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Abstract: <p>We discuss a problem of a black hole formation in the ghost-free gravity. We demonstrate how a non-local modification of g
equations regularizes static and dynamical solutions. We focus on the problem of a collapse of small masses in the ghost-free gravi
demonstrate that there exists a mass gap for mini-black-hole formation in this model.</p>
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Based on:

"Spherical collapse of small masses in the ghost-free gravity

V.F, A. Zelnikov, T. Netto, e-Print: arXiv:1504.00412 (2015);

"Mass-gap for black hole formation in higher derivative and

ghost free gravity", V. F. ,arXiv:1505.00492 (2015);
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"Quasi-local definition” of BH:
Apparent horizon

A compact smooth surface B is called a trapped

[ ] A trapped region 1s a region inside B.
i ,:/ i ; A boundary of all trapped regions is called

> an apparent horizon.

7? surface if both, in- and out-going null surfaces,
orthogonal to B, are non-expanding .
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According to GR: Singularity exists inside a black hole.
Theorems on singularities: Penrose and Hawking.
Penrose theorem: Assume

1. The null energy condition holds 7, /*I" = 0;

2. There exists a noncompact connected Cauchy surface.
3. There exist a closed trapped null surface .
Then, we either have null geodesic incompleteness, or

closed timelike curves.
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According to GR: Singularity exists inside a black hole.
Theorems on singularities: Penrose and Hawking.
Penrose theorem: Assume

1. The null energy condition holds 7', /“I" > 0;

uv
2. There exists a noncompact connected Cauchy surface.
3. There exist a closed trapped null surface .
Then, we either have null geodesic incompleteness, or

closed timelike curves.
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Schwarzschild ST has a spacelike singularity.
RN and Kerr ST have a timelike singularity.

In both cases this 1s a curvature singularity.

Expectation 1: When curvature becomes high (e.g. reaches
the Plancian value) the classical GR must be modified
(quantum corrections, it 1s an emergent theory, etc.).

Expectation 2: Singularities of GR would be resolved.
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[Regular'i'ry at r=0 and AH]

dr’
g(t,r)
F(t,r)~Fy,(t)+ Fl(r)rz, g(t,r)~g,(t)+ gl(f)rz,

g2 - Mg =1 _ 4[ (V) —11] _

ds’ ==F(t,r)dt’ + +rido’,

4
IO

—

/

Apparent horizon: g=(Vr)” =0. If an AH crosses
r =0, then before this the curvature singularity is

developed at » = 0.
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[Regular'ify at r=0 and AH]

dr’
g(t,r)
F(t,r)y~F,(t)+ Fl(r)rz, g(t,r)~g,(t)+ gl(r)rz,

gt Mg~ _ 4{ [(Vr)" 1] ]

ds* =—F(t,r)dt’* + +rdo’,

4
]4

-

/

Apparent horizon: g=(Vr)” =0. If an AH crosses
r =0, then before this the curvature singularity is

developed at r = 0.
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Schwarzschild metric: ¢ =-GM /r.

ds’ = -Fdt* + d%+ r’do’, F =1+ 20.

Apparent (event) horizon at ¥ =0, =2GM.

:
Kretschmann scalar R° =

48 (GM)’
7 '
[ .1nearized version

ds’ =—(1+2@)dr’ + (1 -2¢)(dr’ + r’do®).
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Schwarzschild metric: ¢ =-GM /r.

ds* =-Fdt* + d%+ r'de’, F =1+2¢.

Apparent (event) horizon at /' =0, =2GM.

.
Kretschmann scalar R° =

48 (GM)’
- '
[.inearized version

ds’ =—(1+2p)dt* + (1 -2¢)(dr’ + r’do?).
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Three connected problems:

|. Regularity of potential ¢ at r =0;

2. Finiteness of the self-energy of a point charge;

3. Existence of AH: | |KCM.ForM <C/2, F >0.

Regularization :

o GM
Ap=4xGMo(r) —> ¢ = =
2
. ] o 3 (“\[) ur
A+ )p=4xGMo(r) > @ = ;.
"
. GM(1-e ™)

Pree (1) = @(1) — (1)
.

?,..(0) = GM 1 — Pauli-Villars regularization
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L ] o ) (“\[) ur
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"
GM(1-e™)

Pree (1) = @(r) —@(r) =
.

?,..(0) = GM 1 — Pauli-Villars regularization

Pirsa: 15050005 Page 18/75



Three connected problems:

I. Regularity of potential ¢ at r = 0;

2. Finiteness of the self-energy of a point charge;

3. Existence of AH: | |<KCM.ForM <C/2, F >0.

Regularization :

—— GM
Ap=4rGMo(r) > ¢ = —
2

e - G . GMe™
A+ )p=4x7GMo(r) > @ = ;.
"

. GM(1-e™)
Droe (1) = 0(1) —P(r) = .

