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Abstract: The elliptic genus of K3 and its decomposition into characters of the N=4 superconformal algebra of associated conformal field theories
can be viewed as the outset of Mathieu Moonshine. Thus, extended supersymmetry induces additional properties of the elliptic genus, which so far

lack a satisfactory geometric interpretation. We investigate the implications of this decomposition on geometric structures that underlie the elliptic
genus.
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Introduction 1. The dliptic genus 2. Extending the N (2, 2) superconformal algebra 3. Interpretation
) . y

1. The elliptic genus of Calabi-Yau manifolds

Let M denote a compact Calabi-Yau D-fold, T := T1O0M,

00
" — !\) * * *
where for any bundle E-M, AcE:= P x"ATE, SxE= x"STE

m=0 m=0

Definition
With q := e*™'7, y:=e*™2 for 1, z€ C, Im(7) >0,

ExilT,2) = X(IEq,_y) = / Td(M) ch(Eq )
JM

iIs the ELLIPTIC GENUS of M.
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Let M denote a compact Calabi-Yau D-fold, T := T1O0M,

00
o g * * *

Eq-y =y 2A_,T*®QQ) [A—ygrT* @ A_y-14T ® SgoT* ® ST ] ,

where for any bundle E-M, AcE:= P x"A"E, SxE= x"STE

m=0 m=0
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Eu(r2) = X(Eq-y) = | TA(M)ch(E,.-,)
is the ELLIPTIC GENUS of M.

Katrin Wendland How does extended SUSY affect the elliptic g

Page 6/38



Pirsa: 15040127

Introduction 1. The elliptic genus 2. Extending the N {2, 2) superconformal algebra 3. Interpretation
) 'Y )

1. The elliptic genus of Calabi-Yau manifolds

Let M denote a compact Calabi-Yau D-fold, T := T1O0Mm,

00
" — !\) ¥ * *
where for any bundle E-M, AxE:= P x"A"E, SxE= x"STE

m=0 m=0

Definition
With q := 2™/, y := 2™z for T, z€ C, Im(7) >0,
Em(r,2) = X(Eq-y) = | TA(M)ch(E,.-,)
is the ELLIPTIC GENUS of M.

Katrin Wendland How does extended SUSY affect the elliptic g

Page 7/38









irsa: 15040127 Page 10/38




Pirsa: 15040127 Page 11/38




irsa: 15040127 Page 12/38




Introduction 1. The elliptic genus 2. Extending the N (2, 2) superconformal algebra 3. Interpretation
) . L

Chiral de Rham complex

Definition [Malikov/Schechtman/Vaintrob99]
For open U C M with local holomorphic coordinates z!, ..., zP:
Qﬁf}(U) := Fock space for the fields ¢/, Pj; W, B J B {1 vy D}
| (D copies of a (bc — 3)-system)
where ¢/ « 2/, pj < r.;;, W — dz/, pj < (.)(;zj-).

This yields a sheaf of vertex algebras over M,
the CHIRAL DE RHAM COMPLEX Q$7.
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Introduction 1. The elliptic genus 2. Extending the N = (2, 2) superconformal algebra 3. Interpretation
: LJ

Chiral de Rham complex

Definition [Malikov/Schechtman/Vaintrob99]

For open U C M with local holomorphic coordinates z!, ..., zP:

QSh(U) := Fock space for the fields ¢/, pj; W, P J € {1, vy D}
(D copies of a (bc — 3)-system)

A . ] 3 nl . . (
Where ()} - ZJ. pj > d E;,UI —> dzJ, [)J, > (')(dzf')-

o,
o0z
This yields a sheaf of vertex algebras over M,

the CHIRAL DE RHAM COMPLEX Q$).

Theorem [Malikov/Schechtman/Vaintrob99;Borisov/Libgober00]
H*(M, QSh) carries the structure of a topological N = 2 superconformal
vertex algebra, induced from globally well-defined fields on M,

LR = — :pj8¢i: — :pjc'i@{)f':, 4 = :psz/J:, Q=-— :ij:, G = :pjaqﬁf:.
The elliptic genus Eum(T, 2) is the bigraded Euler characteristic of Q5.
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QSh(U) := Fock space for the fields ¢/, Pj; W, P J € {1 ey D}
(D copies of a (bc — 3)-system)

0,
oz
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Introduction 1. The elliptic genus 2 Ext‘l‘ldil't‘ the N = (2, 2) suporoonformal algahra 3. Interpretation
) . g

2. Extending to N = (4,4) supersymmetry

Assume: D = 2, i.e. ¢ =6 and N = (4,4) supersymmetry.

3 types of N = 4 irreps He with xe(7,2) = sTrx, (yJOqL0—1/4);
VACUUM Hp, MASSLESS MATTER H.m., MASSIVE MATTER 7'£h>0-

5K3(Ts Z) = ' 2X0(T1 Z) + 20Xm.m.(7': Z) + Z AHX!'.'(T',! Z)
n=1
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Introduction 1. The elliptic genus 2. Exandin; the N = (2, 2) supemonformal alguhra 3. Interpretation
) . y

2. Extending to N = (4,4) supersymmetry

Assume: D = 2, i.e. ¢ =6 and N = (4,4) supersymmetry.

