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THE LOW ENERGY STRING EFFECTIVE ACTION

Consider narrowly-focused aspects of the low energy expansion of closed string
theory obtained from maximally supersymmetric closed string scattering amplitudes.
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Consider narrowly-focused aspects of the low energy expansion of closed string
theory obtained from maximally supersymmetric closed string scattering amplitudes.

THE LOW ENERGY STRING EFFECTIVE ACTION

FEATURES OF CLOSED STRING PERTURBATION THEORY (see Eric D'Hoker’s talk)

Modular invariants of higher-genus Riemann surfaces

NON-PERTURBATIVE FEATURES - DUALITY:

Connects perturbative with non-perturbative effects
Constraints imposed by SUSY, Duality, Unitarity
Modular Forms; Automorphic forms for higher-rank groups, Multi-Zeta Values,
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THE LOW ENERGY STRING EFFECTIVE ACTION

Consider narrowly-focused aspects of the low energy expansion of closed string

theory obtained from maximally supersymmetric closed string scattering amplitudes.

*  FEATURES OF CLOSED STRING PERTURBATION THEORY (see Eric D'Hoker’s talk)

Modular invariants of higher-genus Riemann surfaces

*  NON-PERTURBATIVE FEATURES - DUALITY:

Connects perturbative with non-perturbative effects
Constraints imposed by SUSY, Duality, Unitarity

Modular Forms; Automorphic forms for higher-rank groups, Multi-Zeta Values;

* CONNECTIONS WITH MAXIMAL SUPERGRAVITY.

Comments on ultraviolet divergences of maximal supergravity

Eric D'Hoker; Pierre Vanhove; Stephen Miller;
Carlos Mafra; Oliver Schlotterer;

Boris Pioline; Jorge Russo; Rudolfo Russo;
Don Zagier;
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THE LOW ENERGY EXPANSION OF STRING THEORY

* LOWEST ORDER TERM reproduces the results of classical supergravity

I ' Y
] / A"/~ det G e ?? R 4 .. Interactions of other supergravity fields
o',
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THE LOW ENERGY EXPANSION OF STRING THEORY

* LOWEST ORDER TERM reproduces the results of classical supergravity
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oefficient depends on moduli (scalar fiel
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THE LOW ENERGY EXPANSION OF STRING THEORY

* LOWEST ORDER TERM reproduces the results of classical supergravity

R I ' 04
o ‘ : AW/~ det (e ?? R 4 .. Interactions of other supergravity fields
II | { ! |
“ ' : STRING COUPLINC
AR FIELD

[ L
« HIGHER ORDER TERMS: , / d¥V% /— det G F(¢,...) R* 4

@

oefficient depends on moduli (scalar fiel

. . / I y2
* Expansion in powers of o R, oD,
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THE LOW ENERGY EXPANSION OF (TYPE IIB) STRING THEORY

HIGHER DERIVATIVE CORRECTIONS to Einstein theory

Mass dimension

> A
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THE LOW ENERGY EXPANSION OF (TYPE IIB) STRING THEORY

HIGHER DERIVATIVE CORRECTIONS to Einstein theory

Mass dimension

> A

| ) | 16 71 )
Jy 1 J& JO4 I ‘i! A I & |
I . I ad a1 d” R
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THE LOW ENERGY EXPANSION OF (TYPE IIB) STRING THEORY

HIGHER DERIVATIVE CORRECTIONS to Einstein theory

d* R®
Mass dimension

R” d% R®
‘ > A
d® R’
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THE LOW ENERGY EXPANSION OF (TYPE IIB) STRING THEORY

HIGHER DERIVATIVE CORRECTIONS to Einstein theory

/(1) -violating
(Not present in SUGRA)

d* R®
° d® R°
d® R’

Mass dimension

> A

N-graviton scattering
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THE LOW ENERGY EXPANSION OF (TYPE IIB) STRING THEORY

HIGHER DERIVATIVE CORRECTIONS to Einstein theory

/(1) -violating
(Not present in SUGRA)

d* R®
d® R®
d® R’

Mass dimension

> A

N-graviton scattering
.{,
BPS interactions
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THE LOW ENERGY EXPANSION OF (TYPE IIB) STRING THEORY
HIGHER DERIVATIVE CORRECTIONS to Einstein theory

‘ /(1) -violating
(Cremmer, Julia, Scherk)

I'I dimensions Type IIB o | (Not present in SUGRA)

M-THEORY
/l /){'r
. i ( _ " Mass dimension
WUALITY GROUPS R° d*“R° d* R” (/“ <
. 4y 5 : ~T ‘ > A
SL(2,Z) 108 |REE Saait i o e
SL(2,Z) 9 N-graviton scattering
BB Z S LD 2N s \
A BPS interactions
SO(5,5,Z) 6 rotected by supersymmetry
If-‘fi(li}('r"..-') 5
l""-' (7) ( ’ ) 4
Fas(7) 3 | D space-time
dimensions
Fiy1(Z) sequence WV

on d-torus
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SCALAR FIELDS (MODULI) AND S-DUALITY
groups in 12,
(real split forms) (Cremmer, Julia)

