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Abstract: <p>I will propose a proof for a monotonicity theorem, or c-theorem, for a three-dimensional Conformal Field Theory (CFT) on a space
with a boundary, and for a two-dimensional defect coupled to a higher-dimensional CFT. The proof is applicable only to renormalization group
flows that are localized at the boundary or defect, such that the bulk theory remains conformal along the flow, and that preserve locality, reflection
positivity, and Euclidean invariance along the defect. The method of proof is a generalization of Komargodski&€™ s proof of Zamolodchikova€™s
c-theorem. The key ingredient is an externa & oadilaton&€» field introduced to match Weyl anomalies between the ultra-violet (UV) and infra-red
(IR) fixed points. Reflection positivity in the dilaton&€™ s effective action guarantees that a certain coefficient in the boundary/defect Weyl anomaly
must take avalue in the UV that is larger than (or equal to) the value in the IR. This boundary/defect c-theorem may have important implications for
many theoretical and experimental systems, ranging from graphene to branesin string theory and M-theory.</p>
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Outline:

® Review: Monotonicity Theorems
ne Systems

ne Weyl Anomaly

ne Proof

® Summary and Outlook
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@ Quantum Field Theory (QFT)

Wilsonian Renormalization Group (RG)

“integrate out” DOF

Below a mass threshold,
integrate out massive DOF

massive DOF
“decouples”

irsa: 15050124 Page 3/118



Pirsa: 15050124

Monotonicity Theorems

Make our intuition precise, for RG flows in QFT

Provide a precise way to count number of DOF

Provide rigorous proof that the number of DOF
DECREASES along RG flow

for any coupling strength!

Place stringent theoretical constraints
on what is possible in RG flows
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c-theorem

2-dimensional QFT
Zamolodchikov JETP 43, 12, 565, 1986

F-theorem

3-dimensional QFT

Jafferis, Klebanov, Pufu, and Safdi 1103.118I
Casini and Huerta 1202.5650

a-theorem
4-dimensional QFT
Cardy PLB 215 (1988) 749
Komargodski and Schwimmer |107.3987

g-theorem
2-dimensional CFT
with a boundary

Affleck and Ludwig PRL 67 (1991) 161
Friedan and Konechny hep-th/0312197

Page 5/118



Pirsa: 15050124

The c-theorem

A.B. Zamolodchikov
JETPVol.43 No. |2 p. 565, 1986

for RG flows in

RENORMALIZABLE  EUCLIDEAN

QFTsin d = 2
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Assumptions

Euclidean Symmetry
(Poincaré symmetry)

Locality

Reflection Positivity
(Unitarity)
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1. Euclidean Symmetry

Non-dynamical background metric g, ()

Action functional S(gm/a Y

Coupling constants A = (A1, A2, ...)

Generating functional Z\guw, Al
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1. Euclidean Symmetry

Stress-Energy Tensor

2 4
Vg 0gH”

1., =1,,

T = InZ(guv, Al

guy _> 5uy
Translational and Rotational Symmetry

0, T, =0
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1. Euclidean Symmetry

Stress-Energy Tensor

complex coordinates 2, 2
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2. Locality

S(\) = /d2z L(\, z,2)

RG flow triggered by relevant local scalar operator

LA\ z,2)— L\ 2z Z2)+A,0(z,2)

Ap < 2




3. Reflection Positivity

19| = () > 0

Reflection Positivity

Two point function of local scalar operator
must be non-negative

(O1(2)0(0)) > 0

Euclidean “time evolution” preserves norm = 0




UV CFT

lThe c-theorem‘

RG flow between fixed points

Conformal Field Theories
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Conformal Field Theory

Non-dynamical background metric . ()

Conformal Transformation

Diffeomorphism

ot — 2'*(2)

such that

Guv(z) = €2 g,,, ()
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Conformal Field Theory

629(:::)

Guv(T) — Juv(T)

LT g 69

‘Conformal invariance

T* =0
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Conformal Field Theory

Guv (T) = O
d> 2

o — AP 3V
Translations zt — xt + cF

Dilatations zh — Az*

\ xh + bH 2
"1+ 2zvb, + b222
SO(d+1,1)

