . i : Z,‘) Pf( Y
L9 L3 Zi Z L =l L < . i

\"/I-:)T(-':'l .22. 23 ) &:[\/(-],\(:1 79 79 Z3 | Vi ,\( Z1 79 ).f!__; ,\(;_.-1 23 )r‘ f:'.]

1 fermionic IQH state: z; ~ 2>, first-order zero:
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3 ideal FQH states: the exact zero-energy ground states

1/2 bosonic Laughlin state: z >, second order zero
P1/2 '
i<j
[Z Vi/2(zi — zj)]P1/2 = 0.
1<)
All other states have finite energies in NV — > limit (gapped).
e v = 1/4 bosonic Laughlin state: z; ~ 75, fourth-order zero

Vi/a(21.22) = woo(21 — 22) + v205-0(2

e v = 1 Pfaffian state: z; &~ 25, no zero; z; ~ z» =~ z3, second-order zero:

PM : : l | | lh . 1 - )H(Zi Z,‘) PH: l

<N -1 <N e ~ (e
i<j N

Wpi(21.22.23) = S 21 — 22)0(22 — 23) — v10(21 — 22) 0z (22 — 23) ;)

1 fermionic IQH state: z; ~ 2, first-order zero:
\-/1(21.23) 0
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3 ideal FQH states: the exact zero-energy ground states
1/2 bosonic Laughlin state: z; =~ z>, second order zero
P12 zi — 2j)°. Vip(z.z2) = 0(z
i<j
[Z Vis2(zi — ;)] P1j2 = 0.

i<J
All other states have finite energies in NV — > limit (gapped).
e v = 1/4 bosonic Laughlin state: z;y ~ 25, fourth-order zero

e v = 1 Pfaffian state: z; ~ 25, no zero; z; =~ z» =~ z3, second-order zero:

Pos .4( 1 | 1 — oo 1 - )H(Zf z;) = P . 1 :;,)H(Z’-

:1 i L3 &l 4 .'_N . ;
i<
Vei(21. 22. 23) 21 — 22)0(22 — 23) — 10(21 — 22)Uz; 0(22

1 fermionic IQH state: z; ~ 2, first-order zero:
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FQH states: the exact zero-energy ground states

1/2 bosonic Laughlin state. z; =~ z3, second order zero

F1s 111 =z Viplz. o 0(z - 22)
i<j |

I} Vaalai = 2)1Py2 =0
[ESY]

All other states have finite energles in N s x I

e I/ — 1/4 bosonic Laughlin state: 2y = 22 fourth-a

Pi/a Il_ll-. Z)

1<)
Vi a(z1-22) = vod(21

cond-order zero

v\) I G- oy 4l Zi -1 z, ]]—I("' Z)
1</ . i<t

1 Pfaffian state: zy = Zz, NO Zero, &1

|
Pri ‘-1( .

|
\Z1 — 2223 — <A ZN-1 — £l

\"*-‘ft:l_:"- '_"-_"] - ..‘:l\'[1l‘{.'f| -.','ﬂr"[.":-- Za) - \4'11‘[:[

e 1 = 1 fermionic IQH state z1 = 22 first-orcler zero

P - H[ z), Vi(z1-22) =
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3 ideal FQH states: the exact zero-energy ground states

1/2 bosonic Laughlin state: z; =~ z>, second order zero
P1/2 H(fi zi)*, Vis(z1,22) = 0(z
i<j
[Z Vi/2(zi — zj)]P1/2 = 0.
1<J
All other states have finite energies in NV — ¢ limit (gapped).
e v = 1/4 bosonic Laughlin state: z; =~ 25, fourth-order zero

e v = 1 Pfaffian state: z; &~ 25, no zero; z; -

1 1 1 " o
Pp, .—l( Eo 2 Z,‘) Pf( =

£1 LD &3 Z4

<J

Vee(21. 22. 23) = S[vod(21 — 22)0(22 — 23) — v10(21 — 22)0z; (22 — 23) 0]

e v = 1 fermionic IQH state: z; ~ z», first-order zero:

5u Zheng-Cheng
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3 ideal FQH states: the exact zero-energy ground states