SUPERGRAVITY (low energy limit of string theory):

Scalar fields parameterize a symmetric space G(R)/K(R)

STRING THEORY:

Discrete identifications of scalar fields G(Z)\G(R)/K(RR)
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SCALAR FIELDS (MODULI) AND S-DUALITY

oup eries

(real split forms) (Cremmer, Julia)

SUPERGRAVITY (low energy limit of string theory):

Scalar fields parameterize a symmetric space G(R)/K(R)

STRING THEORY:
Discrete identifications of scalar fields G(Z)\G(R)/K(RR)

DUALITY GROUP G(Z) Only a discrete arithmetic subgroup
of (- (IR )is symmetry of string theory

STRING PERTURBATION THEORY: Expansion around boundary of moduli space

e.g. in powers of ¢, = ¢”

Vertex operators
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SCALAR FIELDS (MODULI) AND S-DUALITY
groups In I/, series

(real split forms) (Cremmer, Julia)

SUPERGRAVITY (low energy limit of string theory):
Scalar fields parameterize a symmetric space G(R)/K(R)
‘.I\ll_:'llr:lI;:‘l
STRING THEORY:
Discrete identifications of scalar fields G(Z)\G(R)/K(R)
DUALITY GROUP G/(Z) Only a discrete arithmetic subgroup

of (- (IR )is symmetry of string theory

STRING PERTURBATION THEORY: Expansion around boundary of moduli space

e.g. in powers of ¢, = ¢”

Vertex operators

acts on complex structure of torus —> 5 /(2. 7)) o4

aT - b a h / ; k }

T — it
cr +d S WORLD-SHEET automorphic symmetries
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HOW POWERFUL ARE THE CONSTRAINTS IMPOSED BY
(MAXIMAL) SUSY AND DUALIT

Investigate the exact moduli dependence of low lying terms in the low energy expansion.
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HOW POWERFUL ARE THE CONSTRAINTS IMPOSED BY
(MAXIMAL) SUSY AND DUALITY ?!

Investigate the exact moduli dependence of low lying terms in the low energy expansion.

Duality relates different regions of moduli space —
Connects perturbative and non-perturbative features in a highly nontrivial manner.
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HOW POWERFUL ARE THE CONSTRAINTS IMPOSED BY
(MAXIMAL) S - AND L m g

Investigate the exact moduli dependence of low lying terms in the low energy expansion.

Duality relates different regions of moduli space —

Connects perturbative and non-perturbative features in a highly nontrivial manner.
CONSIDER SIMPLE EXAMPLE:

| 0-DIMENSIONAL Type IIB - maximal supersymmetry

One complex modulus =0y + Qs
» string coupling constan
Ty A afl+b
DUALITY GROUP S L(2, 7 Q—
c) + d
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HOW POWERFUL ARE THE CONSTRAINTS IMPOSED BY
(MAXIMAL) S - AND L m g

Investigate the exact moduli dependence of low lying terms in the low energy expansion.

Duality relates different regions of moduli space —

Connects perturbative and non-perturbative features in a highly nontrivial manner.
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| 0-DIMENSIONAL Type IIB - maximal supersymmetry
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» string coupling constan
Ty A afl+b
DUALITY GROUP S L(2, 7 Q—
c) + d
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FOUR-GRAVITON SCATTERING IN TYPE || STRING THEORY

e.g.
4 4
AN (e, ki Q) = RYT (5,8, u; Q)
S '_)/\'| y
{ 2k I’.'|
u 2 ky - ky ‘R linearized curvature v Ky Ky €pg
Symmetric function of Mandelstam invariants s, £, © (with s ¢ 4 « = 0).
Has an expansion in power series of 02 — s™ + 17+ u” and o3 — s7 + 17 + w”
(non-analytic pieces are essential, but will be ignored for now)
T(s,t,u;2) = E E(n.q) () o5 03
Py .“1‘2'” F3qg |

Coefficients are 5 /.(2,7) -invariant functions of
scalar fields (moduli, or coupling constants).
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e.g. FOUR-GRAVITON SCATTERING IN TYPE || STRING THEORY
AW (e, k1 Q) = RET(s,t, u; Q)

o

{
U

o
e D

ol &

| ' fvq
ke R linearized curvature ~ Kk, Ky €)q

)
o

Symmetric function of Mandelstam invariants s, 7, u (with s + ¢ 4 © = 0).

) )
Has an expansion in power series of 02 — s™ + 17+ u” and o3 — s7 + 17 + w”

(non-analytic pieces are essential, but will be ignored for now)

T(s,t,u;2) = Z E(n.q) () o5 03

Py .“1‘2'” F3qg |

Coefficients are 5 /.(2,7) -invariant functions of
scalar fields (moduli, or coupling constants).