Special Conformal 2"
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Conformal Field Theory

Guv (T) = O
d=2

Conformal Transformation

& w

_>
_>

Z— W




Conformal Field Theory

Guv (T) = O
d=2

Holomorphic and anti-holomorphic

DECOUPLE
0,1, =0
0; 1%z + 012z = 0
IF=T;:=T:=0
0:13z =0  03T,. =0




Conformal Field Theory

L,

Zn+2
n=—00

Virasoro algebra

C
(L, Ln] = (M — 1) Lntm + ﬁm(m2 — 1)dmn.0

(L, Lp] =0

L+, and Ly

SO(d+1,1) =S0O(3,1) subgroup P
1 0
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Conformal Field Theory

Central Charge

Cardy NPB 270 (186) 1986

System size L Temperature 1’

T > 1/L

A chT I




Conformal Field Theory

Central Charge

Entanglement Entropy (EE)

Holzhey, Larsen,Wilczek hep-th/9403108  Calabrese + Cardy hep-th/0405152

Short-distance cutoff I  Interval of length /

irsa: 15050124 Page 21/118



Conformal Field Theory

Central Charge

[9)* = (Wly) > 0
Vacuum |0)




The c-theorem

(T,,(z,2)T,,(0,0)) =

<TM“(Z, Z)Tzz(oa 0)) = >3

(T ,F(2,2)T,*(0,0)) =

Fixed point = F=c¢/2 G=0 H=0




The c-theorem

(T,,(z,2)T,,(0,0)) =

<TM“(Z, Z)Tzz(oa 0)) = >3

(T ,F(2,2)T,*(0,0)) =

Reflection Positivity = H >0




The c-theorem

c-function

CEQF—G—%H

Fixedpoint = (' =c¢
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The c-theorem

c-function

CEQF—G—%H

0,1, =0

Multiply by 77.(0,0) and 7%.(0,0)
and take (...)



irsa: 15050124

The c-theorem

c-function

CEQF—G—%H

"=V Z<RZ

or or

ra—G—G—I-l('ra—H—QH) =0

or 4 or

eliminate G

F 1
T8—+2(T6—G—3G) =0
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|The c-theorem}

c-function

CEQF—G—%H




The c-theorem

= Ccyv = CIR

Weak form

irsa: 15050124 Page 29/118



Other Proofs

Holography

Freedman, Gubser, Pilch,Warner hep-th/9904017
Myers and Sinha 1006.1263, 1011.5819

Null energy Condition

Entanglement Entropy
Casini and Huerta hep-th/04051 | |

Strong Sub-Additivity Strong Form

Weyl| Anomaly Matching
Komargodski and Schwimmer 1107.3987 Komargodski |112.4538

Reflection Positivity
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Generalizations?

non-local and/or non-unitary QFTs?
QFTs with less symmetry!?
higher dimensions?
QFTs without Euclidean symmetry?

What if dyv # dir ?
What if the relevant operator is not a scalar?

What if the fixed points have Lifshitz scaling?
X — AN t— AN°t Z = dynamical exponent

What if zuv # ZIR !
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The F-theorem

Jafferis, Klebanov, Pufu, and Safdi 1103.1181
Casini and Huerta 1202.5650

for RG flows in

RENORMALIZABLE
EUCLIDEAN SYMMETRIC
LOCAL

QFTsind =3
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The F-theorem

At fixed point: conformally map to S ]

ren.

— —'IIIZSE;

Fuyv 2 Fir

Entanglement Entropy
Casini and Huerta 1202.5650

Strong Sub-Additivity ‘Weak form
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The F-theorem

At fixed point: conformally map to S ]

ren.

— —'IIIZSE;

Fuyv 2 Fir

Holography

Freedman, Gubser, Pilch,Warner hep-th/99040 17
Myers and Sinha 1006.1263, 1011.5819

Null energy Condition ’Weak forml
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The a-theorem

Cardy PLB 215 (1988) 749
Komargodski and Schwimmer | 107.3987

for RG flows in

RENORMALIZABLE
EUCLIDEAN SYMMETRIC
LOCAL

QFTsind =14



Weyl Anomaly

CFTinany d

Juv = 5uu

‘Conformal invariance
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Weyl Anomaly

CFTinany d

Non-trivial g,,,,

Quantum Effects
Break Conformal Invariance

T} #0




irsa: 15050124

Weyl Anomaly

d=4
TM“' =al —cW,y,c WHP?