#
?,..(0) = GM 1 — Pauli-Villars regularization
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AG=-I, (A+12)G=-I,
G. =G-G= S -
: A+u A AAD+A/ )

AA+A/ 1), =4rGMS(F) —

Higher-derivative theory.
Source-smearing vs non-locality:

A, =4nGp, p=(1+A/p*) ' p=Me" /r.
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Brief (""truncated") history of HD gravity :

Weyl (1921); Eddington (1924); Lanczos (1938);

Buchdal (1948); Utiyama and DeWitt (1962); Sakharov (1967);
® o o

Stelle (1978) - Classical theory with higher derivatives;

Stelle (1977) - Renormalization of higher-derivative gravity;
® o o

van Nieuwenhuizen (1973) - Ghost free linearized gravity;

Tomboulis (1997) - Super-renormalizable gravity;
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Biswas, Gerwick,|Koivisto, Mazumdar (2012);
Modesto (2012);

Biswas, Conroy
Shapiro (2015);

Biswas, Koivisto, Mazumdar (2013);
doshelev, Mazumdar (2014);

Biswas, Koivisto, Mazumdar (2010) - GF cosmology;
L )

- Hossenfelder, Modesto, Premont-Schwarz (2010);
Viodesto, Moffat, Nicolin (2011); Bambi, Malafarina,

014); Zhang, Zhu, Modesto, Bambi (2015)-
lund GF gravity

N
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[Quadr'a‘ric in Curvature Ac'rion}

S =[dv g [R oy R,O"R,]

(0 1s an operator constructed from V and g.
The number of arbitrary functions of o operator
(after using the Bianchi identities) 1s 6.

(For quantum gravity: Barvinsky and Vilkovisky (1990))
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[Quadr'a‘ric in Curvature Ac'rion}

S=[dvJ-g [R/2+R O"R J

A

(0 1s an operator constructed from V and g.
The number of arbitrary functions of o operator
(after using the Bianchi identities) 1s 6.

(For quantum gravity: Barvinsky and Vilkovisky (1990))
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[Quadr'a‘ric in Curvature Acﬁon}

§=[dvy=g[R/2+RO"R, ]

A

(0 1s an operator constructed from V and g.
The number of arbitrary functions of o operator
(after using the Bianchi identities) 1s 6.

(For quantum gravity: Barvinsky and Vilkovisky (1990))
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We present the most general covanant ghost-free gravitational action in a Minkowski vacuum. Apart
from the much studied f(R) models, this includes a large class of nonlocal actions with improved UV
behavior, which nevertheless recover Einstein’s general relativity in the IR,

DOI: 10,1 103/PhysRevLen.108.031101 PACS numbers: (4.50.Kd, 98.80.Cq

The theory of General Relativity (GR) has an ultraviolet
(UV) problem which is typically manifested in cosmologi-
cal or black-hole type singularities. Any resolution to this
problem requires a theory which is well behaved in the UV
and reduces suitably to Einstein’s gravity in the infrared

Harahyey

R e
§= Id"-r i Rn:..;a‘_mo"“"""'R“-'"-"="-'], (2)

where @ is a differential operator containing covariant
derivatives and 7,,,. We note that if there is a differential

(IR). (In the light of current cosmic acceleration observa-
tions, there have been efforts to modify gravity at large
distances, see [1] for a review, but we do not discuss these

i@ lable N X ) In this Letter, our aim is to investigate
Ngw u_pdates o _ava' able typical divergences at short distances can be

Click to install them using Windows Update. |4 ;o higher derivative covariant generalizations
Mag of GK.

Higher derivative theories of gravity are generally better

. wue
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operator acting on the left Riemann tensor, one can
always recast that into the above form by integrating by
parts. The most general action is captured by 14 arbitrary
functions, the F,'s, which reduce to the 6 we display in
Eq. (Al) upon repeated application of the Bianchi
identities.

Our next task is to obtain the quadratic (in h,,,.) free part
of this action. Since the curvature vanishes on the
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The theory of General Relativity (GR) has an ultraviolet R O ik
(UV) problem which is typically manifested in cosmologi- > f‘f"' ~8 7+ Runnie, O A7 ] @
cal or black-hole type singularities. Any resolution to this
problem requires a theory which is well behaved in the UV where © is a differential operator containing covariant
and reduces suitably to Einstein’s gravity in the infrared  derivatives and 7,,,. We note that if there is a differential
(IR). (In the light of current cosmic acceleration observa-  pperator acting on the left Riemann tensor, one can
tions, there have been efforts to modify gravity at large  always recast that into the above form by integrating by
distances, see [1] for a review, but we do not discuss these parts. The most general action is captured by 14 arbitrary
models here.) In this Letter, our aim is to investigate  fynctions, the F,'s, which reduce to the 6 we display in
yheth e typical divergences at short distances can be  Eq. (Al) upon repeated application of the Bianchi
i New updates are available a, x M in higher derivative covariant generalizations  jdentities. . . o ‘