BOUNDARY DATA: STRING PERTURBATION THEORY 22 o (g 0)
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TREE-LEVEL (VIRASORO AMPLITUDE)

AW (e, k) = g2 R Ty (s, t, )

4 T(1-a's)I'(1 —a')I'(1 — a'u)

r]1(|) — ‘ .‘
g stu I'(1 + o’s)I'(1 4+ o/t)I'(1 + o’u) s"RY ~ d*"R
3 ‘ . 5 2((3)? 3 (7 7
= —+2C(Zi)(v”+g(5)(k’ o9 + C_( ) o' (T;;—I—('( )rv”af
a3 3 2 “
2¢(3)C(D (9 , 2 SR ¢
+ M o'® o203 + ¢(9) a'® oy + —(2¢(3)% + ¢(9)) o’
3 4 “ 27
1o} ,L.'-“J - | u'“)
0 8% + % + u®
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TREE-LEVEL (VIRASORO AMPLITUDE)

A((l/l)(('ra l':'r) = f/:z Rd 71{)("": L, “’)

4 T(1—a/s)I'(1 — a't)T(1 — o'u)

(4) _
g stu I'(1 + o’s)I'(1 + o’t)I'(1 + o'u)
4 L >4 124 8 14
Tree-level SUPERGRAVITY It d" I d” I a”
N { < dwr e am
= — + 2¢(3) o' He(B) A og + 2222 o/ g5 + 22 o7 o2
(T.'{ " 2 =
2¢(3)¢(5) .8 (0 o
+ M (1/’%0'2 o3 + (‘E’l ) o'® o + ﬁ(zg(:;r +¢(9)) o’ ) o5+ ...
' ‘:"H"‘-‘.,
oy = 82 + 12 + u? 10 4 T2 R4
a 8% <= 2 o oY
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GENUS ONE

=

GENUS ONE AMPLITUDE

. s 172
A(l l)((.;., l\i-,-) = — R"l ( ; B, (
16 Jam, Y°
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GENUS ONE GENUS ONE AMPLITUDE

Codr? agrallovar complas
‘A(l (€r, kr) = W R —- B1(s, 1, u;7) ." ‘ bakiustn!
) J M, Y= sStructure 7 L+ 21y

| 2 o fl'{ = ‘ Vertax Soaratn
LS &y e " ,/_\_wl[r{:'\'\ll) 5 L/'-"/"f('("".i) . ', | |

- Lorr. tunctio
=1 i< g e 1on

ireen tunction

Low energy expansion - integrate powers of the genus-one Green function over the torus

and over the modulus of the torus — difficult! (MBG, D' Hoker, Russo, Vanhove)

Expanding in a power series in momenta gives (with o

u

”;] U / H (]- “~1 Z '“’.'ij("(:-i, — ’L’I) Z (J-P’ ""* 9 (pi ’h)(,r)

0<i<j<4
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GENUS ONE GENUS ONE AMPLITUDE

" odr? coral ave
‘A(l ( ral' )— W \, — B st T) .ll .'\ | I |
E JM, YT structure 7 r 4 iy

| 2 o fl'{ = ‘ Vertax Soaratn
LS &y e " ,/_\_wl[r{:'\'\ll) 5 L/'-"/"f('("".i) . ', | |

4 Corr. functio
=1 1< Vil 1on

ireen tunction

Low energy expansion - integrate powers of the genus-one Green function over the torus

and over the modulus of the torus — difficult! (MBG, D'Hoker, Russo, Vanhove)

Expanding in a power series in momenta gives (with o

u

S / H,;-., Y 5yGla - 2) Zn» @i j(ia) (7)
w! U ‘

O<i<j<4

Coefficients of higher derivative interactions

MODULAR INVARIANTS FOR SURFA(
FEYNMAN DIAGRAMS ON TOROIDAL WORLD-SHEET

Coefficients of higher derivative interactions: () / d*1 i
A ‘

s-one generalisation of the 1
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ENUS-ONE EXPANSION (after much work!):

Integrating over T (and dealing with divergences) gives the one-loop expansion:

(4) Tl . N ~2 2 r 14
,'lll = | + 0 o2 4 _ o3+ 003 4 _Ilg('))r?-_:r'?;; .o, ¢
v) b

RY dRA d® R? d® R4 d'0 R4

These coefficients are analogous to the tree-level coefficients:

(4) non—an | .
"|'| ~ slog s o487 log s

D=10 genus-one threshold terms:

arising from the degeneration limit UGRA " stringy
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GENUS TWO

Amplitude is explicit but little studied. Low energy limit

(D’'Hoker, Gutperle, Phong) (D’Hoker, MBG, Pioline, R. Russo)

nrad _
Result; ;\.(,'” ;;‘:( C jr?-_:/:" +4¢(4)o3 R )
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GENUS Two

Amplitude is explicit but little studied. Low energy limit

(D’'Hoker, Gutperle, Phong) (D’Hoker, MBG, Pioline, R. Russo)
4 of 4., ,
Result; ll(_; ; ."l.f( =((4) o2 R4 4 ( !_m;),l:" oL )
d' R o il 3

