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Abstract: Asiswell known, time plays a specia role in the standard formulation of quantum theory, bringing the latter into severe conflict with the
principles of general relativity. This suggests the existence of a more fundamental and (as it turns out) covariant and timeless formulation of
guantum theory. A conservative way to look for such aformulation would be to start from quantum theory as we know it, taken in its experimentally
most successful form of quantum field theory, and try to uncover structure in the formalism made for actual physical predictions. A radical way to
look for such a formulation would be to forget the standard formulation, take only a few first principles (locality and operationalism turn out to be
good ones) and try to construct things from there. Remarkably, approaches following these apparently opposite paths have recently been shown to
converge in a single framework. In this talk | want to provide an overview of the current understanding of the resulting "positive formalism", its
implications, and the paths that led to it. This includes relations to works of Witten and Segal in mathematical physics and of Aharonov, Hardy and
others in quantum foundations.
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Motivation

The standard formulation of quantum theory en oces a quantum

syatem in terms of a Hilbert space together with an algebra ot
observables acting as operators. A fixed notion of time 15 an essential
a prior merechent of this formulation

The a priori notion of time precludes the possibility of formulating a
quantum theory of gravity w here (metric space-)hme would be an
element of the dynamics of the theory

Robort Oockl (COMSLINAM) Foundationg from first principhes and OFT
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Two paths

[t turns out that there are (at least) two completely cifferent paths that
converge on the same formulation. One, consery ative and analytic
starts with quantum physics as we know 1t The other, radical and
constructive, buildls up from a few principles

Toboit Cockl (COM-UNAM) Foundations from first principles and OFT
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Guidelines

o Locality: We have learned that to understancl and describe local
physics, a know lecdge or control of the immediate patial and
In'nl}»nr.ﬂ surrounchngs s sutticient
Operationalism: In classical physics sweeping statements about
phvsical reality independent of an observer are possible and even
censible, This is not so in quantum theory Rather, we should be
describing physics through the interaction w ith an observer or

experimen ter

This approach is very much mspired by [ Flard (operationalism

linearity n ]‘-1‘ulml‘|]|1\, records theory, causaloid fra mework) and
related to General Probabilistic Theories

Robort Oockl [COMSLINAM) Foundations from first principles and OFT
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Locality a | spacetime

rest of the universe
incluces boundary conditions
encocing sourrouncing physics

tirmne

_boundary /M

spacetime region M -
arena for local :J'I\'- sics to be described

-
space

Require a notion of spacetime
spacetime regions and their boundaries

_abart Oockl (COMSLINAM) Fotnd ationg from first principhes and OFT

Pirsa: 15050097
Page 6/32




Locality | spacetime

rest of the universe
induces boundary conditions
encoding sourrouncing physics

tirmne

_—boundary /M

spacetime region M -
arena for local physics to be described

-
space

Require a spacetime
spacetipgfregions and their boundaries
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Composition

For a comprehensive cescription it s sential that we be able to relate

the phvsics i adjacent spacetime regions
. ot Need an operation that allows
interfacing hypersurface t bine bes P. O
v — 97 M ON o combine probes [ (010

i

achiacent spacetime regions

M. N to a composite probe

o O 1n the jomnt region MU N

Holography
Information about local ph
probe Q in region N is communicated between
probe ff fh region M adjac le'lt regions r_hrou-;h
boundary conditions on
interfacing hypersurfaces

Iatona from first principhes and OFT

Robert O (€ M<LINAM) Fonin

Pirsa: 15050097
Page 8/32




Composition

be able to relate

For a comprehensive description it s essential that we

the phvsics i adjacent spacetime regions
Need an operation that allows

interfacing hypersurface L bes P. O
L } - 3 " g [ 1
 — M N ON to combine probes [ (2 1n

i

\ adjacent spacetime regions

M. N to a composite probe

P o in the joint region M UN

“Holography

Information about local physics
probe Q in region N is communic ed between
‘ adjacent regions through
probe P in region M ! St >
boundary conditions on

interfacing hypersurt

Fotrnad st ome from (it principles and OF T
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Composition

For a comprehensive description it s essential that we be able to relate

the physics i adjacent spacetime regions
Need an operation that allows

interfacing hypersu A
v - I\ to combine prr:bux
oM N

‘.‘_I nm
adjacent spacetime regions
M. N to a composite probe

P o (Q1n the joint region M UN

Holographyv”®
Information about local physics
probe Qin region N is communicated between
: adjacent regions through
[oe I in region M F S -
boundary conditions on
interfacing hypersurfaces

principhes and OF T
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Composition

For a comprehensive description it is essential that we be able to relate
the physics in adjacent spacetime regions.

