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Abstract: The conventional on-shell techniques of computing string theory amplitudes is not sufficient to compute mass renormalization of massive
states and vacuum shift in string theory. The aim of this talk is to define a suitable off-shell continuation of Polyakov approach. Then this off-shell
continuation will be used to compute mass-renormalization and perturbative vacuum shift in string theory.
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Polyakov prescription

» (Super-)string perturbation theory is based on
(Super-)Riemann surfaces
» Prescription for computing g-loop n-point amplitude

Agn = /M ki, 21 )+ Ve, 2,))

&N

Unintegrated Vertex Operator

Moduli space of genus g, n-punc. Riemann surface

Polyakov

Two loop four point function
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Polyakov prescription

» (Unintegrated) Vertex operators V(k, z) are conformal
primaries of dimension (0,0); These conditions are important
to ensure that scattering amplitude don't depend on spurious
world sheet data.

The same condition (conformal primary of dimension (0,0))
implies spacetime on-shell condition

K+m*=0

To be more precise, this gives tree level on-shell condition for
the scattering states.

But all the massive states receive perturbative corrections to
their masses. As a result we need to correct the on-shell
condition order by order in perturbation theory

Pirsa: 15040172 Page 4/57



Improper LSZ for massive states

Clearly, polyakov prescription does not include proper LSZ
prescription for massive states. This gives rise to BRST anomaly

Sen 1988
Creates obstruction to prove supersymmetric ward identity

Witten 2012
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Factorization of massless amplitude is not sufficient

S-matrix for massless and/or BPS states are well define since
they do not suffer mass renormalization

We can find the renormalized masses by examining the poles
in the S-matrix of massless and/or BPS states.

But this approach is insufficient for those massive states
which don't appear in the pole.

Example 1: SO(32) spinor states in heterotic string theory

Example 2: Winding modes in a toroidally compactified string
theory
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Lessons from Quantum Gauge Theory

Consider mass renormalization of W boson in electroweak theory.
Qualitatively, string theory is very similar to spontaneously broken
quantum gauge theory (though explicit realisation of this idea is
yet to be found). In order to compute, mass renormalization of W
boson

1. We compute off-shell two point function of W boson. This
off-shell two point function depends on the choice of gauge

. We determine the pole of this off-shell two point function to
find the renormalized mass. We discover that pole of the two
point function do not depend on the choice of gauge. Only,
the residue depends on the choice of gauge.

. We then use LSZ prescription to ampute off-shell correlation
function to determine S-matrix element

Lesson : We need to consider off-shell amplitude in string
theory
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Off-shell String theory

If we had a string field theory, then problem of mass
renormalization could have been easily solved. Presently, we
don't have a superstring field theory.

We will follow a Pragmatic approach- We will generalise
Polyakov's approach without worrying about its (super-)string
field theoretic origin.

We will consider vertex operators that do not obey the
on-shell condition i.e vertex operators of conformal dimension
different from (0, 0).

Such an amplitude is not invariant under a Weyl rescaling of
the world sheet metric and as a result it will depend on local
choice of world-sheet co-ordinate near the vertex operators

Vafa; Cohen, Moore, Nelson, Polchinski; Alvarez Gaume, Gomez, Moore,
Vafa; Polchinski; Nelson
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Off-shell amplitudes depend on spurious world-sheet data. In order
to define off-shell amplitudes in string theory we need to introduce
local coordinate system around the punctures on the Riemann
surface where the vertex operators are inserted.

Nelson
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Organising spurious world-sheet data

» Global co-ordinate : z is a reference coordinate system on a
Riemann surface. (It consists of several coordinate charts.)

» Local co-ordinate : w; denote the local coordinate system
around the i-th puncture, related to z by some functional
relation

z = fi(w;)

such that the w; = 0 point gets mapped to

z=2z: {(0) =z
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Off-shell amplitude

» Definition of Off-shell amplitudes

/Mg,,, <f[ fi o Vi(0) >

=1

where f o V(0) denotes the conformal transformation of the
vertex operator V by the function f(w), the correlator ( ) is
evaluated in the reference z-coordinate system

» Off-shell amplitudes don't depend on Global co-ordinate z;. It
only depends on local co-ordinate w;.