Euler density
E=R,,,-R"?° —4R,, R* + R*

Weyl tensor
W,u,u po

central charges a@ and C
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The a-theorem

ayv = QIR

Weyl Anomaly Matching
Komargodski and Schwimmer |107.3987 Komargodski | 112.4538

Reflection Positivity _

Holography

Freedman, Gubser, Pilch,Warner hep-th/99040 17
Myers and Sinha 1006.1263, 1011.5819

Null energy Condition _
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The g-theorem

Affleck and Ludwig PRL 67 (1991) 16l
Friedan and Konechny hep-th/0312197

Local, reflection-positive CFT in d = 2

on a space with a boundary

L
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The g-theorem

Conformal boundary conditions

Boundary CFT
(BCFT)

L




UV BCFT
CFT with boundary condition “q”

Boundary RG flow
S(Nscrr = S(A)perr + /d33 dy 6(z)A, O(y)

Ap <1

CFT with boundary condition “3”




Pi

IIIII

115050124

Boundary RG flow

S(A)scrr = S(A) BCFT+/d$d95 )\, O(y)

Bulk theory remains conformal

T;u/ — [Tﬂv]bulk + 5( ) [ uu]a

\ Invariance under diffeomorphisms along the boundary

{Tul]a = [TLu]a =0 T 1]p=0

ap, [T;w]a X [T—I—J—]bulk
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Boundary RG flow

S(A)scrr = S(A) BCFT+/dCUd95 )\, O(y)

Bulk theory remains conformal

Tp,u — [Tﬂv]bulk + 5( ) [ MV]B

1,

7 ]bulk =0

T}t =6(x) (T ],#0



The g-theorem

At fixed point: conformally map to disk

“Boundary entropy”
In g,

Counts DOF localized at boundary
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The g-theorem

Entanglement Entropy (EE)

Calabrese + Cardy hep-th/0405152

Interval including the boundary

2/
SEE:EIH—+1nga+...
6 a

1 . BCFT_} CFT
NJo = OEE o VEE
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The g-theorem

Affleck and Ludwig PRL 67 (1991) 16l
Friedan and Konechny hep-th/0312197

Define a g-function GG

Euclidean symmetry, locality, reflection positivity

oG
2 <0 T guv> R
or

Weak form
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The g-theorem

Affleck and Ludwig PRL 67 (1991) 16l
Friedan and Konechny hep-th/0312197

Define a g-function G

Euclidean symmetry, locality, reflection positivity

oG
2 <0 T guv> R
or

‘They can’t prove that In g is bounded from below!
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The g-theorem

Affleck and Ludwig PRL 67 (1991) 16l

System size L Temperature 7’

T > 1/L

Sthermo = gCLT +Ing, + ...
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The g-theorem

Affleck and Ludwig PRL 67 (1991) 16l
Friedan and Konechny hep-th/0312197

Define a g-function G

Euclidean symmetry, locality, reflection positivity

oG
2 <0 T guv> R
or

‘They can’t prove that In g is bounded from below!
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Generalizations?

Higher-dimensional g-theorems?

Proposals
Yamaguchi hep-th/020717 |

Takayanagi et al.  1105.5165, 1108.5152, 1205.1573
Estes, Jensen, O’B., Tsatis,Wrase 1403.6475

Gaiotto 1403.8052

Many tests in particular examples
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Proposals

Nozaki, Takayanagi, Ugajin 1205.1573
Estes, Jensen, O’B., Tsatis,Wrase 1403.6475

Weyl Anomaly Matching

Komargodski and Schwimmer | 107.3987
Komargodski |112.4538
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| Examples

\Graphene with a boundary
Critical Ising model in d = 3 with a boundary
M-theory: M2-branes with a boundary

String theory: various brane intersections

Holographic BCFTs




Outline:

® Review: Monotonicity Theorems
ne Systems

ne Weyl Anomaly

ne Proof

® Summary and Outlook




The Systems

BCFTin d = 3
With a planar boundary
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The Systems

SO(d+1,1) = SO(4,1)

zh — A, ¥
Translations ot — M + cH

Dilatations ct — Axt

Tt + bHa?
1+ 2z¥b,, + b2x?