GENUS THREE

Technical difficulties analysing 3-loops. Gomez and Mafra evaluated
the leading low energy behaviour using PURE SPINOR FORMALISM, giving

|
I : T
A" = g, ( ((6) 03 ) R
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EXTENSION TO N-PARTICLE AMPLITUDES

Very brief summary

* OPEN-STRING TREES: For NV > 4 coefficients of higher derivative interactions
(Yang-Mills) (Mafra, Schlotterer, Stieberger)
non-trivial multi-zeta values (MZV'’s) G ) 2 H /I-{ T
0<ky
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EXTENSION TO N-PARTICLE AMPLITUDES

Very brief summary

OPEN-STRING TR For NV > 4 coefficients of higher derivative interactions
(Yang-Mills) (Mafra, Schlotterer, Stieberger)
non-trivial multi-zeta values (MZV’s) o TR ) Z, l[ k™
() - f’.'|- .._J’.,. ¢ |
First caseis ((5,3) + ... weight w =8
OSED-STRING TREES: For N > 4 non-trivial MZV’s with odd weights arise
(gravity)
First caseis ((5,3,3) + ... weight w | 1

Special values of (single-valued) multiple polylogarithms — also arise in dimensional
regularisation of renormalisable quantum field theories.  Zagier, Brown, Goncharov, .....
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NON-PERTURBATIVE EXTENSION
Focus here on the simplest nontrivial duality group SL(2, %)

AN (e kp; Q) = RYT (s, t,u; Q)

T(s,t,u;) = Z Ep.q) () 05 03

ALl
P.q ~ g4PTOT 4

/) invariant functions

Combine information from:
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CONSEQUENCES OF SUPERSYMMETRY
Consider S L.(2, 7)) -invariant local interaction (Einstein frame)
(yf'n. bﬂ(n) _ (wf)-u‘_,-l / (il().'l’-' e ‘/r_‘j(,rf)(gz) Pé,_,_:?g

Coefficient function c§) + d 2 :
(@)

()
is a modular form SFn(82) Q) +d

{7(1) charge
e.g.
4 1 §]
¢
16 24
BLo |
dilatino
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CONSEQUENCES OF SUPERSYMMETRY

Consider 5 1.(2, Z) -invariant local interaction (Einstein frame) eg. Ul 1) charge
. R’
o™ 8™ = (/Y"1 /ri“);nr'./-‘f,”)(ﬂl)'P._g.”:"._)z )16
. dilatino
Coefficient function () o0 +d\ * o
is a modular form Fn(82) = YT Fa ' (82)

INVARIANCE OF ACTION

S50 3260 20 te, (5O 4 a5 1 )(S® 1 aBSD )=

=10 n=>0

ON-SHELL ALGEBRA

0,0] P = [(‘5(") + o263 -+ ... ,5(”) 4 a’26®) +...]P

o
—
by
"
-~
—
S
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CONSEQUENCES OF SUPERSYMMETRY

Consider 5 1.(2, Z) -invariant local interaction (Einstein frame) eg. Ul 1) charge
. R’
o™ 8™ = (/Y"1 /ri“);nr'./-‘f,”)(ﬂl)'P._g.”:"._)z )16
. dilatino
Coefficient function () o0 +d\ * o
is a modular form Fn(82) = YT Fa ' (82)

INVARIANCE OF ACTION

o0 o0
Y MmN 8M =0 ie, (8O 4+ aP6®) +..)(SO 4+ aPS® 4. )y =0
m=0 =0

Classical SUSY Classical SUGRA
ON-SHELL ALGEBRA

0,0] P = [(‘5(") + o263 -+ ... ,5(”) 4 a’26®) +...]P
a- PO

Q

Strongly constrains the form of S'""/and §("*)
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13

(J(n )
* Low orders

. Slmple examples D ‘/",(;”} Co \/_-[ u+2)

"
MBG, Sethi

Implies LAPLACE EIGENVALUE EQUATION :

DD FM™ = cyusa Fi¥

Consider u — () Aszf,(,_”) = 8(s — l)f,(,.“)

R* n 28 3 Aq t“(u,u;(“)
14 4 .
a K n )8 3] ‘AH((IH)(SZ)

Difficult to implement in general in absence of off-shell superspace formalism.

r)'(()} 'Hu['.";) | rj'(f’.} ,H’“”

‘.’)[:l!“} r‘)-[“),g“;} }(r\i['{),Sr(:’)DII r\)-“;}.g(“) 0

‘ ~(u-+2)
B g

First order differential equations relating term of charge 1. to one of charge w

MBG, Sethi

Modular covariant
derivative
() {l

e, 1820
s




Difficult to implement in general in absence of off-shell superspace formalism.