Our goal is to show that any physical quantity doesn't depend on
spurious world-sheet data.
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Off-shell amplitude: Using Mathematical jargons

The space of riemann surfaces with local coordinates around
punctures is called decorated moduli space Py .

Off-shell amplitude is integral of a form of degree 6g — 6 + 2n over
a section of decorated moduli space.

A particular section is basically a choice of local co-ordinate.

The goal will be to show that the pole doesn't depend on the
choice of section.
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1Pl diagram in string theory |

» In QFT, we sum over all 1P| diagram in order to compute
off-shell two point function

» But, in closed string theory, there is only one diagram in every
order of perturbation theory

» The single diagram contains both "1PI" and " 1PR"
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wiwp = e 50 0<f<2r, 0<s<

> (N>

Figure : Plumbing Fixture Construction: gluing two genus 1 surfaces
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Closed string propagator

Figure : Plumbing Fixture Construction Il: gluing two genus 1 surfaces
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1P| diagram in string theory Il|

» We can always construct higher genus Riemann surface by
gluing two lower genus surfaces using plumbing fixture
construction

zglanl U Zg2:n2 — Zg1+82:n1+n2_2

We declare this part of the moduli space as 1PR region

» Plumbing fixture construction do not give full moduli space
Mg1+g2,n1+n2—2;

Mgl,nl U Mgzﬂz C Mg1-+-g2,n1-+-n2—2

the rest of the moduli space is declared as 1P| region.

We remove a neighbourhood of separating OM; , from M, , and
declare the rest of Mg , as 1Pl region.
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Gluing compatibility

» On IPR Riemann surfaces the choice of local coordinates is
induced from the local coordinates of the 1Pl Riemann
surfaces which have been glued.

» the local coordinates at the punctures on these Riemann
surfaces can be chosen arbitrarily subject to continuity.

Gluing compatibility condition is motivated from Bosonic String
field theory. This condition is important to ensure that the off-shell
amplitudes satisfy factorization relations.

Zwiebach 1992
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Computing 1Pl amplitude in string theory

Off-shell two point 1Pl amplitude is given by

o0

N=3 x2-2 / (o Vi(0)f o Va(0))

g:l Mg,2

string coupling constant

1PI region of the moduli space Mg >
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Computing renormalised mass

» We will determine the renormalized mass by looking at the
pole of two point function

» the off-shell two point function can be computed using
one-particle irreducible amplitudes

Off-shell two point function A,

— @+ @@+

» The two point (after diagonalization) is given by

1 1 1
Az k2+m2+k2+m2fk2+m2

(200) g (2037)

P

where Z(k) is the wave-function renormalization
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Proving co-ordinate invariance

Under the change of local choice of co-ordinate the off-shell two
point function changes as

Az — L. : (}"-{—6]—")

k2 +m? (k% + m?)?

1 1
= (1+6v(0) (k2 e S % mz)zf)

— 0F = (kK*+ m?)8Y(k)+ Y (k)F(k)

We want to show §Y(k) has no pole at k? + m? = 0. We will
prove it next couple of slides. At the end we will find that

0 Y= Change in 1Pl diagram due to change of local coordinate and
hence free from poles
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» Under the change of local choice of co-ordinate the vertex
operator changes as

5(fovi(0)) = (K24 m?) ¥,

» 6F (61) denotes the change in the off-shell two point
function (1P1) and in order to compute 6.F (6I1) we replace

one of the vertex operators by (k2 + mz)];’,-. Hence
iF = (k2 o m2)'H
N = (k2 + m?) g

by definition 7 is free from any poles at k% + m? = 0

M =38Y(k)+ ﬁé‘/(k)}'(k)
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hence we get

1
sz‘l‘mjf = .7=5Y(k)
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Interpreting the result in string field theory

Two different choice of local co-ordinates can be interpreted as the
field redefinition of string field theory.

Hata, Zwiebach 1993

Also true for 1P| superstring field theory

Sen 2014
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Complicacy with general states

In string theory, at each energy level we have large degeneracy
of physical, unphyscial and pure gauge states.

Under loop correction the physical states would begin mixing
with the unphysical states

From quantum gauge theory, we know that only the mass of
physical states are independent of gauge. The mass of
unphysical and pure gauge state do depend on gauge.

We need to understand what is correct definition of physical
states in order to determine renormalized mass.