Special Conformal 2" —

Broken to subgroup that preserves = = (
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The Systems

Translations zt — ¥ + ¥

Broken to translations along (Y, 2)
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The Systems

Dilatations xt — Azt

Unbroken




The Systems

. xh + bH 2
" 14 2z¥b, + b2x2

Special Conformal  z*

Broken to b =0
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The Systems

SO(d+1,1) = SO(d, 1)

SO(4,1) — SO(3,1)




The Systems
Boundary RG Flows

S(N)serr = S(A)perr+ /dm dydzd6(x) A, O(y, 2)

scalar (O with Ap <2
Tuw = [Tyw e + 0(2) [Tl 5
Bulk theory remains conformal

T4 = 6(z) [T,], #0




Single real, free, massless, scalar
Neumann B.C.

S(N)perr = S(A)Berr+ /d z 6(x) m*®*()

Agr =

Single real, free, massless, scalar
Dirichlet B.C.
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The Systems
Boundary RG Flows

S(N)serr = S(A)perr+ /dac dydzd6(x) A, O(y, 2)

Weyl Anomaly Matching

Komargodski and Schwimmer 1107.3987 Komargodski |112.4538

Reflection Positivity _
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Weyl Anomaly

CFT inany d

Juv = 5uu

‘Conformal invariance
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Weyl Anomaly

CFT inany d

Non-trivial g,,,,

Quantum Effects
Break Conformal Invariance

T} #0




Weyl Anomaly

What is the general form of T * ?

Step #|

Write down all curvature invariants

built from Guv
with the correct dimension

d=14

TF=ciRupe R*"° + co R, RFY + csR? + ...
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Weyl Anomaly

What is the general form of T * ?

Step #2

Wess-Zumino consistency

282 6292 p— 2002 282y

Guv — € Guv —— Guv € 7€ " Guy

Fixes some coefficients

T} =ciRupe R*?? + ca R, RFY + csR% + ...
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Weyl Anomaly

What is the general form of T * ?

Step #3

Add local counterterms to S(g,., A)
Determine how they enter T *

Fixes more coefficients

T} =ciRupe R*?? + ca R, RFY + csR? + ...
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Weyl Anomaly

CFT inany d

T =0
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Weyl Anomaly

d=4
TM“' =al —cW,y,c WHP?

Euler density
E=R,,,-R"?° —4R,, R* + R*

Weyl tensor
W,u,u po

“central charges” a and C
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Weyl Anomaly

829(1‘)

QW(Q:) — gIJ«V(x)

/ d*z /g T, is invariant

Type B
Vg W?

Changes by a total derivative Invariant
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Weyl Anomaly

BCFT in d =3

T} = T e +0(2) |

7.

M ]bulk =0

What is the general form of [T,ﬁ‘ ] 5!




| Geometry of Submanifolds ‘

“worldsheet” o' : o2

“target space” xt
‘Embedding 2" (0?)

Induced metric
. ox* Ox?
ga.b = gﬂl/ 80'0' 60’b

A A A

Rabcd Rab R
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Geometry of Submanifolds

Extrinsic Curvature
“Second Fundamental Form”

Gaussian Normal Coordinates

L, .
Kab =5 Eaa:ga,b(ma 0)

Mean curvature

K = gabKab
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Weyl Anomaly l

What is the general form of |T}"] 5!

‘Schwimmer + Theisen 0802.1017

See also:

Berenstein, Corrado, Fischler, Maldacena hep-th/9809188
Graham +Witten hep-th/9901021
Henningson + Skenderis hep-th/9905163
Gustavsson hep-th/0310037, 0404150
Asnin 0801.1469
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| Weyl Anomaly l

. o |
[T,*], =1 R+ co(Kap K™ — 5 K)

Boundary “central charges”
C1 and C2




Weyl Anomaly

22
Guv —7 € Guu

Type B

- a 1
V(K K% — §K2)

Invariant

irsa: 15050124 Page 77/118



Weyl Anomaly
GOAL

1

T,/ =c1 R+ ca(KapK® — S K?)