1/2 bosonic Laughlin state: z », second order zero

Pl 2 1—‘[(4—5 <Zj
i<j
[Z Vl ;’(ZI :;)]Pl 2 0.
i<J
All other states have finite energies in NV — > limit (gapped).
e v = 1/4 bosonic Laughlin state: z; =~ z5, fourth-order zero

p

Vija(z1.22) = vod (21 — 22) + v203-0(21 — 22) )y,

e i = 1 Pfaffian state: z; ~ 25, no zero; z; ~ z» =~ z3, second-order zero:

Per = Al - l lﬁ_ : —) [[(zi - z) Pf(z_l

<] 3 <4 <N -1 <N

i< 4 g
Vpi(21. 22. 23) = S[vod(21 — 22)0(22 — 23) — v10(21 — 22) D72 (22 — 23) 0, ]
1 fermionic IQH state: z; ~ 2, first-order zero:

P H(Z'f Zj), Vi(z1.22) =0
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Quasi-holes in the v = 1/m Laughlin state
and fractional charge

e A hole-like excitation = missing an electron, charge

which can be splitted into m quasi-hole excitations:
¢ ‘ ( m_—3 |zi|</4
H(\l _Zf')"'H(\m_Z:')H(ZE = Zf) - s
i i i<j
e A quasi-hole excitation = minimal excitation, charge = 1/m

H(:‘ - Z’-)H(ZI = Z/'_)”rl' > 1zi1¢/4

i i<j

0
AV
S

- Why the density dip have a small finte size?
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e A hole-like excitation = missing an electron, charge

T~ z0m [1=z)me=E"
| P

which can be splitted into m qn;as.l-i'wol-: excitations

H(‘;l Zy) HL,., z) | [z —2z)"e

minimal excitation, charge L 'm

e A quasi-hole excitation

HL:: .aH

- Why the density dip have a small finte
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3 ideal FQH states: the exact zero-energy ground states

1/2 bosonic Laughlin state: z >, second order zero
P12 '
i<j
[Z Vi/2(zi — zj)] P12 = 0.
1<J
All other states have finite energies in NV — ¢ limit (gapped).
e i/ = 1/4 bosonic Laughlin state: z; =~ 75, fourth-order zero

\/1 4(21.22) Voo (21 Zy) 4 l'/—”-'.h'."’(~

o v = 1 Pfaffian state: z; = 25, no zero; z; = z; = z3,

Poc = A(—— l ) - 2)

Zn-1 —2Zni oo
i<
z3) — v10( 2

1 fermionic IQH state: z; ~ 2, first-order zero:
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Quasi-holes in the v = 1 Pfaffian state:
What is non-Abelian statistics?

e Ground state: z; &~ 2>, no zero: z; ~ z» ~ z3, second-order zero:
1 1 1
Wps = A . P ( )
NZ) =—-LD-E3 — L4 &l *’Z,‘
e A charge-1 quasi-hole state
\U( harge-1 -
Z1
rRE — 23 (€ —20) (& =28 )€ — )

&3 705 LA ~=:ZA

e A state with two charge-1/2 quasi-holes

(E—n)' —22)+ (12
‘“t‘w;‘) -‘1( :

~r

Xiao-Gang Wen Lectures on topological order: Fractional quatum Hall states

Pirsa: 15060013 Page 13/65



Quasi-holes in the v = 1 Pfaffian state:
What is non-Abelian statistics?

73, second-order zero:

(=)

e A charge-1 quasi-hole state

< = Zr’)’l

( 1 1
Z]1 2223 Z4 Z

22) (& — z3)(§ — z4)

&3 ==l &a ==L

e A state with two charge-1/2 quasi-holes

Viere)

c?
S
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How many states with four charge-1/2 quasi-holes?

e One of the state with four charge-1/2 quasi-holes

(&1

P(12)(34) Pf(

: [13_ 34] ) —_

Z;"'Z]f

=P

The other two are P(13)(14), P(14)(23)-
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How many states with four charge-1/2 quasi-holes?

e One of the state with four charge-1/2 quasi-holes

(&1 — zi)(&2 W&y — Zi&q — Z1) (i & j)°
P2)(34) = PF( = — AR J )

| Pf(ﬂ [12- 34].7,.7,) -

The other two are P(13)(14), P(14)(23)-
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How many states with four charge-1/2 quasi-holes?