We modify the definition of physical states order by order so
that mixing between the physical and unphysical state
vanishes. Then we use this modified definition of physical
states to determine physical states.
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Special states

» special vertex operators to be a set of vertex operators
belonging to those irreducible representations of the symmetry
group SO(D) x G such that there are no unphysical vertex
operator at mass level m transforming in these representations.

» Any state in string theory can be obtained as pole term in
S-matrix element of Massless-BPS-Special states
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Shifting vacuum in string

theory
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The Problem

» In many N = 1 supersymmetric compactification of string
theory down to 3 + 1 dimensions, we have U(1) gauge fields
with Fayet-lliopoulos (FI) terms generated at one loop

» Typically there are also massless scalars ¢; charged under this
U(1) gauge field. If g; is the charge carried by ¢; then the
presence of the Fl term generates a term in the potential of
the form

(qcb’fcbi - Cﬁg)

C is a numerical constant that determines the coefficient of
the FI term. Around the old vacuum, ¢ becomes tachyonic

Dine, Seiberg, Witten; Atick, Dixon, Sen; Dine, Ichinose, Seiberg; Atick,
Sen

Witten; DHoker, Phong; Berkovits, Witten
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» correct procedure to compute physical quantities is to
quantize the string theory around the correct vacuum

» However the new vacuum is not solution of classical equation
of motion and hence conformally invariant world-sheet theory,
is not suitable for carrying out a systematic perturbation
expansion around this new background.

again we will go back quantum field theory first and will try to
generalise some concepts in field theory.
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Observations from field theory

. We expand the fields around the new vacuum, there is no
tachyon in the spectrum

. There is no non-zero tadpole.

3. Feynman diagram around new vacuum can be written as an
infinite sum of Feynman diagrams around the old vacuum

rg\n) (kla oy ¢ km an)

(k1,31,'“kn,3n;0,¢5“'Oaﬁb)

is vacuum expectation value of ¢.
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Two point function n - point function

around new vacuum around old vacuum
Lee; Bardakci, Halpern
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We take this lesson and we add the following term to Polyakov
action

exp {)\fdzz Vis(z,Z; k = 0)]

and we define

Fg\n)(klgals"‘km an) :fM <V(k1,21)---V(kn,zn)e'\fdzzv¢(zﬁf)>

£g,n

Adding this term gives the same relation between l'&") and rg’”).

Now we determine A by demanding that there no massless tadpole
around new vacuum, i.e.

rM(,¢) =0
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r#0)(0, ¢,0,¢,0,,0,¢) 1o, 4,0, ¢)

1 . '
AT49(0,6,0,6,0,6,0,) + MsiT (0, 6,0,4) = 0

=  4AN} -2CKA=0

Pirsa: 15040172 Page 48/57



Field theory toy model

Suppose we have a scalar field ¢ with tree level potential
Ap?
Suppose that loop correction generates a -ve mass® term.
—Cr2¢%*+ -

In field theory, we minimise the one-loop effective potential.
Physically we expect minima at

1C
¢'2=§Zf€§

We expand the action around this minima to compute the physical
quantities around the new vacuum

Coleman-Weinberg
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This requires cancellation between different loop orders and in this
way we can evaluate vacuum expectation value of ¢ in all orders

o0
A —_ Z Anﬁgn+1
=0
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More difficulty in string theory

zero momentum flowing through this node
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Infrared regulator

. We regulate the integral near the boundary of the moduli
space; we put an infrared cut-off

. After combining all the contributions at a given order in string
coupling we need to remove the regulator.

. The infrared regulator depends on the local choice of
co-ordinate
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Results

1. S-matrix and other physical quantities has a finite limit when
take the infrared cut-off to infinity.
we expected it since we determined the vev of the scalar field
by demanding that the tadpole vanishes

. Amount of shift A depends on local choice of co-ordinates.
This is expected because local choice of co-ordinate is related
field definition

Witten 2012

S-matrix around the new vacuum is independent of local
choice of co-ordinate
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Generalisation to superstring

One needs to consider local choice around the Picture changing
operators

Pg,n — Pg,n

Non-splitness of the super moduli space and corresponding subtlety
with the choice of integration cycle

Donagi-Witten ; Sen; Sen-Witten
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Thank you for your attention
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