Need an operation that allows
to combine probes P, Q in
adjacent spacetime regions

M, N to a composite probe

P ¢ Q in the joint region M U N,

interfacing hypersurface
Y=JdMNJN

“Holography”

Information about local physics
probe Q in region N is communicated between
adjacent regions through
boundary conditions on
interfacing hypersurfaces.

probe P in region M

Foundations from first principles and QF1 2015-05-15 7 ]33
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Towards a t|m'mlilal|\ e description of ph\«-iu

Associate mathematical structures to the mgredients identified so tar
o Foraregion M we cdenote the space of probes in \V by Py, We
denote the null-probe by 0 = 7. The composition of probes 15 a
map o Py x Py — PrUN-
o Toa hypersurface £ we associate a space Ae of boundary
conditions. This encodes the possible physical information flows

between the two regions adjacent to the hypersurface =

Tobert Oockl (CONMSUNAM) Foundations from first principhes and OFT
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Towards a quantitative description of physics

Associate mathematical structures to the ingredients identified so far.

e For aregion M we denote the space of probes in M by 7,;. We
denote the null-probe by 00 € #);. The composition of probes is a
map ¢ : Py X Py — Pumun.

@ To a hypersurface 2 we associate a space By of boundary
conditions. This encodes the possible physical information flows
between the two regions adjacent to the hypersurface 2.

Foundations from first principles and QFT 2015-05-15 8/33
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Towards a quantitative description of physics

Associate mathematical structures to the ingredients identified so far.

e For aregion M we denote the space of probes in M by #);. We
denote the null-probe by 00 € #);. The composition of probes is a
map ¢ : Py X Pn — PMmuN-

@ To a hypersurface 2 we associate a space By of boundary

conditions. This encodes the possible physical information flows
between the two regions adjacent to the hypersurface 2.

@ To a probe P in a spacetime region M with boundary condition
b € By, we associate a value. We shall take this to be a real
number and denote it by (P, b)y. It encodes a property of the local
physics in the interior as detected by the probe and subject to the
boundary condition. Formally, (-, )m : Py X Bop — R.

Foundations from first principles and QFT 2015-05-15 8/33
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Structure and Axioms

Further analvsis of the measurement process and of the role of probes,

boundary conditions and values leads to aclchitional structure

o (Generalized) probes forma real vector space 'y with a partial
order The }nn'lm[ order 1s cenerated by the subset Y of posibive
elements, called primitive probes

o Generahized boundary conditions form a real vector space
with a dual partial order. The (strict) boundary concitions torm
the subset B of positive elements

o In addition, the vector space of boundary conditions carries a

non-degenerate inner product -, ¢ Re % Be — R making 1t nto

a real Krein space

The analvsis also leads to relations between probes and boundary
conditions associatec to acjacent regions or hypersurfaces Altogether
these structures and relabions form an axiomatic system

Robuit Oockl [COMLINAM) Foundations from first principhes and OFT
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Composition rule for probes
A crucial axiom is the composition rule for probes

‘[r

(r L).[r".\ll\_u

= Y-‘[*ll P (b, B (Q
ded

Here |y )ier 18 an orthonormal basis of Sz, satistying

(b, g = (-1""

It oma from first principhes and OFT
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Composition rule for probes

A cructal axiom s the composition rule for probes

b - b
: \

= Tgfh YR C(h B (Q

]

(r L_‘I.[l".L”\_H

Here |by )i 18 an orthonormal basis of Sz, satistying

'.\i‘j...l‘[‘; = :—]IVI"

Fotrnad st ome from (it princples and OF T
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Composition rule for probes

A crucial axiom is the composition rule for probes

[ l

= T[fh SP(b, B (Q

(P o O (b, E)aun ‘
A

Here [y )i 18 an orthonormal basis of Sz, satistying

c = (="

Foundatioms (rom (irst principhes and OFT

Robort Oock] [COMLINAM)
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Primitive pruhva and pr’nl*.ulu]itiv.«

An important sped 1l class of probes cor responds to experiments with
a definite bimary outcome, say YES/I O These are the pr]mihw
probes. The value of such a probe gives the (relative, conditional)
probability for the outcome YES
Consider an mstrument with one light that shows either red (NQ) or
green (YES) Associate a probe P[¢] that encodes the instrument with
green, and a probe P[+] that encodes the mere
Liven

the light shown;
nee of the instrument, w ithout a determined Lhight state

prese
the probability tor the outcome green s

H“L‘{] IO
(Pl+], bag
Plg] &

Fotrnadatoma from (it princmples and OF T
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Hierarchies and |m|‘lil‘|l order

Consider three primitive probes asso iated with the same instrument:

o Two |-I'|_ulu'-- for the two light states: P'[r] (recl) and Pl¢] (green)

o One probe for the unsped ifiec state: P[+]

Foundatsoms from (st principhes and OFT

110K [CONKUN
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Hierarchies of boundary conditions

Boundary conditions also torm i
hierarchies, giving rise to a partial order

on Ay Here, forall P e 7'

(P, b € (P

(17, b < (P, g

I short: by € vand b € B

Fotinadt oma frovm (st prineples and OF T

Robert 0okl [COMUNAM)
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Hierarchies of boundary conditions

Bound: onditions also form
hierarchies, giving rise to a partial order
on Ay, Here, forall P e 77

