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Abstract: This talk will cover aspects of Feynman integral computations in configuration spaces, and some related mathematical problems,
occurrence of motives and periods, focusing on joint work with Ozgur Ceyhan.
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Question:

When are Feynman integrals periods of mixed Tate motives?
(multiple zeta values: extensive example collection
Broadhurst—Kreimer)

e Two methods of computing Feynman integrals: momentum space
or configuration space (Fourier transform)

1 glP(Xs—xt)

GR(xs — %) = —= d
m(s f) (2W)DAD pp2+m2+’€
e focus here on configuration space picture

e Note: Fourier transform not an algebraic operation (a priori not
obvious why it should preserve the nature of motives and periods)
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Periods and motives: fg w numbers obtained integrating an algebraic
differential form over a cycle defined by algebraic equations
Constraints on numbers obtained as periods from the motive of the
variety!

e Periods of mixed Tate motives over Z are combinations of Multiple
Zeta Values (coeffs. rationals and powers of 27/)

C(k1;k2,-..,kr) — Z n1"'k1 n;k ---nr_k’

M>np>>n2>1

- Francis Brown, Mixed Tate motives over Z, Annals of Math 2012,
arXiv:1102.1312

Feynman integrals and periods in momentum space: MZVs
frequently occur, but known non-mixed-Tate cases
(Brown-Doryn, Schnetz)
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General setting: scalar perturbative QFTs

= /,ﬁ?(q&)dox = So(¢) + Sint(¢)

in D dimensions, with Lagrangian density

29) = 108 — T8 — Lu(0)

Perturbative expansion: Feynman rules and Feynman diagrams

Sert(¢) = So(@) -I—Z ;&rt(ﬁ (1PI graphs)

Amplitudes U(T") for fixed external edges of the graph are integral
(generally divergent) on:

e momenta associated to internal edges of the graph with
momentum conservation rules at vertices

e configurations associated to vertices of the graph with divergences
where coordinates collide (diagonals)
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e Configuration space: wonderful compactifications of graph
configuration spaces; mixed Tate motives; Feynman amplitude and
Laplacian Green functions; explicit results using Gegenbauer
polynomial expansion; pullback to wonderful compactification,
cohomologous to algebraic form with logarithmic poles; deformation
and renormalization.

Main geometric setting:

Q X D AP algebraic variety

Q Confr(X) = X' \ UeA, configuration space

© Confr(X) “wonderful compactification"

Two different problems: (1) real case, (2) complexified case
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Feynman amplitude in configuration space (dim D = 2\ + 2)
Version N.1: real case

wr:H 1 /\dxv

— A
ecEr ||XS(9) xt(6)||2 ve Ve

defines a €*°-differential form on XY with singularities along
diagonals Xg(e) = Xi(e)

e not algebraic form
e not closed form

e chain of integration:
or = X(R)'r
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Version N.2: complexification
Z = X x X with projectionp : Z = X, p: z=(x,y) — x

(2) 1 ’
e = ax,/\ dx
d elelr ”Xs(e) - Xr(¢=.-)||2D_2 /\ ’ ’

vEVr

where ||Xs(e) — Xy(e)ll = [1P(2)s(e) — P(2) (o)l
e not algebraic form
e closed form

e chain of integration:
@) = X(C) = XV x {y = (y,)} ¢ Z¥" = XV x X\

forafixed y = (yv|v € Vr)
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The real case and the physical amplitude:
Momentum space: momentum variables ke with e € Er
[(¢) built from edge-propagators

1
(m? + | ke |*)

Configuration space: position variables x, with v € Wr
[(¢) built from propagators:
1

, Where D=2\+2
|Xs(e) - Xr(e)”z\ g

GO;R(Xs(e) - Xt(e)) = |

or massive

m)\

Gin,&(Xs(e) —Xi(e)) = (@m0 1Xs(e) —Xe(e) | A (M| Xs(e) — Xe(e) )
with £, (z) modified Bessel function
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Version N.2: complexification
Z = X x X with projectionp : Z = X, p: z=(x,y) — x