Click to install them using Windows Update. Our next task is to obtain the quadratic (in h,,,) free part
of this action. Since the curvature vanishes on the
Minkowski background, the two /i dependent terms must
come from the two curvature terms present. This means the

Q rivative theories of gravity are generally better
207052015 Mo behaved in the UV and offer an improved chance to con-
struct a singularity free theory [2]. Furthermore, Ref. [3]
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[15]. Finally, it is k“““15!\»::\»\« next page (Right Arrow)l‘lam"g
from the free quadrati ry stently
coupling to its own stress energy tensor. Similarly, can
one obtain wnigue consistent covariant extensions of the
higher derivative quadratic actions that we have consid-
ered? We leave these questions for future investigations.
We would like to thank Alex Koshelev for pointing out
some redundancies in the gravitational action. T.K. is
supported by the Research Council of Norway, and A. M.
is supported by STFC Grant No. ST/JO00418/1. T.B.’s
research was supported by the LABoR R&D grant.
Appendix—The quadratic action in curvature reads

= fd‘.r./—{—g RF,(O)R + R, F>(CHR*

+ R“.,A‘,FﬂD)RHI'J:! + RF"‘D’VF V,.V*V.,Rl“‘*"
+ R' 11 F;ll:]}Vi,zV‘,:V,,:V,.V‘,V"Ruma

+ RUmpo F(O)Y, ¥, V, V, V,V,V,V, Re)

(Al)
where we have used the Bianchi identities:
V,R + VoRuvar + VaR,ppa = 0, (A2)

to absorb all the other covariant terms into the above six.
Further, in the Fy, Fs, and F, terms, one ends up with
anticommutator of the covariant derivatives due to the
antisymmetric properties of the Reimann tensor, but these
anticommutators produce a third curvature term, and there-
fore these terms are at least @(h*). Thus, the coefficients of
the free theory (3) in terms of the F's are given by

nrip v

1
al) = 1 - =F(0O)0 - 2F;(O)0, (A3)

[N ign )l 1T B Mmoo ae /srmmim i A AN

f(O)==-2F (00 - /[ROO-2F/R0O)0 (A7)

(1
2]

(3]
[4]
5]
6]
(7]
(8]

9]

[10]
iy
(2

[13]
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a+b=0, (4) satisfied, the k* = 0 pole just describes the physical gravi-

ton state. Second, Eq. (11) essentially means that a and ¢

are nonsingular analytic functions at &* = 0, and therefore

c+d=0 () cannot contain nonlocal inverse derivative operators (such
as a(0J) ~ 1/00).

b+c+f=0, (6) Let us next scrutinize some of the well known special

so that we are left with only two independent arbitrary
functions.

The field equations can be derived straightforwardly to
yield

a(D)Oh,,, +b(0O)a, (3,h% +d,h7)
+e(0)(m,,, 0,307 +d,0,h) +n,,d0)Ch

poo
+f(O)O7'0,0,0,0,h" =—k7 %))

o

While the matter sector obeys stress energy conservation,
the geometric part is also conserved as a consequence of
the generalized Bianchi identities:

—k7Vury =0=(a+ b)Ohy,x + (c + dDd,h

+(b+c+ Nhh, (8)

It is now clear why Eqs. (4)-(6) had to be satisfied.

Propagator and physical poles.—We are now well
equipped to calculate the propagator. The above field
equations can be written in the form

=lAo =
n'“. Jhu = KTy

9)

where I17}'” is the inverse propagator. One obtains the
propagator using the spin projection operators

L I R N ]

cases: f(R) gravity: they are a subclass of scalar-tensor
theories and are studied in great detail both in the context
of early Universe cosmology and dark energy phenome-
nology. Here, only the F; appears as a higher derivative
contribution (see Appendix). According to our preceding
arguments, we obtain the physical states from the R? term.
Since a = 1, it is easy to see that only the s multiplet
propagator is modified. It now has two poles: IT ~
~1/2k3(k* = m?*) + .... The k* = 0 pole has, as usual,
the wrong sign of the residue, while the second pole has the
correct sign. This represents an additional scalar degree of
freedom confirming the well known fact [5,6]. Fourth
order modification in R,,R"": They have also been con-
sidered in the literature. This corresponds to having an F,
term (see Appendix), which modifies the spin-2 propaga-
tor: IT ~ P,/k*k* — m*) + .... The second pole neces-
sarily has the wrong residue sign and corresponds to the
well known Weyl ghost, Refs. [5,6]. In fact, this situation is
quite typical: f(R) type models can be ghost-free, but they
do not improve UV behavior, while modifications involv-
ing R, ,,,’s can improve the UV behavior [3] but typically
contain the Weyl ghost.

