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Abstract: | will talk about computation of the Witten index of 1d N=4 gauged linear sigma model which describes wall-crossing of BPS states in 4d
N=2 theories. In the phase where the gauge group is broken to a finite group, the index is expressed as the JK-residue integral. Using this result, |
am going to examine large-rank behaviour of the Kronecker quivers which describes the most simplest wall-crossing phenomena. | will also talk
about how the refined Witten indices of quivers are preserved under the mutation process.
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Quiver Quantum Mechanics and Wall-Crossing

Consider 4d N’ = 2 SUSY theories obtained from type |IB string theory
compactifed on CY3

BPS particles come from D3-branes wrapping supersymmetric three-cycles

Worldvolume theory of N BPS particles — 1d N’ = 4 U(N) gauge theory

e (vi,7vj) = k intersection — 1d N = 4 bifundamental hypermultiplet

[Denef, 2002][Denef-Moore, 2007]
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Quiver Quantum Mechanics and Wall-Crossing

Quiver Quantum Mechanics (1d A" = 4 GLSM)
o ¥ = (Ao.x1,%,x3, D, X\, A) and & = (¢, @, 0,0, F,F)?
e Global symmetry : SU(2), x U(1)r (J,1)

e It depends on real parameter ( with

g‘/er

Wall-Crossing in “Coulomb picture”

e When |X — X'| = r large,

_ ¢ () )
Uer = > ( p k)

e At ( €0, bound states become
non-renormalizable. r
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Wall-Crossing in Coulomb branch : MPS formula
Coulomb branch analysis counts the BPS states with multi-centered nature.

[Manschot-Pioline-Sen, 2010,2011]
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Quiver Invariants

Appears when quiver has a non-trivial loop

Invariant under wall-crossing

Singlet under SU(2).

Exponentially large degeneracy

Is there any systematic way to find a BPS index which include all the BPS
states?
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Witten Index of 1d Gauged Linear Sigma Model
Direct path integral of quiver quantum mechanics on S*

Q(y, ¢) = Tr (—1)%y?=="

e Invariant under small deformation
e Integer valued

— fails when there exist non-compact direction

When e — 0, path integral localizes to Cartan zero mode integral u = x3 + iA,.

1-loop determinant reads

vecior __ 1 ' sinh[a(u)/2]
Bhsloon = (2Sinh[2_’2] ) 11 sinh[(a(u) —z)/2] °

(s 13

chiral 1—[ —sinh[(Qi(u) + (Ri/2 — 1)z + fia)/2]
Biloer = sinh[(Qi(u) + Riz/2 + f.a)/2]

/2
where e*/“ =y,
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Witten Index of 1d Gauged Linear Sigma Model

Qy,¢) = ‘\Wl—c| / d D / d"X2.d" X / d"ud" U g1.100p(U., D) ef\ct'v:wcce—;‘?D-—igD

After careful treatment of gaugino zero modes and D-integrals we are left with
residue integral over selected poles. (cf. [Benini-Eager-Hori-Tachikawa, 2013])

cf. 2d elliptic genus

° . i l ‘ . . q
._ 1 r
Qy,¢) = Wel > JK-Resy—¢y (Qn) 81-loop(1.0) d"u
Q.
where
o iy T"D:_:O’", , If n € Cone{Q}
-Res, - —
e Quu) - Qr(v) 0. otherwise

for singularities where r hyperplane meet. [Jeffrey-Kirwan, 2003]

[Hori-Kim-Yi, 2014][Cordova, 2014][Hwang-Kim-Kim-Park, 2014]
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Witten Index of 1d Gauged Linear Sigma Model

Q(yk) = ‘\Wl_c| / d D / dr/\o_ dr/_\o_ /drudrﬂ gl_|oop(“.D) ef\ot":wcce—;l-fD?—iQD

After careful treatment of gaugino zero modes and D-integrals we are left with
residue integral over selected poles. (cf. [Benini-Eager-Hori-Tachikawa, 2013])

cf. 2d elliptic genus

. - X l ‘ . . i
._ 1 r
Qy,¢) = Wel >~ JK-Resy—¢y (Qn) 81-ioop(1.0) d"u
Q.
where
o Iy T"D:_t@". , If n € Cone{Q}
-Res, - —
: )Ql(”) - Qr(u) 0. otherwise

for singularities where r hyperplane meet. [Jeffrey-Kirwan, 2003]

[Hori-Kim-Yi, 2014][Cordova, 2014][Hwang-Kim-Kim-Park, 2014]
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Quiver Quantum Mechanics with Large Rank

e Scaling behaviour?

For quiver invariants, we expect blackhole like degeneracy (log Q ~ N?).

What about multi-centered states?

e Mutation equivalence?