( 'Ifx f ‘j f)(”] ’H'['J’) ); r‘("'] ’S'[“) [] M[’)(S,SL‘['WI
* Low orders q
(@1 (Tcv e} r»,'[“)’g(”] }Cj[-{)’sf(:’l])} r»,‘(“]’g(“) 0
' ‘ | lulai riant
. S'mple examples 13, ‘/__‘J(}“] Cus ‘/-',[,” +2) T J[jr(ju +2) oyt j[,‘f(’u] i
MBG, Sethi

* First order differential equations relating term of charge «.to one of charge u + 2
Implies LAPLACE EIGENVALUE EQUATION
DDFW = cyubuta F3¥
Consider u — () Aq FP) = s(s — 1) FV
3
e.g. n 28 ) A.(.!.&‘(uu)(“) | ‘((IIJ)(SZ) .
) (4
! 15

n = 28=19 Aq &1,0)(82)

SOLUTIONS: NON-HOLOMORPHIC EISENSTEIN SERIES
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NON-HOLOMORPHIC EISENSTEIN SERIES

- e S .
E s (§2) > H( )25 (Im ~ySe) Poincare series —
ged(p,g)=] ‘/) i G - '-;‘ ) manifest »‘7’-14(21%)

Parabolic subgroup (IIJ :j

» SL(2,Z) invariant (generalises to high 'k dua |
* Solution of LAPLA GENVALUE EQN.
N o L) s(s 1) B (D)
* Fourier series Fes) 2 2: Fi.(£29) cos(2mikSly) .
k=0
» ZEROMODE Kk = () -TWO POWER-BEHAVED TERM turbati
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NON-HOLOMORPHIC EISENSTEIN SERIES

- e S .
E s (§2) > H( )25 (Im ~ySe) Poincare series —
ged(p,g)=] ‘/) i G " . '-; (2 manifest »‘7’-14(21%)

Parabolic subgroup (IIJ :j

e SL(2,7Z) invariant (generalises to higher rank dua

* Solution of LAPLA GENVALUE EQN.
N o L) S(s S 94
*  Fourier series E.(Q) =2 Z Fi () cos(2mik$)) .
k=)
« ZERO MODE K () -TWO POWER-BEHAVED TERM turbati
Fo= Qg+ YT —4KQ2s = 1),
’ ((25)T(s) ;
* NON-ZERO MODES A > () )-INSTANTON SUM
2m |/ | I / | |/ |
7 — |k oas_1(k) Q2 K. 1 (27|k|Qs) livi
" ((2s)0(s) A e |
H'H ?l' Al Lo
= k|* T g2e-1 (k) e72MHE (1 )
¢(28)L(s) !
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NON-HOLOMORPHIC EISENSTEIN SERIES

- e S .
E s (§2) > H( )25 (Im ~ySe) Poincare series —
ged(p,g)=] ‘/) i G " . '-; (2 manifest »‘7’-14(21%)

Parabolic subgroup (IIJ :j

e SL(2,7Z) invariant (generalises to higher rank dua
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N o L) S(s S 94
*  Fourier series E.(Q) =2 Z Fi () cos(2mik$)) .
k=)
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Fo= Qg+ YT —4KQ2s = 1),
’ ((25)T(s) ;
* NON-ZERO MODES A > () )-INSTANTON SUM
2m |/ | I / | |/ |
7 — |k oas_1(k) Q2 K. 1 (27|k|Qs) livi
" ((2s)0(s) A e |
H'H ?l' Al Lo
= k|* T g2e-1 (k) e72MHE (1 )
¢(28)L(s) !
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LOW ORDER INTERACTION COEFFICIENTS

“.*’:{ g(“ﬁ{]) — 2(:(';) E. (Sz) MBG, Gutperle,Vanhove

20(3) gs * By(Q) = 2((3) 052 +4C(2) g0 + Y _(...) oa(k) e~ 2kl 2miked

Kl

Perturbative terms: tree-lev

ON-RENORMALISATION BEYOND |-LOOP FOR R* t = BPS

tl‘” 8(1.{]) — C(r)) ]1?_- (SZ)

2

| T | ey , - P
((5)gd By () = ¢(5) g:° + 3¢(4) g2 + ) _(...) oalk) e~ ?mIkItze2mikih

kA0

Perturbative terms: ee-leve genus-two D-instanton:
NO GENUS-ONE TERM (no '/4-BPS states)

ON-RENORMALISATION BEYOND 2 LOOPS FOR d~ 'R~ ' BPS
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LOW ORDER INTERACTION COEFFICIENTS

“l,.‘i g(ll,{]) — 2((';) Eé (Sz) MBG, Gutperle,Vanhove

2¢(3) gs 2 E3(Q) = 2¢(3) g5 + 4¢(2) g; A (O s e A7 1A8a e drmi st

Perturbative terms: tree-leve genus-two )-instanton:

| T | ey , - P
((5)gd By () = ¢(5) g:° + 3¢(4) g2 + ) _(...) oalk) e~ ?mIkItze2mikih

Perturbative terms: tree-leve genus-two D-instanton:
NO GENUS-ONE TERM (no '/4-BPS states)

NON-RENORMALISATION BEYOND 2 LOOPS FOR d K ' BPS

These coefficients can be obtained by consideration of duality between one- and
two-loop eleven-dimensional supergravity compactified on a two-torus and type |IB
compactified on a circle.
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_ 16 16 o A - T4
NEXTORDER Ol d I ) ,‘/.\.‘-t((l,l)('gz)ﬁ-‘{R

Ew.1)(§2)  NOT Eisenstein series but satisfies INHOMOGENEOUS La

MBG,Vanhove

The square of the

(Ag — 12) Eo 1) (D) (@) (@) = aetaeid

This equation was conjectured by consideration of duality between two-loop eleven-dimensional
supergravity compactified on a two-torus and type ||IB compactified on a circle.