(2) 1 ’
G = ax, A\ dXx
¥ e]élr ”Xs(e) - Xr(¢=.-)||2D_2 /\ ’ ’

vEVr

where || Xs(e) — Xy(e)ll = [1P(2)s(e) — P(2) (o)l
e not algebraic form
e closed form

e chain of integration:
o@¥) = x(C) =X x {y =(y,)} c Z = XV x X

forafixedy = (yv|v € Vr)
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Dual pictures:
® Go r(Xs(e) — Xi(e)) Green function of Laplacian; Gm r(Xs(e) — Xi(e))
fundamental solution of Helmholtz equation (A + m?)G = §

e Fourier transform: (test functions ¢ € .(RP))

— 4702 1

— 1

complexification not directly computing the physical amplitude, but a
closely related problem with interestingly different structure!
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The real case and the physical amplitude:
Momentum space: momentum variables ke with e € Er
[(¢) built from edge-propagators

1
(m? + | ke |°)

Configuration space: position variables x, with v € Wr
[(¢) built from propagators:
1

where D =2\ +2
|Xs(e) - Xr(e)|

GO,R(Xs(e) o Xt(e)) = |

|2/\’

or massive

m)\

Gin,&(Xs(e) —Xi(e)) = ) 1Xs(e) —Xe(e) | A (M| Xs(e) — Xe(e) )
with £, (z) modified Bessel function

Matilde Marcolli Feynman Integrals and motives in configuration spaces

Page 11/51



Algebraic versus % °°-formulation:

e Algebraic formulation: extend from real to complex variables using
a quadratic form instead of the Euclidean norm

e used in momentum space Feynman amplitudes (n = #Er)

S eviki+ N € ip
U(F)z/ (2 i=1 €v,iKi 21_1 v,iPj) Pk, - - - d°k,

gi1::-Qn

quadratic form

D
=
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e can use also in configuration space Feynman amplitude (massless;
m = #Vr)

1
U(r) :/mdoxv1 ...devm

D
Qs(Xs()s Xt(e)) = D _ (Xs(e)j — Xe(e),)?

J=1

e Advantages: get an algebraic differential form

e Disadvantages: singular on a hypersurface (whose motive is
difficult to control)

e situation similar to the momentum space approach with “graph
hypersurfaces"...
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We follow a different approach with ¥ °°-forms

e Analytic formulation: extend from real to complex variables using
the Euclidean norm

wr = [ 1 A .

— 2
ocE, IXs(e) = Xi(e) I ey

over chain of integration o = R#Y
e Advantages: Singular on diagonals (motive will be easy to control)

e Disadvantages: not an algebraic differential form (only smooth)
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Different methods:
e Version N.1 real case: explicit computation of regularized integral

ar

e use expansion of Green function in Gegenbauer polynomials:

explicit occurrence of multiple zeta values

e isolate one term in the motive (canonically described in
representation theoretic terms) that remains mixed Tate even when
the overall Feynman motive is not mixed Tate
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Different methods:
e Version N.1 real case: explicit computation of regularized integral
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e Version N.2 complexification: cohomological method

e pullback wﬁz) to wonderful compactification of configuration space

e cohomologous to algebraic form with log poles
e regularize to separate poles from chain of integration

e in this complexified case motive is mixed Tate
(not necessarily over Z or Q)

Matilde Marcolli Feynman Integrals and motives in configuration spaces
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Version N.1: Explicit computations of Feynman amplitudes (real
case):

Step 1: explicit chains in XV

e Acyclic orientations: " no looping edges, Q(I") set of acyclic
orientations; Stanley: (—1)"" Pr(—1) acyclic orientations where
Pr(t) chromatic polynomial

e orientation o € Q(I') = partial ordering of vertices w >4 v
e chain with boundary 0% C Uecg Qe

Yo = {(x) € X"(R) : r, > r, whenever w >, v}

middle dimensional relative homology class

[Zo] € Hyvp| (XY, Ueck; Do)

e ¥, \ U,{r, = 0} bundle fiber (SP~")V' base
To={(ry) (IR°.j,)Vr . I'w > Iy Whenever w >, v}
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Step 2: Gegenbauer polynomials
e Generating function and orthogonality (|t| < 1 and A > —1/2)

1
(1 —2tx + 2)>

m2'72A(n 4 2)\)
Topl(n 4 A2

1
f CY () CR (x) (1 = )2 = 6
1

e D = 2\ + 2 Newton potential expansion in Gegenbauer
polynomials:

1 1
”Xs(e) - xr(e)“” B Pezs-'\(1 + (%)2 - 2;?;""'5(69) 'wr(e))'\

_ox =, T
=g Z(p_:)nc’(’k)(%(e) +Wi(e)),

n=0

with pe = max{||xse) ||, [ X(e)||} @and re = min{||xsc) |, ||X¢(e) [l } @nd
with w, € SP-1
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Gegenbauer polynomials and spherical harmonics

e orthonormal basis { Y;} of the Hilbert space #,(S°~") of spherical
harmonics on SP~' of degree n

e zonal spherical harmonics

dim J%,(SP~1)
ZMNw)= Y Ywi)Yj(wz)

j=1

e Gegenbauer polynomials

Cr(,A) (w1 . wg) = Cp,n Zog?) (wg)

. _ Vol(SP~1) (D -2)
Y T

e dimension D = 4

dim #(S%) = ("+3) - (

n

Matilde Marcolll Feynman Integrals and motives in configuration spaces
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Step 3: angular and radial integrals
e on chain of integration o = X(R)"" Feynman integral becomes
(Version N.1)

-, A
2 Mo /z (e) (Z( e )(wso(e)'w:o(e))) av

r
0eQ(r) ° eckr n (e

with positive integers my (multiplicities) and volume form
dV — HV dDXV e HV I':?_1 drv de
e angular integrals:

A
Prooce; = /(50.1)Vr I o’ wste o) [ T o

e radial integrals:

Z mo/ H F (so(e)s Mo(e)) HrD 'dr,

oeQ(IN) o ecEr

)
F (lsole): Tule)) = o) Zdne ( ,j"( |
e

Matiide Marcolli Feynman Integrals and motives In configuration spaces
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Example: polygons and polylogarithms
e [ polygon with k edges, D = 2\ + 2:

/\27r)\+1 k _ i
= (F(A+1)(n+ A)) <)

(S 1) space of harmonic functions deg n on S?A+
(Gegenbauer polynomial and zonal spherical harmonics)

e when D = 4, Feynman amplitude:

(271' Zmo/ le 2(H Hrv dfv

polylogarithm functions

n

Lig(z) = i

n=1

vertices v;, w; sources and tails of oriented paths of o
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Problem: computations intractable very quickly for larger graphs!

e Can reduce to trivalent vertices and use triple integrals of harmonic
functions: Gaunt coefficients (YE(Tm), Yéznz) Y§:3)) p Racah’s
factorization in terms of isoscalar factors

(A= (1 B ) v, v,
D:D-1

o
£ = (nf,é’f) with nf = Mp-2,i and f'; = (mg_g,,', v & wig BTH ,;)

e There are general explicit (but complicated) expressions for the
isoscalar factors

e Focus on term with £; = 0: this (n, 0)-term is the “deepest" term,
canonically defined SO(D)-representation theoretically

Matilde Marcolll Feynman Integrals and motives in configuration spaces
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Problem: computations intractable very quickly for larger graphs!

e Can reduce to trivalent vertices and use triple integrals of harmonic
functions: Gaunt coefficients (Y(m) Yéznz) Y}fs)) p Racah’s
factorization in terms of fsoscalar factors

(v, )yl (m N ng ) <,,(31) v(,?-’ g(, N
D:D—1

mo n
(n,, ',) with n = Mmp-2,; and f (mg_g,,', v o wig BTH ,;)

e There are general explicit (but complicated) expressions for the
isoscalar factors

e Focus on term with £; = 0: this (n, 0)-term is the “deepest" term,
canonically defined SO(D)-representation theoretically
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e For D = 4 “leading term" involving multiple series related to MVZs:
Mordell-Tornheim multiple series:

CMT,R(S11---15kiSk+1) = Z n.l—s1 ...n;s*(n1_|_..._|_nk)—5k-|1
(n1,...,nk)e£?£,“)

=R = {(n,...,n)|m>0, i=1,...,k}

Apostol-Vu multiple series:

Cav,k(S15 -+ - s Ski Sk+1) = Z Ny e (e - ) TSk

(ﬂ1 ,...,ﬂk)E:@ﬁg

%z%ﬁg ={(n,...,ng) | N >--->np>ny >0}

e known these expressible in terms of multiple zeta values
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Version N.1 Conclusion:

e by this method can see explicit integrals leading to multiple zeta
values arising from the deepest (n, 0)-term: representation
theoretically identifies a part of the motive that remains mixed-Tate

e ... computations become easily extremely complicated even for
simple graphs!

e expect occurrences of non-mixed-Tate periods from other terms in
the isoscalar factors, beyond the (n, 0) term, for sufficiently large
graphs!
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Version N.2: Graph configuration spaces
X a smooth projective algebraic variety that contains a dense AP: for
instance X = PP, with D spacetime dimension.