e One of the state with four charge-1/2 quasi-holes

(&1 — Z1)(&2 — 21 )(E3 — Z1 (&4 — Z3) + (i )
P{1_~_|(J,a1} Pf( 1 7 J 4 / J )

| Pf(ﬂ [13 34].’7,.’7, ) o

The other two are P(13)(14), P(14)(23)-
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How many states with four charge-1/2 quasi-holes?

e One of the state with four charge-1/2 quasi-holes
(&1 — T — NG — & — Z3) + {1 )
P12)(34) Pf( 21— 2 )

=P

The other two are P(13)(14), P(14)(23)-

e But only two linearly independent states. Using Nayak & Wilzcel
[12. 34]:,:‘. - [13- 24]:_‘.‘, . (ZI = Z{)J(Ll = Ql)((\_ —&3) Z;’filfll_‘%

we find (Wlth Z12 21 27, £12 & &o, etC)

[12,34],,2, — Zf>&14623 [12,34] 2, -

£12

P(_lm_'-u : -4(

(12, 34],,,

3
L3344

P(l_‘l( 8 == N;J.;:’f-‘l(ZlJLlal:‘J%

Z34
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3k
Pl12)(34) = P(13)(29) N;}.u‘rll-l‘\_n;-—l(Zl:[lh 7)44]-‘# )
Similarly i
s 98
P12)(34) — P1a)(23) Npair&1 -;Q;l-'l(zl_‘ = jd} )
So
P(li]t 34) P( 13)(24) Pl.l:_n_ 34) P{ 14)(23)

( N v ( J( g
Q14423 Q13424

e Two states for four charge-1/2 quasiholes, even if we fixed their
positions. The two states are topologically degenerate.
41 f,(\ 2)" states for n charge-1/2 quasiholes.
/2 states per charge-1/2 quasihole !!!
Quantum dimension for the charge-1/2 quasihole d = 2
The charge-1/2 quasihole has a non-Abelian statistics.
For Abelian anyons d = 1.

e /n general, for n particles with non-Abelian statistics, there are D,
degenerate states even after we fix the positions of the particle:
OV, €745 Ends 1O lD”

Quantum dimension d = lim—~(Dp)Y"
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7 "
P[ﬁl_‘}f 34) — Pllﬂ{_’-lﬁ NI’-*"‘f:\l-lL_";-—l(Zl_‘[l'_ 7))4;].3 )
Similarly '
p s
Pa2)(34) — P14)(23) N;‘-.u'ril-;L;H(Zu i Jdl] )
So
P:’l:]{ 34) P( 13)(24) P._u“_ 34) P{ 14)(23)

[ ‘! v {
G14423 Q13424

e Two states for four charge-1/2 quasiholes, even if we fixed their
positions. The two states are topologically degenerate.

DH

/2 states per charge-1/2 quasihole !!!

Quantum dimension for the charge-1/2 quasihole d = 2
The charge-1/2 quasihole has a non-Abelian statistics.
For Abelian anyons d = 1.

L(\/2)" states for n charge-1/2 quasiholes.

)

e In general, for n particles with non-Abelian statistics, there are D,
degenerate states even after we fix the positions of the particle:
O £7 x5 Endy 1O l[)”
Quantum dimension d = lim—~(Dp)Y"
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Local dancing rule — global dancing pattern

e Local dancing rules of a FQH liquid:
(1) every electron dances around clock-wise
(Prqu only depends on z = x + iy)
(2) takes exactly three steps to go around each other
(Relative angular momentum S> = 3)  Wen-Wang arXiv:0803.1016
— Global dancing pattern ®equ({z1.....28v}) = [[(zi — z)’

e A systematic theory of FQH state — Pattern of zeros S,:
a-electron cluster has a relative angular momentum S,

R ; v=1/3 Laughlin
.= | S;=S5 S v=1/2 Pfaffian
e Local dancing rules are enforce by the Hamiltonian to lower energy.

e Only certain sequences S, correspond to valid FQH states. Which?
e Different POZ S, give rise to different topological properties

Xiao-Gang Wen Lectures on topological order: Fractional quatum Hall states
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How many states with four charge-1/2 quasi-holes?

e One of the state with four charge-1/2 quasi-holes

(&1 —zi)(&2 —2i)(&3 — z)(Ea — z) + (i & j)°
P(12)(34) - Pf( l ) ' 7_’7 ), j))...