Closely related to the maximal degeneration limit of the ZHANG-KAWAZUMI INVARIANT
(defined in Eric D’Hoker’s talk)
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. 10 6 4y 9 R4
NEXT ORDER O(a’" d* R*) g5 €0,1)(§) 03 R

Ew.1)(§2) NOT Eisenstein series but satisfies INHOMOGENEOUS Laplace equation
MBG,Vanhove

9 The square of the

(o= 12)1& 00 (D) (34(;;) /g:j(.gz)) — coefficient of /1"

This equation was conjectured by consideration of duality between two-loop eleven-dimensional
supergravity compactified on a two-torus and type ||IB compactified on a circle.

Closely related to the maximal degeneration limit of the ZHANG-KAWAZUMI INVARIANT
(defined in Eric D’Hoker’s talk)

Structure also motivated by (but not directly derived from) supersymmetry

THE SOLUTION OF THIS EQUATION HAS SOME WEIRD AND WONDERFULI (PUZZLIN¢ ;) FEATURES
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SOLUTION OF THE INHOMOGENEOUS LAPLACE EQUATION
MBG, Miller,Vanhove

(Mg — 12) f(2) = — (2¢(3) E4())

FOURIER SERIES:

2 A2 N o 2 v y F i d
EQUATION FOR FOURIER MODES : (Q3 97 12 — 4m*n*13) f(§22) = Sn(§22) °§{;ZL’,1‘; ‘
BOUNDARY CONDITIONS : fn(922) = O(Q3), (2 X Weak coupling ().

Weak coupling (TREE LEVEL) power behaviour

Page 48/66



SOLUTION OF THE INHOMOGENEOUS LAPLACE EQUATION
MBG, Miller,Vanhove

(Aq — 12) f(Q?)

FOURIER SERIES: f(£2) > fu(Q22

; 9~ . ‘ Fouri d
EQUATION FOR FOURIER MODES : (25 92 — 12 — 47m*n?Q3) f(22) = S1(22)  of source

BOUNDARY CONDITIONS : [ (§£22) @lleru (29 X Weak coupling

Weak coupling (TREE LEVEL) power behaviour

B, (2o ( Strong coupling

fn(22) = O(

Do’

SUBTLE implication of S L(2, 7)) invariance
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SOLUTION OF THE INHOMOGENEOUS LAPLACE EQUATION
MBG, Miller,Vanhove

(Aq — 12) f(Q?)

FOURIER SERIES: il 94 D Jn($d

; 9~ . ‘ Fouri d
EQUATION FOR FOURIER MODES : (25 92 — 12 — 47m*n?Q3) f(22) = S1(22)  of source

BOUNDARY CONDITIONS : [ (§£22) @lleru (29 X Weak coupling

Weak coupling (TREE LEVEL) power behaviour

B, (o — | Strong coupling

fn(22) = O(

Do’

SUBTLE implication of S L(2, 7)) invariance

These b.c’s determine a unique solution by fixing the coefficient of the solution of the
homogeneous equation, @y, /Y Kz (2m|n|y), for each value of n.
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ZERO MODE - four power-behaved terms :

N 26@)° ~3 ., 46208 i il RGO - Lg
fo(£22) —— Q3 A 20y +4C(4) Q7+ 2 Q7%+ F ()
|

) )
70

3 Non-Perturbative

bo

GENUS 0 |

* ALL PERTURBATIVE CONTRIBUTIONS AGREE WITH EXPLICIT STRING PERT. THEORY CALCULATIONS

*  NON-PERTURBATIVE TERMS 2 X 2 matrix of polynomial coefficients

- 32 7 n-;(\umr\)3 - /
fo'(22) . L r*J{(m|m

315 ‘m. 3

Q2) K;(2m|m

22) K;(2n lrn

(22)

2,7=0,1

Bilinear in Ky, Iy

lrmmilo
(
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ZERO MODE - four power-behaved terms :

- 21 (4 ) P U A o () AN O 6(6) A=3, ™ Ty
‘ . a m ()

3 Non-Perturbative

bo

GENUS () I

* ALL PERTURBATIVE CONTRIBUTIONS AGREE WITH EXPLICIT STRING PERT. THEORY CALCULATIONS

*  NON-PERTURBATIVE TERMS 2 X 2 matrix of polynomial coefficients

32T oo ”1‘)3 — /
fo'(22) — e i g
315 |m|©°

e le)

Q2) K;(2m|m

22) K;(2n lrn

N2)