3 types of N = 4 irreps He with xe(7,2) = sTrx, (yJoqL0—1/4);
VACUUM Ho, MASSLESS MATTER Hpy.m., MASSIVE MATTER H p>0.

E3(1,2) = —2x0(7,2) + 20Xm.m.(7,2) + D_ Anxn(T, 2)

n=1

f Td(K3)ch(E,, _,)
K3

Conjecture [W13]
Let M=K3. There are polynomials p, for every n € N, such that

oo
IEc:;. y — _OK3XO(TaZ) - TXm.m.(Taz) + Elpn(T)Xn(T: Z)._,
n=
where A, = [, Td(K3)pa(T)= x(pn(T)) for all n € N.
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00
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Introduction 1. The elliptic genus 2. Extending the N = (2, 2) superconformal algebra 3. Interpretation
. - @

Symmetry-surfing: Symmetries of Zy-orbifold CFTs on K3

G: geometric symmetry group of a Zjp-orbifold CET _
with geometric interpretation on X = Tp/Za, Th = (Cz//\

= G = (Z2)* x G,

using_[ég'ikiBB] (Z3)* acts by shifts on A/2A, Gy C SO(3)

e Gp C Gp,, one of three maximal finite groups
Gr, = A, Gy, = 53, Gy = Z%

e our choice of lattice generators A = spanc{ A1, A2, A3, As}
for the corresponding maximally symmetric lattices A is
= spang {(1,0,0,0), (0,1,0,0), (0,0,1,0), 3(1,1,1,1)} ,
spang {(1,0,0,0), 3(-1,v/3,0,0), (0,0,1,0), 2(0,0,-1,v/3)} ,

spany {(1,0,0,0), (0,1,0,0), (0,0,1,0), (0,0,0,1) } .
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Introduction 1. The elliptic genus 2. Extending the N = (2, 2) superconformal algebra 3. Interpretation
. e

Symmetry-surfing: Symmetries of Zy-orbifold CFTs on K3

G: geometric symmetry group of a Zjp-orbifold CET _
with geometric interpretation on X = Tp/Zz, Ta = C?/A

= G = (Z2)* x G,

usinggiki%] (Z3)* acts by shifts on A/2A, Gy C SO(3)

e Gp C Gp,, one of three maximal finite groups
Grny = Ay, Gp, = 53, G, = Z%

e our choice of lattice generators A = spanc{ A1, A2, A3, A4}
for the corresponding maximally symmetric lattices A is
= spang {(1,0,0,0), (0,1,0,0), (0,0,1,0), 3(1,1,1,1)} ,
= spang {(1,0,0,0), 3(-1,v/3,0,0), (0,0,1,0), 1(0,0,—1,v/3)} ,

= spany {(1,0,0,0), (0,1,0,0), (0,0,1,0), (0,0,0,1) } .
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Introduction 1. The elliptic genus 2. Extending the N = (2, 2) superconformal algebra 3. Interpretation
. o

Symmetry-surfing: Symmetries of Zy-orbifold CFTs on K3

G: geometric symmetry group of a Zjp-orbifold CET _

with geometric interpretation on X = Tp/Za, Th = Cz//\
[Jordan1870]
= iy = (Z2)4 X Gp C (Z2)4>4GL4(IF2) = (Zg)4><JA3(; M4,

F4 =A/2A, Gy C SO(3)

using [Fujiki88]
e

® Gp C Gp,, one of three maximal finite groups
G, = Aa, Gp, = S3, Gp, = Z3

e our choice of lattice generators A = spanc{A1, A2, A3, A4}
for the corresponding maximally symmetric lattices A is

= spang {(1,0,0,0), (0,1,0,0), (0,0,1,0), 3(1,1,1,1)},
spang {(1,0,0,0), 3(-1,v/3,0,0), (0,0,1,0), 1(0,0,—1,v/3)} ,
spang, {(1,0,0,0), (0,1,0,0), (0,0,1,0), (0,0,0,1)} .
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using [Fujiki88]
S

e Gp C Gp,, one of three maximal finite groups
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Introduction 1. The elliptic genus 2. Extending the N = (2, 2) superconformal algebra 3. Interpretation
) L]

Symmetry surfing the moduli space of Kummer K3s

Results [Taormina/W11&12&13]

e For the Z-orbifold CFTs on K3 with geometric
interpretation on some X = Tp/Zy (Ta = C2/A), the joint
action of all symmetry groups yields the maximal subgroup
(%2)4 X Ag C Mz,.

Note: (22)4 X Ag is not a subgroup of Mo3.

e There is a 90-dim. space K1 of states common to all
K3-theories that are Z»-orbifolds of toroidal theories.
As common representation space of all geometric symmetry
groups of Kummer K3s, R, carries an action of (Z,)* x Ag
induced from R = 45 @& 45 with irreps 45, 45 of Mya.
Note: There is a twist in this action of the groups
G/\l- G/\.‘:. G/\“ onR1 =15 & (3 S5, 3)
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