Nozaki, Takayanagi, Ugajin 1205.1573
Estes, Jensen, O’B., Tsatis,Wrase 1403.6475
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Outline:

® Review: Monotonicity Theorems
ne Systems

ne Weyl Anomaly

ne Proof

® Summary and Outlook




The Proof

Weyl Anomaly Matching

Komargodski and Schwimmer | 107.3987
Komargodski |112.4538

local, reflection-positive QFT in any

RG flow between fixed point CFTs
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Dilaton

Non-dynamical background metric 9uv (z)

Non-dynamical background scalar 7()
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Dilaton

Non-dynamical background metric 9uv (z)

Non-dynamical background scalar 7()

A, O(z) = eBo=D7@) )\ O(x)
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Dilaton

Non-dynamical background metric 9uv (z)

Non-dynamical background scalar 7()

S(A), = ./dda: VL, T),

a1 1] 00




Dilaton

Non-dynamical background metric 9uv (z)

Non-dynamical background scalar 7()

Weyl Anomaly Matching

d even
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Dilaton

Integrate out massive DOF

Obtain effective action
Regular and local in T

Expand in T

Seff — S‘T—O
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Dilaton

Guy — emg,w T — 7+ )

58 6

Expand in T

0S5,

5Seff uw
_\/_ [T ]-1'_0 59
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Dilaton

Weyl| Anomaly Matching
Schwimmer and Theisen 101 1.0696

At the IR fixed point, S.g must produce

55ﬁ =—V9 [[TM“] 'I:-JZO - [T”IJ»] i—io]
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Dilaton

Boundary RG Flow

SecrT — SBCFT + /dﬂ? dydzd(z) A\, O(y, 2)

Ao Oy, z) — elBo=27W:2) x o, O(y, 2)

T is localized at the boundary,
and depends only on boundary coordinates!
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1
@ 1,4, =PV R+ YV (K K® — SK?)

Tﬂ” — [Tup] bulk

Secrr — SporT + /da: dydzd(x) A\, O(y, 2)

[Tup] bulk — 0

IR, ab 1
(T4, = c® R+ R (KK — 5Kz)
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The Proof

Strategy

Komargodski and Schwimmer |1107.3987
Komargodski | 112.4538

In ngf write the 7V 27 term in TWO WAYS

@ Weyl anomaly matching

. Uv _ IR
coefficient X ¢y~ — €y

@ Reflection Positivity —> coefficient > 0

V>t
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The Proof

off = _,/ d°z8(z)\/g T [(cPV—ci“)R+(cEV—cé“)(KabK“b" %Kz)]

+0O(1%)
Guy — emg,w T— 7+
VIR = \/§ [R— 2V2Q]

5ST
. [[TM“] N [T EO] + /7 (VY — IRy 227
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The Proof

off = —[d’zd(2)vg T {(c}” — M) R+ (cfV — o) (Kap K — %Kz)

— Jdz(@) VG (Y - Vit
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The Proof

off = —[d’zd(2)vg T {(c}” — M) R+ (cfV — o) (Kap K — %Kz)

— [Pz 6(z) /g (Y — )TV ...

T

Survives the flat-space limit
gﬂ,y ¢ 5‘“/

0Seg

R g

r=0
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The Proof

Juv = 5;1,1/

Another form for the two-derivative term

Z=/D[ﬁelds]e_S()‘)’r

Sr = ./d3$\/§ [L()\, B)r=o +7 [T,}] _o+ O(TQ)]

Sg=—InZ = _(e—de.’ET(a:)Tu“(a:)—i—...)T:O




The Proof

Juv = 5;1,1/

Another form for the two-derivative term

<e—fd3a: T(CC)TM“(CC)-i—...) _ 1—./d335' ’T(:C) (Tu“(a?»

+% / d*z d*y 7(2)7(y) (T," (@) T," () + ...