12, 34],

i <j

=Pt

The other two are P(13)(14), P(14)(23).

e But only two linearly independent states. Using Nayak & Wilzcel

2,34),,. — [13,24),2 = (21 — 2)* (&1 — &a)(¢

ZnE1aE02
&) Zj o2 ) ‘*;l[\-.l‘l\._"?

we find (with z1o = z; — 2, ¢ ‘ ¢, etc)

<2 K12 5 | Q2

[12,34] 2, — 25614823 [12,34] 25, -
P(_lm_m ' ~‘l( . =
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Local dancing rule — global dancing pattern

e Local dancing rules of a FQH liquid:
(1) every electron dances around clock-wise
(Prqu only depends on z = x + iy)
(2) takes exactly three steps to go around each other
(Relative angular momentum S> = 3)  Wen-Wang arXiv:0803.1016
— Global dancing pattern ®equ({z1.....28v}) = [[(zi — z)’

e A systematic theory of FQH state — Pattern of zeros S,:
a-electron cluster has a relative angular momentum S,

B ; v=1/3 Laughlin
S.= | S;=S5 S v=1/2 Pfaffian
e Local dancing rules are enforce by the Hamiltonian to lower energy.

e Only certain sequences S, correspond to valid FQH states. Which?
e Different POZ S, give rise to different topological properties

Xiao-Gang Wen Lectures on topological order: Fractional quatum Hall states

Pirsa: 15060013 Page 35/65



Pirsa: 15060013 Page 36/65




Pirsa: 15060013 Page 37/65




A general theory for non-Abelian states — Pattern of zeros

Let z; = \& + 2\,

= ,l.Z_;.‘

e The sequence of integers {S,} characterizes the polynomial
P({z;}) and is called the pattern of zeros.
e S, is the relative angular momentum of an a-electron cluster.

¥y = [](z — z) = $1.5.=0.1.3.6.10.....
0. 2:8. 12 20. ..

0.4.12.24.40....

0.8 2.4.8. 12.18. 2%.
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The physical meaning of pattern of zeros:
pattern of zeros and orbital distribution

e S, is the power of z's in P(z;.--- .z,) if the polynomial has a
variables.

e Relation to monomial symmetric polynomial ( “highest weight” ?):
Let I, =5, — 5,1 0r S5, =) ;_, /i, then

I

— m:h_f_:__”:,(z,'.

The monomial symmetric polynomial can produces any sequences
S, if we treat S, as the POZ at z = 0.

e Pattern of zeros and occupation distribution
Convert I, to ny, the occupation distribution: nj = > ", 0/

(
leed G 31 a:
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The physical meaning of pattern of zeros:
pattern of zeros and orbital distribution

e S, is the power of z's in P(z.--- .z,) if the polynomial has a
variables.

e Relation to monomial symmetric polynomial ( “highest weight” ?):
let [, =8,—8,-10r S, =) ; .1, then

I

= myy b, Zis - ZN) +

The monomial symmetric polynomial can produces any sequences
S, if we treat S, as the POZ at z = 0.

e Pattern of zeros and occupation distribution
Convert [, to nj, the occupation distribution: nj = > =, 0/ ;

oed G 31
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0.1,3,6,10,...

RN Rs % y B0 T 0 B o g B e T R

0,2,8,12,20, ...

Tl o P R R nonino---: 101010101010 - -
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W H(‘ zj — zj)e 3 2|zl

Empty

0.1,3,6,10,....

ngniny---: 111111111111---

0, 25,14, 2, ...

Tl o B . R nonino---: 101010101010 - -
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0.1,3,6,10,...

ngnny---:. 111111111111-.--

0,2,8,12,20, ...

vir Biids G0 T 50 nonino---: 101010101010 - -
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1/4 Laughlin state Py = [[;-;(zi — 2)°
$1.S,.-+-:0.4,12.24.40.60.84. - - -
hobysss 20,48, 12,16, 20, »o-

nonyn ---: 100010001000100010001 - - -

root monomial poly. S[(z1)"(22)"(z3)°...]

A cluster (unit cell): 1 particles 4 orbitals

e v = 1 Pfaffian state Pps .—1( — l_,.: oo ) [lici(zi-

$1.5,.---:0.0.2.4.8.12.18.24, - - -
b dycwns P00 8.8 8888 vn
.+ 2020202020202020202 - - -

Nonin

root monomial poly. S[(z1)"(22)"(z3)°

A cluster (unit cell): 2 particles 2 orbitals
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e v = 1/4 Laughlin state P/, =[], (21 = 2)°
S,.S,.--:0.4.12.24.40.60.84. - -
hobise+ 20, 4,8,12,16; 20, «+-
noninz -+ : 100010001000100010001 - - -

root monomial poly. S[(z1)"(22)"(23)°..