—Yk =K
L
pk(vi) =
Vi + [bii]+ vk otherwise
—Yk =K
R
Hk (HJ) —
Vi + [bik]+ Yk otherwise

Basis change of charge vectors
— Nontrivial equivalence between moduli space of two different quivers?

— How does "quiver invariants” transform under mutation?
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Mutation transformation

Y2 +ky,

[Gaiotto-Moore-Neitzke, 2010][Alim et al., 2011]
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' Large Rank

Quiver Quantum Mechanics wit

e Scaling behaviour?

For quiver invariants, we expect blackhole like degeneracy (log Q ~ N?).

What about multi-centered states?

e Mutation equivalence?

—Yk =K
L
k(i) =
Yi + [bri]+ Yk otherwise
—Yk =K
R
Hk (HJ) —
Vi + [bik]+ Yk otherwise

Basis change of charge vectors
— Nontrivial equivalence between moduli space of two different quivers?

— How does "quiver invariants” transform under mutation?
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Kronecker Quivers

Bound state of v = M~; + N2 with (11.72) = k

Exhibits simplest wall-crossing with two chambers (1 > 0, (1 < 0.

Compact moduli space when M, N are mutually co-prime

(o123 ke M x CVdt - & = 1} /S(U(M) x U(N))

Dimension of classical moduli space

dimMm oy, = k-M-N—(M* + N*> — 1)

Reineke formula [Reineke, 2003]
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Witten index of Kronecker Quivers

There exists a class of quivers that only rank r = M + N — 1 poles contributes
d F—(k-1d+1) = [ d1 j&e—— d |

Each residue integral of non-degenerate pole contributes to the Witten index

sinh[(f,(ai) — f (a sinh| (gk a;) — gi(ai))/2]
H smh[(f (a;) — fq(a;) — 2) 2] H sinh[(gk(ai) — gi(ai) — 2)/2]

sinh[(fp(ai) — gk(a;) - 2)2]
>< fpllu sinh[(f,(ai) — gk(ai))/2]

— 1 in the Witten index limit z — 0

Witten index can be computed by counting number of contributing poles
recursively.

[H. Kim, 2015]
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Counting Witten Index of Kronecker Quivers

Such iterative counting procedure is encoded in the recursion relation

- k=1

k k ok k k ¢k k

i = ( 1 ) Z farfay o+ oy l+( 2 ) Z oy Fa
ay, e ,a ay

yt s @(k—1)
a;j=n S aj=n

Define a generating function fi(x) = >_ 7, fXx", it satisfies the algebraic
equation

fu(x) = x(1 + fi(x)*D)l=D

[Weist, 2009]
From this,

k (k—1)*d + (k — 1)
2d k-nd+1y = -1 = G g1 1) d—1
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Mutation and Quiver Quantum Mechanics

v, +ky, v, +ky

e 1d Seiberg-like duality

e Cluster algebra of 4d N = 2 theories
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Autation and Quiver Quantum Mechanics
Mutat | K Q t Mec|

Definitions
—Yk i =k
pe(yi) =
Vi + [bki]+ Yk otherwise
— P i
R
pk (i) =
Vi + [bik]+ 7k otherwise
—b; Ni=kokj=K
pk(bij) =
bij + sgn(bik)[bik bkj]+ otherwise

—Nk -1~ Zj[bkj]:»Nj l [ k

pk(N;) =
N; otherwise
" — Ny + S_,i[bjk] : NJ' i =k
“k(Nf') —
N; otherwise
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Test of Mutation Equiva
Example : (11N) quivers

ence

=G4 [ =) — & o

b= N N c-N
I/ \ f/ \ h/ \
| — | — ] | — ]|
bec—-a - ; a be-a
o +bE, ' ' C &, &+,

Chamber structure of (11N) quiver
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Test of Mutation Equivalence

Prototype of left/right mutation : 1d SQCD

’ N, »N,-N)=> N, | & | N, e N je— N, | =5 | N (N, =N )= N,

I | "o

—smh (ai —a — 2) 7]
JK-res¢so g(u,2) = Z H smh (a; ~j? )/2]
AcC(Nr Ne) i€A i

JE—-

XHH —sinh[(—aj + bs + (Rr + Ra)z/2 — z) /2]
i€cA g=1 S'nh[“?*bi—l—(}?er-Rz') 2]
_ Z H_S'”h[—3f-r?,—z /2]
. + 2
cC(Nf Nf —N.) i€A sinh[(—a; + a/)/2]
jeA’

HH —sinh[(aj — bg — (R, + Rr)z/2)/2]
15|nh(aj,—b;+(2—R — R)z/2)/2]

jeA’ B

H H—smh [(—aa + bg + (Rs + Rf)z/2 — 2)/2]

i sinh[(—aa + bs + (R + Rf)z/2)/2]
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Test of Mutation Equivalence

