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An Old Idea: Euclidean Quantum Gravity

zZ= ) /Dg exp(/d4x\/§73>

topology
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An Old ldea: Euclidean Quantum Gravity

Fom Z /Dgexp — d4m\/§7€
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A Preview of the Main Result

Kaluza-Klein Theory: M — RM4! x St

There is a long history of quantum instabilities of these backgrounds

« Casimir Forces

« Tunneling to “Nothing”
Gross, Perry and Yaffe ‘82
Pirsa: 15050147 Appelquist and€h54dos ‘83
Witten ‘82



The Main Result

Kaluza-Klein compactification of N=7 Supergravity is unstable.

R2
W ~ exp _ZLTG—N — 10

1
Kaluza-Klein dual photon: 8,0 ~ §€w/prp
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The Theory: N=1 Supergravity

M? _
S = " dx vV —3 (R(4) <+ wuf)/“yppy??bp)
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Compactify on a Circle

L? R? »
dsa) = ﬁds%g) + — (dz* + Aidazz)Q z € [0,27L)

L2

M =R" x 8!

Fields R(x') and A(x)) live here

L is fiducial scale
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Classical Low-Energy Physics

M 21
Seff — 713 d4(13 \/—_gR(4)

M [ o4 AR IR
B / PEV~9 [R@Q(?) “azatet

Mj = 2rLM3

1
Or, if we work with the dual photon 0,0 ~ iew,pF”p

Ms OR\® 1 L? [(do\’
S = [ a7 [7R<3>‘M3 (%) e ()

Goal: Understand quantum corrections to this action.
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Gravitational Instantons
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Taub-NUT

ds? = U(x)dx - dx + U(x) * (dz + A - dx)°

L
with U(x) + T X) and V X \%

From the low-energy 3d perspective, these look like Dirac monopoles.

This is the gravitational verson of Polyakov’s famous calculation.

Giross '84

Jrooss OF

I ! ‘- “ " 1D L3 ¢ -
beridrrasdl arvil Rervtrise

Hartnoll and Rnamirez 15
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Doing the Computation

Action, Zero Modes, Jacobians, Determinants, Propagators....
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The One-Loop Determinants

Gravitinos
— Graviton ghosts
det(Fermions)
dets =
det(Bosons)

Gravitons

Gravitino ghosts
Supersymmetry => dets — 1 ? Hawking and Pope ‘78

(Using the Gibbons-Hawking-Perry prescription for rotating the conformal factor)
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The One-Loop Determinants

A somewhat detailed calculation gives

s =400 ()
7 )

An ugly number Radius of the circle

UV cut-off scale
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The Superpotential

Putting all the pieces together gives

41/48 7/48
HQ 1 — 212 M2 R?—io
W=z wre) ¢ st
/ pl /
re_ay_qy T8
o e Action of Taub-NUT

How to make sense of this?

 It's not holomorphic (in the naive complex structure)
« It's UV divergent
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Perturbative Quantum Corrections
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Finite Quantum Corrections

The classical low-energy effective action is

1 OR\> 1 L% (o
Leg = §M373(3) — M3 (—) ( )

R ) M;R'*\2r

One loop corrections to the kinetic terms give

2

1 5 L 1 LY\ /dR\"
= = Mz 4+ —— | Ry — [ Mz — —— ) [ =
Lot 2( 3*167@2) 3) ( ’ 67TR2><R>

11 L\
— | M. —
( 3+247TR2>

15050147

L2
R4

(

oo

2

:
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Finite Quantum Corrections

The classical low-energy effective action is

1 OR\? 1 L2 [O0\*>
Leg = zM3Rz) — Mz | —-
2 27

R ) MR

One loop corrections to the kinetic terms give

Something important: these two numbers are different!
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The Complex Structure

The two fields R and o must combine in a complex number

At one-loop
s (1 L OR 2+ L0 L L2 (00’
eff = 6 MsR2) \ R 241 MsR?2 ) RY\ 2r

We want to write this in the form

PK(S, SN .
Log = = HSOST
o 9SoSi
|::> S =2m* M) R® + % log(M3R?) + io
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The Superpotential is now Holomorphic

E 41/48 i 7/48 e
vet\g) )
5\ 41/48
I:> W =/C ]\Z—gl e—°

With the one-loop corrected complex structure

7 .
S — 27T2M§1R2 ‘l’ 4_8 10g(M§1R2) + 10
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Divergences at One-Loop

At one-loop in pure gravity, there are three logarithmic divergences

2 1% Voo
R? | RuRM™ | RupeRMP

N/

These two can be absorbed by a field redefinition of the metric

The Riemann? term can be massaged into Gauss-Bonnet.

1 Voo 124
Y= — [ d'z Rwpe R — 4R, RI + R?

-’72

This is purely topological. It doesn’t affect perturbative physics around flat space.
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The Gauss-Bonnet Term

- Vpo 1%
Sa= a5 | d'% RyupoRIP7 — AR, R + R? =

The coupling runs logarithmically

where the beta function is given by

1
R TIEE: (848 N5 — 233 N3/ — 52N1 + TNy j5 + 4Np)

For us... ap = 41/48
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The Superpotential is now Finite

If we include the running of the Gauss-Bonnet term

, 0\ 41748 A2 41/48
z 5 —alu) _ grav -5
W=0[— e e YW = e
MSI M§1

With the RG invariant scale

X
Agrav = HEXP ( Q(CZ))

sisa: 158NQEE: IN sSupergravity Agrav is naturally complexified by the gravitational theta-angle.
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Conclusions

Kaluza-Klein compactification of N=1 supergravity is unstable

41/48

The superpotential depends on a “hidden” scale AgmV

Where else does this scale show up?
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Happy Birthday Gary!
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Extra Material
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The Boundary of the Space

The boundary of Taub-NUT is not the same as the boundary of flat space.
O(R? x 8') =8%x 8" but I(TN,) =S*/Z,

Should we include such geometries in the path integral?
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The Boundary of the Space

The boundary of Taub-NUT is not the same as the boundary of flat space.
O(R? x 8') =8%x 8" but I(TN,) =S*/Z,

Should we include such geometries in the path integral?

Yes!
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The Boundary of the Space

The boundary of Taub-NUT is not the same as the boundary of flat space.
O(R? x 8') =8%x 8" but I(TN,) =S*/Z,

Should we include such geometries in the path integral?

Yes!

c.f. Atiyah-Hitchin with boundary a circle fibre over RP? for which the answer is no!
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The Determinants

In a self-dual background, you can write the determinants as

1/4 ~1/2

det’ ZDT D
T
spin—3/2 det lD ﬂ

det’ IDT D
det P lDT

dets =

spin—1/2
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The Superpotential

The calculation gives

, N\ 41748 | 7/48
H —STN—t0 ,—T,
W — O —_— e TN e grav
(M 2) (Mﬁﬂz)

AR

Topological terms
C = STN — 27T2M§1R2 Peiog

. 7 .
i, S = 277 M2 R? + 5 log(MHR?) + io -
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First...to

Henriette Elvang
Veronika Hubeny
Don Marolf

Thank you!
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