2,7=0,1

Bilinear in KKy, Iy

-
D

o
A

Behaviour suggestive of charge-zero INSTANTON / ANTI-INSTAR
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ZERO MODE - four power-behaved terms :

= "e.\',‘"l: a LA e Wl an ) -

Jo(§22) —— 15 1 . Q2 +4¢(4) Q" + ==+ ) fi" ()
. . a 70

GENUS () | 7 3 Non-Perturbative

* ALL PERTURBATIVE CONTRIBUTIONS AGREE WITH EXPLICIT STRING PERT. THEORY CALCULATIONS

*  NON-PERTURBATIVE TERMS / 2 X 2 matrix of polynomial coefficients
32T oo m\): -
L < 1 K g (p P g ()
o (§22) IEAME 2 rtd (m|m|Qe) K;(27|m|22) /\.,(Ju\m&l;)
2,7=0,1
Bilinear in g, Iy
€20 X | I.“_"' "l_ ) () |
Behaviour suggestive of charge-zero INS N / ANTI-INS
0., 0 45 ((3)° C(O) Nleo O cancellation of (), term by
B | 72 {2 ' infinite number of “instantons”.
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NON-ZERO MODES: i.j = 0,1
2 X 2 matrix of polynomial coefficients

i (o] Oy \,-/52;{ K _\(31'1' nifls) Z: M7 o, (mn|Q2) Ki(2m|n1|Q22) K;(27|n2|$22)
o n
Constant v, determined by cancellation (n1yn2) # (0,0) |
of the (2, " term in the (2. 0 limit. g (Ina|+[nz])
“BPS INSTANTON PAIR” if |21 + |n2| = |n| = |n1 + ng| (signny = sign ny)
charge = action
“INSTANTON / ANTI-INSTANTON" pair if |71 + [n2| < |n| (sign n
charge < action
/“(Sl_:) | Bl } 'I'l“'ll‘”|‘:":‘!:""‘l, ‘ "‘: C ( “ami|n I{
* Solution can be expressed as a Poincare series:
f(§2) = > P (v42)
v €Tac\SL(2,Z)
where O(2) = ap(§22) zjff-”(il:)f':"””'(‘"' (an (§22)is linear in Ko, K))
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COMPACTIFICATION ON A d-TORUS TO D=10-d DIMENSIONS
MBG, Miller, Russo,Vanhove

Duality symmetry —HIGHER RANK duality groups

,([)} \(I)} 1 r
Epay (7 0) =€, 0y (9); v € Eat1(Z)

, ; (&
(p,q) (P,q

Dimensional reduction of Laplace equations

3(11 - D)(D-8)\ .o
, (D (D) _ a5
R (A = D—2 )émn—'*-“ﬂ
5(12-D)(D—-7)\ .u o : 0F(9)
d' R’ (A(“) - ( D)Z ) é‘{.(;)) = 1&(0,0)9D-6,0 HC(2)0p-7.0
‘ 6(14 — D) (D — 6) ) B
6 4 D (D) (D) P,
d’ R (/—\( ) — D— 9 ) Eo,1) = ~ (é‘(n.n)) v6{3)0D-6.0
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COMPACTIFICATION ON A d-TORUS TO D=|0-d DIMENSIONS
MBG, Miller, Russo,Vanhove
Duality symmetry —HIGHER RANK duality groups

,([)} \(I)} 1 r
(" (r} . \r_ﬁ) (‘. (\rﬂ): ﬁ,r € lf/l/} |(//')

oy (p,q)

Dimensional reduction of Laplace equations

3(11-D)(D-8)\ .(p

. (D (D) _rp_ ¢

Rl (A )_ 1)72 ) é’()‘“) —("-':"." ._[)>

5(12-D)(D-T)\ . e : :

R (A(“) -2 l))z ) é'{.(;)) = 7¢(0,0) 0D-6,0¢ 40C(2) 0p—7.9
: (i(lf’l - ])) (L) —0) ) N\ 2
B D (D) A(D) P

a" R (‘/_\‘( = D—9 ) é‘(n‘l) - (é‘(n.n)) 40¢(3) 0p—6.9)

* Note Kronecker delta terms contribute in “critical” dimensions

(D = D¢ =4+ 6/L where maximal supergravity has L-loop log UV divergences)
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SOLUTIONS: Maximal Parabolic LANGLANDS EISENSTEIN SERIES
(for R*, d' R

Generalisations of SL(2) Eisenstein series to higher rank duality groups in

For a group (& associated with a maximal parabolic subgroup labeled
by a simple root, /7 , with elements

/)J lsq X f'"’;.; ( l’;,{ b1
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SOLUTIONS: Maximal Parabolic LANGLANDS EISENSTEIN SERIES

(for R*, d' R
Generalisations of SL(2) Eisenstein series to higher rank duality groups in

For a group (& associated with a maximal parabolic subgroup labeled
by a simple root, /7 , with elements

) f N\ [ ¢!
l; [ § AN I’.‘;f ( l‘4f| |
“LEVI subgroup’ “Unipotent radical”