T

Taylor expand about &




The Proof

Another form for the two-derivative term

;5 [ Eodyr@r) T @A)

D i ./d3zc T(2)0,0,T(x) Udsy (y—:r)"(y—rc)°'<T;‘(-'c)Tﬂ“(y))]

I, = [Tu“] + () [Tuu]a

bulk

[Tu”] buk — 0
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The Proof

Another form for the two-derivative term

;5 [ Eodyr@r) T @A)

D i ./d3zc T(2)0,0,T(x) Udsy (y—:r)"(y—rc)°'<T;‘(-'c)Tﬂ“(y))]

(T, ()T, (y)) = 6(z)d(y){[T, " (z)], [T, ¥)],)




The Proof

Another form for the two-derivative term

;5 [ Eodyr@r) T @A)

D % ./dg’a: T(2)0,0,T(x) Ud3y (y—:v)"(y—x)°'<TJ‘($)T#“(y))]




The Proof

Another form for the two-derivative term

;5 [ Eodyr@r) T @A)

D % ./dSZE T(2)0,0,T(x) Ud3y (y—:r)p(y—x)"<TJ‘($)Tﬂ“(y))]

o(z) [ d’yd(y) (y — 2)”(y — 2)°([T,*(@)], [T, W)]5)

= 5(-73)%5'00 / d’y 6(y) yz<[TuM(0)}a [Tu“(y)]a)




The Proof

Another form for the two-derivative term

;5 [ Eodyr@r) T @A)

D % ./dg’a: T(2)0,0,T(x) Ud3y (y—:v)"(y—x)°'<TJ‘($)T#“(y))]

o(z) [ d’yd(y) (y — 2)?(y — 2)°([T,*(@)], [T, W)]5)

= 6(@)50" [ dysw)y(1,20)], [T,4@)],) > 0




The Proof

o) rver (Y - Y

r) 7V | [Eus) (5,0, 120),)]
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C}‘TV = CIIR

Does €1 count DOF?

Add a single, real, free scalar field or Dirac fermion
at the boundary

24wcy — 24me; + 1

Co unchanged

Both depend on boundary conditions of bulk fields




Single real, free, massless, scalar
Neumann B.C.

S(N)perr = SAN)Berr+ /d z 6(x) m*®*(%)

Agr =

Single real, free, massless, scalar
Dirichlet B.C.
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Neumann B.C.

Nozaki, Takayanagi, Ugajin

1205.1573

Dirichlet B.C.
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Neumann B.C.

Is c¢1 bounded below?

Dirichlet B.C.
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| Defects l

Local, reflection-positive CFT inany d > 3
With a two-dimensional planar defect

Conformal defect

SO(d+1,1) — SO(3,1) x SO(d — 2)

/! N

conformal transformations rotations about
preserving the defect the defect

“Defect CFT” (DCFT)



| Defects l

~ 1 AQC A
=c1 R+ cz(Kc’fbKﬁb — ~K"K,) + c3§°°9** Wapcd

[Tﬂu} defect 2

Boundary “central charges”

C1 C2 C3

9%°§**Wapea is B-type
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|Summaryl

Local, reflection-positive BCFT in d = 3

Local, reflection-positive DCFT ind > 3
with two-dimensional defect

> 1 AQC A
[TIJ’#] defect el R+ c2(Kgngb - §KﬂKIJv) I C3g gdeabcd

Boundary or Defect RG Flows
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ISummaryl

Higher-dimensional g-theorem

Generalization of the weak form
of Zamolodchikov’s c-theorem

to include coupling to higher-dimensional CFT

Proof used only existing ingredients!
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Outlook

Immediate questions

Can we define a ci-function?

Is C1 bounded below?

Other methods of proof?
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| Examples l

‘Graphene with a boundary
Critical Ising model in d = 3 with a boundary
M-theory: M2-branes with a boundary

String theory: various brane intersections

Holographic BCFTs
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l Outlookl

Prove more boundary/defect monotonicity theorems

Yamaguchi hep-th/0207171
Estes, Jensen, O’B., Tsatis,VWrase 1403.6475
Gaiotto 1403.8052

Find a “universal” proof of monotonicity theorems?

Myers and Sinha Giombi and Klebanov
1006.1263, 1011.5819 1409.1937

Do monotonicity theorems always survive coupling
to a higher-dimensional CFT?
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Thank You.
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