Prototype of left/right mutation : 1d SQCD

[ N =N, =N_—> N,

AN

JK-res¢~o g(u,z) =

N le— N |je— N, | = |N =N,-N )N,

"o

Z H —sinh[(a; — a; — 2)/2]
Slnh [(ai — a;)/2

ACN,NC)N-A j)/2]
Ji—

—sinh[(—a; + bg + (Rf + R:)z/2 — 2)/2]
><Hl_[

g sinh[( -?,-*-b-f+(Rf+R)22 /2]

+ a:)/2
e C(Ng,Ne —Nc) I,h}l Stnh[ —a; + a;), ,_]
j-—

I IN-[ —sinh[(a; — bs — (R. + Rr)z/2)/2]
- sinh[(aj — bs + (2 - R.— R¢)z/2)/2]

JEA' B

H 1—[ —sinh[(—aa + bg + (R, + R¢)z/2 — 2)/2]

i B sinh[(—aa + bg + (Ra + Rr)z/2)/2]
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Test of Mutation Equivalence

N ) c-N)
b ( — b (
I _p | | jf— ]
a be—-a

N ) (c-M
| | _ / \
/ / | l
__________ —
) { ( A — re| (
a . ¢
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Test of Mutation Equivalence
N ) c-N)
b ¢ = b (
) S | Je———ni |
a be—a

N) (c=M
| | _ / \
! | / | ]
__________ -—
) { ( ) & o
o J a
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Mutation of (11N) Quivers

// |
v v 7

Right mutation : Q(I1) = Q(IV') and Q(IlI) = Q(I")
Left mutation : Q(I) = Q(III") and Q(IV) = Q(II")

Superpotential is generic.

Under the assumption .
P ( There is no 1-cycle nor 2-cycle.

Mutation map is well defined for quiver with loops and can be done indefinitely.

[Kim-Lee-Yi, 2015]
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’ /
I n

\
\
v \ ' /
% v /
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Mutation Map for Quiver Invariants
MPS formula [MPS, 2012]

E Coulomb ¢ -
QQ(K) ~ Z QQI»’{%‘?;}(KP) X H QQp‘lrwariant
G=3, G b

Example :
(“llllllll]]ll Coulomb
1,1,3 3 A 1,1,3 5
3510 = (Qz ) X 50| X1+ (93.5.10) x 1
Inv
3 1| |
19/ 'Y = ¥R (| K SR )
1 — I EEa S —>
1 —( 1
i3
o+
Mutation map for quiver invariants?
] — 204 —BHA (¢
Qq| = lim lI‘L:(Jl)My 25 g=BHQ(¢=0)

Inv
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Mutation Map for Quiver Invariants
MPS formula [MPS, 2012]

. Coulomb ¢ ~
QQ(Q) s Z QQI»’{%‘;}(KD) X (H QQp‘lnvariant
Q=3, G b

Example :
Coulomb Coulomb
1,43 3l A 1,3 5
Q3510 = (Qz ) X Q3.5.104 X1+ (93.5.10) x 1
Inv
3 N
12/ ’Y > YR e | ¥ o | N 2
1 — I EEa S —>
1 —> 1
3
+
Mutation map for quiver invariants?
. — 214 ot ‘
Qq| = lim lrp(—l)zhy' 25 g=BHQ(¢=0)

B—oc
Inv
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Mutation Map for Quiver Invariants
MPS formula [MPS, 2012]

- Coulomb ¢ -
QQ(K) ~ Z QQI»’{%‘?;}(L.p) X H QQp‘lnvariant
-3, Qp b

Example :
Coulomb Coulomb
1,1,3 1,1 1.0;0 1,3 5
237510 = (Qz ) X 3’500 X1+ (93.5.10) x 1
I Inv
:. 3 3 ) ! (
IE/ ‘V : RS + 4 1) 4 \ 2
1 — I EEa —>
1 — 1
3
&
Mutation map for quiver invariants?
S 2J3 21+2J3 —BHQ(¢=0
Qq| = lim Trp(-1)""y 3¢~ PHQ(¢=0)

B—oc
Inv
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Mutation Map for Quiver Invariants

For given mutation rule of ~;, there is another natural choice of mutation map

for dimension vector. [MPS, 2013] For ' = >_. N;vi, we can impose

i
C+ [{vk, D]+
=

M+ [T, 70 ]+

They reduces to

N;

We checked that “quiver invariant” is invariant under ji, which maps a quiver

to a quiver.

F=nyw, neld,

otherwise

FN=nmw, nelZ,

otherwise

—Ni +min (3, [b] Nj. S, (b)) i =k

otherwise
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Summary

We derived an index formula for 1d GLSM with at least N = 2.

Using this method, we have shown that the index of Kronecker quiver
grows with ~ e at large rank.

Mutation equivalence has been checked with quivers with loop.

We extracted the quiver invarints using MPS formula, and checked its
transformation rule under mutation map.
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