To reconcile the two problems, we now propose first to
look at a special class of nonlocal models with f = 0 or
equivalently a = ¢. The propagator then simplifies to:

m
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1. General Relativity (GR): L=R,a=c =1,

. Gauss-Bonnet (GB) gravity: L = R + a(0)G;
G=R'-4R, R“ +R, ,R“? a=c=1;

. L(R) gravity: L(R) = L(0)+ L'(O)R+1/2L"(O)R* + ... ;
a=1 ¢c=1-L"(0):

4. Weyl gravity: L =R —;.JSCIH‘MC‘M’H. a=1- "0,

(B

(42

c=1-tu"o;
- ; ; - n =D
5. Higher derivative (HD) gravity: a = H L A=4"0),

c=H;f;l(1—1';fzm).

6. Ghost free (GF) gravity: a=c = exp(—m.f’;f ¥
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1. General Relativity (GR): L=R,a=c =1,
. Gauss-Bonnet (GB) gravity: L = R + a(0)G;

— D2 y uv waef ., 1.
G=F =48 RB™+R A" a=c=1;

. L(R) gravity: L(R) = L(0)+ L'(O)R+1/2L"(O)R* + ... ;
a=1, c=1-L"(0);
4. Weyl gravity: L=R—-u>C,__.C*"*%, a=1-u"n,

uvap

(B

'y

c=1-Lu"o;
. ; : - n =
5. Higher derivative (HD) gravity: a = H L d=-4"0),

c=]]. A-vio).

6. Ghost free (GF) gravity: a=c = exp(—D.f”y: ¥
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Static solutions of linearized gravity
equations in the Newtonian limit

=\ 0 o0
Stress-energy tensor: 7,, = P(7)0,0,

ds® =—(1+2p)dt* +(1-2w +2p)d (" .

Biswas, Gerwick, Koivisto, Mazumdar (2012):
a(AMAy =8xGp,
(a(A)—-3c(A)(Ap-2Aw)=87Gp

Stelle (1978); Modesto, Netto, Shapiro (2014)
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Static solutions of linearized gravity
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=\ o0 ¢0
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Stelle (1978); Modesto, Netto, Shapiro (2014)
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For a point mass p = mo(r) the solution is
spherically symmetric. We call it finite if

near » = 0 1t 1s of the form

] , .
w(r) ~y,+yr+ E%r— +O(r’),

1 2 “\
o(r) ~ @, + o+ ng)zr“ +O0(r).
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A finite solution 1s not necessary regular one.

A,
24 4 +0(]),

)

e
A, =8(4y; —5p,p, +3¢7),
Al = 16[V/1(5V/2 _4¢2)_4¢1(V/3 _992)]-

- apyd
R*=R,, R’ =

The solution 1s regular if v, = ¢, =0.
The solution 1s y-regular if y, =0.

[fa=c, w=2¢, and y-regular 1s regular
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O = a(A)A,
0(&) =0 (A==&)=—[éa(-E)]",
0= ds f(s)e™,

)= ["" dz0(§)e"

2TH S o
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O = a(A)A,
0(&) =0 (A==&) =—[éa(-E)]",
0= ds f(s)e™,

£(5)=— [ deo&)es

277i i
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~

Green function: OG =—1.
A__A—l__ ” . . sA
G=-0"= jo ds f(s)e™ .

Heat kernel:

—|x=x'|*/(4s5)

€
.',S)_

& xr ‘ es-_\ = —
(4rs)""

x>=K(x—x'

unir) = 87TGI77J‘OT ds f(s)K(r;s),

Gm pa+ix L
=——| dg0(5)e
TTiy ¥ a-i
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HD gravity: Q(&)=—[&] | A+ &u))]™,
i=1
The Heaviside expansion theorem:

f(s)=-(1- ZR‘le_“’f’_), P = H’;LM (1- ;J_f./ﬂf).
i=] A .

w(r)=-2Gmr (1 - Z P-g Yy,
i=]

General Relativity: f(s) =1, w(r)=2¢0(r)=-2Gm/r.

irsa: 15050005 Page 46/75



Pirsa: 15050005

n
Solutionnear»=0: » P'=1.
i=1

v, =-2GmS,, y,=GmsS,, S

Y
1.
A

n

k p-1
Z,uj[,. .
i=l

The solution is y-regular if S, = 0.

For the GF gravity £ (s)=—-9(s — 1 %),
w(r)=2¢(r)=-2Gm ert (ur/2)/r.

The solution 1s regular at » = 0.
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nYtTon TR /sy omhk o =10,
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4.HD and GF Gyratons
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4.HD and EF Gyratons
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