(12 .“\ Ing & (I J‘I‘.I

(P h.,|‘_, < (1. DYy

i short: by € band by £ B

Since bounclary conditions interact w 1th
the interior it also makes sense to consicer
i'vrnlw.|h1l|tn-.~. for boundary conclitions

conditioned on more general boundary I
]
conditions. Here forc € b - ‘B
o
(r b

(0, £)pq

Founalatsons from (irst principies and OFT

Page 22/32




Positive Formalism

sther with the rules for

We shall call the resulting axiomatic system toge
extracting ]"[lll‘.ll"ihfll"a and expectabion v alues t

he Posttioe ! ormalism

(RO 201

Fottnadt o from (it prinemples and OF T

Roburt Deck] (COM-UNAM)
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Positive Formalism

We shall call the resulting axiomatic system together 3 rules for
extracting ]wrniw.ll'v!]mt"» and expectabion v alues t roe Formalism
(RO 201]

It is niol difficult to see that classical physics with probes given by
observables can be encoded n this formalism. In that case the spaces

of boundary conclitions ancl of probes are lattices, 1 e, theyv anse as

spaces of functions on sample spaces. (The sample spaces are actually

spaces ol local solutions of the equations of motion.)

Robort Oockl [COM-UNAM) Fottnadat e frovm (it princmpies and OF T
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Starting from quantum field theory

Various important structural features of quantum field theory as itis

practically used are awkward from the pomnt ot view of the standard

formulation. We focus on a tew

@ The Feynman path integral. This turns out to be much more
suitable to describe the dynamics of quantum field theory than
Familtonian or ime-evolution operators

This property of the S-matrix 1s completely

© Crossing symmetry
tandard formulation

unmotivated from the pomnt of view of the s

© The time-ordered product of fields. This rather than
product is the relevant structure to extract physical predictions
Taking the listed structures seriously from a foundational point of

view gives valuable clues towards a reformulation of quantum theory

e (rovm (il princp s and OFT

Robert Cockl (COMLINAM) Fotnadatom
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Path integral and transition nmplitmlrs

The dynamics of quantum field theory 1s efficiently described using
5] In particular, the transition
path

the Fevnman path integral [Feynman 191
amplitudes desc ribing hme-evolution can be recovered rmom the

mtegral

i1ds] purations in the spacehme region [t ta] < R

instfantaneous § e of held configuratons at 1]

{nt soms from first principhes and QOFT

Roburt Ceck] (COM JN M) i
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Composition in time

Consider the composition of time-evolubions
o 1 operator form: Uy, 1, = Uy Uy, o
o i1 terms of matrix elements
e - \ 1!
Ll .[J|_J|“w.!' PPTT AL -.”|-r‘;. Gy !
[n the path integral picture this arises from
a temporal composition property Of the
path integral

,._w[ll i (P1, a) =

{ Dipa Zjty 111, )& 1]
Kiy

.

Foundations friom (it principhes and OFT
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Composition in spacetime

But the path integral satisfies a much more general composition

property i spa chime

(1

{atsome from (st princphes and OFT

Robert Oeckl | CV UNAM) Fom

-
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Generalizing the Born rule

Consider a spacetime region M. The ciated amphtude oy allows

to extract probabilibies for measurements i M

Probabilities in quantum theory are generally conditional probabilities

They depend on two pieces of mformation [Here these are

o & C Hyy representing preparation or knowledge

o Al C 8 CHyyrepresenting observation or the question

The probability that the physics in Al1s described by A gi

en thatit1s
describec by 8 s [RO2005]

S lpa(ENF
|!‘L'l|&-l—

Yot lpm(EDl

"o an ON-basts of S anl reduces on | S 1 to an ON-b

Robert (% | [COMSLINAM) Fournadat sone fre

fipmt princpbes andd OF T
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The mnplltudv formalism of the GBI

We shall call this axiomatic system together with the rules for
extracting probabilities and expectation values the amplitude
formalism (AF) It has been developed in the context of the general
boundary formulation (GBF) of quantum theory The GBF is a
program started in 2003 precisely with the aim of formulating

quantum theory 1 a metric background mdependent way

Robert Oockl (COMEUNAM) Foundationg from first principles and OFT
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Return of the positive formalism

Remarkably, the new structures Bz, Ay and A7 satisty axioms

analogous to those satisfied by He, pu and pt,. In fact, these axioms

are precisely the axioms of the positive formalism, w ith
() = (0, )xy. What 1s more, the rules for extracting probabilities turn

exactly into those of the posihive formalism

o In contrast to the amphtude formahsm we can also encode and

meral quantum measurements, Via probes

correctly compose ge
that do not in general arise from observables in the

Fouinadatsome from (st prrincipkes and OF T
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Transition pl‘(\lmlﬁilitu-a in the positive formalism

Denote the projector on (1, by P, & & The boundary conditions are

o preparation: & - P Bapg i1
We know the mpul state to be 1 but do not know the output
state. The lack of knowledge is encoded via the maximally mixed
state, i.e, the identity operator 1

o observation: Al = P ®P2 e B, © 51 = By,

We know in adcition the output state to be 1

Note 0 < A € 8. The probability 1s

@. Dt _ Al

@O Al

Robert Cockl ([COMSLINAM) Foundations from first principles and OFT
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