Feynman amplitude wr on X\
Singularities of Feynman amplitude along diagonals

Ae = {(XV)VEVI' |XV1 = Xy, for 6|_(e) = {V1 ) V2}}

Graph configuration space:

Confr(X) = X" < | A
ecEr

Goal N.1: compactify Conf(X) to a smooth projective algebraic
variety Confr(X) so that

Confr(X) ~\ Confr(X)

is @ normal crossings divisor
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Version N.2: Graph configuration spaces
X a smooth projective algebraic variety that contains a dense AP: for
instance X = PP, with D spacetime dimension.
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Singularities of Feynman amplitude along diagonals
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Graph configuration space:
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Variants: Version N.2 of configuration space for amplitude w[(-z)

F(x,rn =2\ | J aP = xxx)r\ | J a¥?
eckr eckEr

with diagonals

AP = (2, | ve V) € 2 | p(ze(e) = P(Z1e))}

Relation to previous:
F(X,T) =~ Confr(X) x X

AP = Ay x XV
Compactify to F(X, ') in same way

Matiide Marcolli Feynman Integrals and motives In configuration spaces
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Blowup construction of wonderful compactifications

e Connected induced subgraphs: SG(IN) = {y € SG(I") | |V| = k}
and polydiagonals A, = {xge) = X(e) : € € Ey} (same as diagonal
A, if v connected)

e Arrangement of subvarieties in X': .% polydiagonals of disjoint
unions of connected induced subgraphs

e Building set for the arrangement:

% = {A, : vy induced, biconnected }

Confr(X) = X' N\ Uycq Ay

e Start with Yo = X'; obtain Yy from Yx_4 by blowup along the
iterated dominant transforms (=proper transform or inverse image of
exceptional divisor) of

Unedn_ i 1,rA'r
with % r = 9% N SG(N) then

Yn-q = Confr(X)
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Boundary structure
e 4--nests: sets of biconnected induced subgraphs with y N~y = ()
or yN~' = {v} single vertexory C v ory’' C v

Confr(X) \ Confr(X)= | ] D,
A €Y

e divisors D, (iterated dominant transform of A,) with

Dy,N:--NDy, #0 & {71,...,7} isa%-nest

and transverse intersections

e strata parameterized by forests of nested subgraphs (as in
Fulton-MacPherson case)

e case of F(X, ) completely analogous

Matiide Marcolli Feynman Integrals and motives In configuration spaces
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Motives of configuration spaces — Key ingredient: Blowup formulae

e For mixed motives (Voevodsky category):

codimy (V)—1

mBl(Y)=m(Y)e &  m(V)(k)[2K]

k=1

e For Grothendieck classes Bittner relation

[Bly(YV)] = [Y] - [V] +[E] = [Y] + [V)(P=™ ()] — 1)

exceptional divisor E

e Conclusion: the motive of Confr(X) and of F(X,I') is mixed Tate if
X is mixed Tate.
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Motives of configuration spaces — Key ingredient: Blowup formulae

e For mixed motives (Voevodsky category):

codimy (V)—1
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Voevodsky motive: (quasi-projective smooth X)

m(Confr (X)) = m(X)"" & D m(X) 7 O (||l 2] ]
N EY-nests,ueEM_y

where My = {(ty)aes : 1< iy < 1y — 1, py € Z} with
ry = Fy, = diM(Ny ey cyBy) — dim Ay and [|p|| := ZA,egr Hy

F/oa(M)=T//(vyU---U~)

for A = {viy..., 7}
Class in the Grothendieck ring:

[Confr(X)] =X+ > [X]"er® Yy~ Ll
N EYr-nests WEM 4

Chow motive: (smooth projective X): from result of Li Li on wonderful
compactifications of arrangements of subvarieties
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Pullback and forms with logarithmic poles
. w,‘;(wﬁz)) pullback to iterated blowup F(X,T) of ZV along
dominant transforms of A,(,,z) of biconnected induced subgraphs

e Divergence locus union of divisors (dominant transforms of Aﬁ,z))