\I[‘Ilu'!_ crianguial

Cartan elements

- 28 (wg,H(vg))

c.f SL(2)case “Bis - ‘ ’
. v € P3(Z)\G(Z)

I Z‘ (Im~€2)°

€T NSL(2.2) fundamental weight vector wpg

for a simple root /7.
Choice of maximal parabolic :

2
B.c.s require 16} Y G [ g1 Dynkin diagram
With Levi sub-group
. (o) O o ® —
L Spin(d,d)
1 5 4 ) d d+1
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Lt : . . 3 0 4 L >4
Striking simplifications when s = . s = (forR", d"'R")
G R | LS dARA ‘"C(tl; 1 dSRA Satisfies inhomogeneous
o155 15 (Y, Laplace equation for G
* Encodes STRING PERTURBATION RESULTS in compactified theories.

NSTANTON contributions correspond to wrapped euclidean p-branes that fill out
expected fractional BPS orbits — minimal (1/2-BPS), next-to-minimal (1/4-BPS)
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Lt : . . 3 0 4 l >4
Striking simplifications when s~ . s— _ (forR", d R")
G R | LS dARA ‘"C(tl; " dSRA Satisfies inhomogeneous
o155 15 (Y, Laplace equation for G
* Encodes STRING PERTURBATION RESULTS in compactified theories.

)-INSTANTON contributions correspond to wrapped euclidean p-branes that fill out
expected fractional BPS orbits — minimal (1/2-BPS), next-to-minimal (1/4-BPS)

* Consistency with UNITARITY CONSTRAINTS ON DECOMPACTIFICATION LIMIT:
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- : : : 3 4 L >4
Striking simplifications when s = . s = (forR", d"R")
WG (4 L4 ol G4 Satisfies inhomogeneous
4/ } it/ 5 / / / l g
oy 8 7Y a;;§ 478 (s Laplace equation for G
* Encodes STRING PERTURBATION RESULTS in compactified theories.

)-INSTANTON contributions correspond to wrapped euclidean p-branes that fill out
expected fractional BPS orbits — minimal (1/2-BPS), next-to-minimal (1/4-BPS)

Consistency with UNITARITY CONSTRAINTS ON DECOMPACTIFICATION LIMIT:

Thresholds change their singularity structure as ; — oo, due to condensation
of Kaluza-Klein modes.

)

. 2 &
i.e., change over froms 1, > lto s7; < |

Pirsa: 15040173
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String theory coefficients have log ¢ contributions fixed by duality
- 2¢(3) I 7

« D=8 R 5((:)“) = —=—= + 2(E(T) + E1(U)) & — log gs + non — pert.
' 93 3
tree |-loop oop logarithm
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String theory coefficients have log ¢ contributions fixed by duality
- 2¢(3) I 7

« D=8 R 5((:)“) = —=—= + 2(E(T) + E1(U)) & — log gs + non — pert.
' 93 3
tree |-loop oop logarithm
(7 (5 1 /1677 _
e D=7 d'R’ é,((lt)”) = Q(‘l) +=(..)+(..)A rl log g7 H non — pert.
‘ 9 97 L5
tree l-loop  2-loop 2-loop logarithm
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String theory coefficients have log ¢ contributions fixed by duality

(8 2¢ (3 - . L7
« D=8 R é,((:)“) = Q(., ) +2(Ey(T) + E1(U)) & —- log gs + non — pert.
' g3 2
tree |—|Oop oop | ygal thm
(7 (5 | /1672 _
e D=7 Jd*RA é,((lt){)) = Q(‘l) + —=(...)+ (... )% —= log gz H non — pert.
: g g7 15
tree l-loop  2-loop 2-loop logarithm
‘ e 2¢(3)2 1 | e :
e D=6 'R l é‘((((l )1) = Lh) +—=(..)+=(..)+(..)+HI0((3) log(gs) + non — pert.
| 396 96 96
tree |¥|00p 2-'00[) 3—|OO]:) }-loop logarithm
The coefficients of the logarithms correspond precisely to ULTRAVIOLET LOGS in |

maximal supergravity — here their coefficients are determined by S-duality
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String theory coefficients have log ¢ contributions fixed by duality

(8 2¢ (3 - . L7
« D=8 R é,((:)“) = Q(., ) +2(Ey(T) + E1(U)) & —- log gs + non — pert.
' g3 2
tree |—|Oop oop | ygal thm
(7 (5 | /1672 _
e D=7 Jd*RA é,((lt){)) = Q(‘l) + —=(...)+ (... )% —= log gz H non — pert.
: g g7 15
tree l-loop  2-loop 2-loop logarithm
‘ e 2¢(3)2 1 | e :
e D=6 'R l é‘((((l )1) = Lh) +—=(..)+=(..)+(..)+HI0((3) log(gs) + non — pert.
| 396 96 96
tree |¥|00p 2-'00[) 3—|OO]:) }-loop logarithm
The coefficients of the logarithms correspond precisely to ULTRAVIOLET LOGS in |

maximal supergravity — here their coefficients are determined by S-duality
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