A cluster (unit cell): 1 particles 4 orbitals

e v = 1 Pfaffian state Pp; .—1( — :_:l‘,.: ce ) [1ici(zi — z)

Sv, 89,2+ 00,0,2,4.8,12,18,24++-
h,b,~--:0,0,2,2,4,4,6,6, -
noniny - -+ : 2020202020202020202 - - -
root monomial poly. S{(z )“(z_\)”(zz,):(z‘;)‘)('Zr,)“"(z.‘,)‘y.‘]

A cluster (unit cell): 2 particles 2 orbitals
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e v = 1/4 Laughlin state P;,4, =[], (2= 2)°
S,.S,.--:0.4.12.24.40.60.84. -
b+ :0,4,8,12,16, 20, «--
noninz---: 100010001000100010001 - - -

root monomial poly. S[(z1)"(22)"(z3)°...]

A cluster (unit cell): 1 particles 4 orbitals

e » = 1 Pfaffian state Pps .—1( o iad ) [ Licilzr—2)

51, 5, +- :10,0,2,4.8,12,18,24. -+
h,b,~--:0,0,2,2,4,4,6,6, -
nonynz - - - 2020202020202020202 - - -
root monomial poly. S{(z )“(z_\)”(zz,):[z;;)"('Zr,l)‘l(_z.‘w)‘lm]

A cluster (unit cell): 2 particles 2 orbitals

Xiao-Gang Wen Lectures on topological order: Fractional quatum Hall states
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o v= 1/4 Laughlin state Pyy =[], (2 = z))?
5.8 0,4,12,24,40,60,84,
Wik, 0,4,8,12,16,20,
moning -« 100010001000100010001
foat monomial poly. = &|(z ) (22)"(29)" |
A cluster (unit cell); | particles 4 orbitals
* v = 1 Plaffian state Py .-1( -t
hib- 0,02 2,4,4.6.6
oy ny 20203020302020:0}0:- v
1ot monamial poly. S(z )"(‘-_,Jf‘(_,”!(_.‘ ?'T[-'t-]"[:n)" Al

A cluster (unit cell) 2 particles 2 orbitaly

B .
oty oy Vopridhng ol by g0y il tpia g

Halt st
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® v = 1/4 Laughlin state P, ;, - [lief(zi =)
0,4,12 4,40, 60 4,
0,40, 1 16,20
nongny -« 100010001000100010001
foot menomial poly. = (2 Yza) ()" |
A cluster (unit cell): 1 particles 4 or
® 1= 1 Plaffian state Py
5.5,
hih
Moy my
reot monomial poly
A cluster (unit cell)
* FQH 4 1D Palless dtate on thin '-',Vlllldm‘)

0 Ry (PR Wikbarg Hansson
Warthwla, 06 [lay

- .
[T L LT T Bl gt o

Halt st
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e v = 1/4 Laughlin state P/, =[], i(zi zj)°
S,.S,.--:0.4.12.24.40.60.84. - -
b=+ 20, 4,8,12,16; 20, -
noninz - -+ : 100010001000100010001 - - -

root monomial poly. S[(z1)"(22)"(z3)°...]

A cluster (unit cell): 1 particles 4 orbitals

e v = 1 Pfaffian state Pps .—1( 1 . ) [1i<ci(zi — 2)

v, 59, 0+ 10,0,2,4.8,12,18, 24~ -
fy foi e 1000, 2, 2,4, 8,0,6, <
noninz - -+ 2020202020202020202 - - -
root monomial poly. Sl(z )“(z_\)”(2),):(211)‘)('Zr,)“‘(z.w)‘y“]

A cluster (unit cell): 2 particles 2 orbitals

e FQH < 1D pattern (by considering FQH state on thin cylinder)

Haldane & Rezayi, 94: Seidel & Lee, 06: Bergholtz, Kailasvuori, Wikberg, Hansson

Haldane, 07

Karlhede, 06: Bernevig &

Xiao-Gang Wen Lectures on topological order: Fractional quatum Hall states
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