U o

A&,z)efé‘r

e Chain of integration 5*) = Confr(X) x {y} C F(X,T) intersects
divergence locus in
9r= |J Dy x{y} cConfr(X)x {y}
A.(yz)Egr

e pullback w,’;(wﬁz)) on &,(-z’y ) smooth closed form on

Confr(X) ~ U D,
YEYr

Matiide Marcolli Feynman Integrals and motives In configuration spaces

Page 37/51



Pirsa: 15050061

Pullback and forms with logarithmic poles
. w,‘;(wﬁz)) pullback to iterated blowup F(X,T) of ZV along
dominant transforms of A,(,,z) of biconnected induced subgraphs

e Divergence locus union of divisors (dominant transforms of AEYZ))

U o

A%z)e?ir

e Chain of integration 5°) = Confr(X) x {y} C F(X,T) intersects
divergence locus in
9r= |J Dy x{y} cConfr(X)x {y}
Af,,z)efé'r

e pullback w,’;(wﬁz)) on 5£z,y ) smooth closed form on

Confr(X)~ | | Dy
YEYr
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Smooth and algebraic forms
e de Rham cohomology of a smooth quasi-projective varieties
computed using algebraic differential forms (Grothendieck)

e if complement of normal crossings divisor can use forms with log
poles (Deligne)

H (%) ~ (2, Qg (l0g(2)))

e 2 smooth projective variety dimgc m; 2 normal crossings divisor;
U = X ~\ Z;w smooth closed differential form degm on % ;
= J algebraic differential form 7 log poles along &, with

7] = [w] € Hgr(% )
e Conclusion: 3 algebraic form nl(-z) with log poles along union of D,
cohomologous to w;(w,(z)) on 6[(-2’}’ )

e Warning: motive over QQ, but algebraic form maybe larger field!
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Regularization problem

® ﬂ(rz) algebraic differential form; &ﬁz’y ) algebraic cycle: Feynman

integral becomes
(Z)
r
~/&I(_Z,y) N @r

would be a period... but divergent!! (because of intersection % of
chain with divisors)

e need a regularization procedure: separate chain of integration from
divergence locus

Three different regularization methods

@ Principal value current regularization and iterated Poincaré
residues

© Deformation to the normal cone

© Algebraic renormalization via Hopf algebras and Rota—Baxter
algebras
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Current regularization
e Regularized Feynman amplitude:

" z,
[tzwlfn!z" [P
or

where ¢ test functions; n = nr = #%r; and f, equation of Df(}f)

e Ambiguities of regularization:

&ﬁf;{),e =5 T () NNy o(f)

(2) — i
(PV(rP), ) = lim

7://,5(’) — {|fk’ = €k, K = 1,...,!’}
NyeD={lkl>e k=r+1,...,n}
n graphs in % ordered so that first r in the nest A"

I'm (z:y)
€30 /aﬁz'” wiir

W, 4N

has a residue (iterated Poincaré residue) supported on

(2) _ (2 >
/D 0 0.0k
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Iterated Poincaré residue

1
#40m) = o |
e /V(Wr) (27”), ﬁfﬂ(tw)'ﬂr

(2D| V| — r)-cycle & 4 in \{(z) ; iterated Leray coboundary
ZLy(Ly)in F(X,I)is a T -torus bundle over ¥ 4

e If the variety X is a mixed Tate motive, these residues are all
periods of mixed Tate motives

e On intersections of chain of integration and divergence loci

(B (), Viyr) = / By ()
V. x{y}
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Iterated Poincaré residue

1
#40m) = o |
- /V(Wr) (27”), ﬁfﬁ(:w)'f?r

(2D| V| — r)-cycle & 4 in \{(z) ; iterated Leray coboundary
ZLy(Ly)in F(X,I)is a T -torus bundle over ¥ 4

e If the variety X is a mixed Tate motive, these residues are all
periods of mixed Tate motives

e On intersections of chain of integration and divergence loci

(B (), Viyr) = / By ()
V. x{y}
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Deformation to the normal cone

L el
(Z,y)

to a larger ambient deformation space where can separate o
from the divergence locus

e start with ZYr x P!, deformation coordinate ¢ € P!, and

e extend integral

&P =TI 1 A dx, Adx, AdCAdC

cee. (IXs(e) = Xie)lI? + [C2)P~1 )

e divergence locus in the central fiber { = 0

Ueee, AP ¢ 2V x {0}
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