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|. Introduction

One of the earliest examples of moonshine, involves
a simple c=12 chiral conformal field theory.

Chiral conformal field theory is deeply related to
even self-dual lattices. In dimension 8 there is a
unique such structure:

E8 root lattice:
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It was discovered long ago that the (supersymmetrized)
theory associated to the E8 lattice exhibits moonshine for
the Conway group. i

More precisely, one should consider the Z2 orbifold
of the theory: °

(X% ') = (=X, —y) .

The orbifolding projects out the moduli, as in the
analogous story with the Leech lattice.
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The NS sector partition function is:

. 1 [ E.04 h 63
ZJ’\YS‘EB(T) - tI'J'\-'S qLu-._.c/Zd - 5 ( "112.5 + 169_::: + 169_1) (T)
n 2 4

= ¢ Y2 4+0+4276q¢"2 +2048q+11202¢%/2 + ...,

, : , r :
The coefficients in the g-series decompose nicely
into representations of the sporadic group Coj.

For instance, 276=276 while:

2048 = 24 + 2024
11202 = 1 + 276 + 299 + 1771 + 8855
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This theory has appeared in various interesting contexts.

boundary

For instance, it is a candidate dual to (chiral?) supergravity
with deep negative cosmological constant.  Wisen
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A more useful way to view this theory, for our purposes,
is as the Z2 orbifold of the theory of 24 chiral fermions.

Then, the partition function is more naturally written as:

1
’a‘.

4
"33

I:\DIP—'

ZNS,fermlon

and the model has a manifest Spin(24) symmetry. If one
considers the dimension-3/2 spin fields interpolating
to the twisted sector, one can show a choice of N=|
supercurrent breaks the symmetry to Coy.
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There is a natural expression for partition functions
Zg="Ir quO_ﬁ

twined by group elements g, as well.
Let €. denote the eigenvalues of g in the 24
€ = €at12s €(2a) = €a, 2q € [0,1/2)

Then the twined partition function is given by:  owan

Mack-Crane

Zns,g(T) = tryg ggho—e/? = ZE H T’ z(, - H H 1+ €,q""2) = Xgs

24 Tra0969
Xg =troag=> "€, €209 = 23 T2 cos(mzs) € {-1,1}, es(g) =ea(g) = 1.
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These are normalized principal moduli for certain genus
zero groups [

Our interest in this theory developed in a somewhat
roundabout way. Eguchi, Ooguri and Tachikawa made the
observation that the elliptic genus of K3 satisfies:

¢(r,7) =8 Zg TO)Q

|
=20 chJ55 (7, v) — 2 chf)q o (1) + 05y An chy)ify 1 /a(T7)

Ay =90 = 45 + 45
- dims of irreps
A, = 462 = 231 + 231 of M24!
A3 =1540=TT0+ 770
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This suggests that there might be more
general relations between exceptional geometric
objects of interest in string compactification, and

examples of moonshine.

There is a famous relationship between
special holonomy groups, and
space-time supersymmetry in string
theory.

E.g. Calabi-Yau threefolds preserve SUSY because

16 = (4,2) ® (4,2), 4=3+1
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Berger classified all of the special holonomy groups arising
in Riemannian geometry. The list giving supersymmetric
string models is not long:

SU(N) Calabi-Yau
Sp(N) hyperKahler

G2 Compact examples first
. constructed by Joyce ~1993
Spin(7)

Worldsheet N=1 is necessary for superstrings. But
compactifications yielding space-time supersymmetry
enjoy an enhanced worldsheet superalgebra.
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The dictionary is roughly

Calabi — Yau <> (2, 2) superconformal algebra
Hyper — Kahler <> (4,4) superconformal algebra
G2 ¢ (1,1) + tricritical Ising

Spin(7) <» (1,1) + Ising >~ SW(3/2,2)

At c=12, the examples which can arise are
Calabi-Yau, hyperKahler, and Spin(7) geometries.

We noticed some interesting properties in elliptic
genera of these spaces, but had trouble making this
precise.
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It turns out the c=12 model I've discussed here is a
simplified playground in which we can make these
observations precise.

2. Enhancing the worldsheet supersymmetry

&

What we are going to do is to view the super-E8 theory as
furnishing an N=(2,2), (4,4), or SW(3/2,2) superconformal
theory. It will be a sort of simplified model realizing (likely)
more symmetries than can show up in generic geometries
realizing these superalgebras.

We will see that each superalgebra is naturally associated
to various sporadic groups.
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The key to enhancing the supersymmetry is to find a
suitable R-symmetry in each case. So for instance, it is
known that N=4 supersymmetry requires an SU(2) R-

symmetry.

In the free fermion description of the*theory, we can
generate an SU(2) by choosing 3 fermions:

J.,; = _ieijkAjAk y ?:,j,k S {1, 2, 3} .

You can check quickly that these have the desired OPE

1 i
Ji(z)Jj(O) ~ z—zéij + ;fijk!]k(o) .

Sunday, April 12, 15

Pirsa: 15040122 Page 15/38



By bosonizing the fermions, writing the currents in
bosonic language, and writing the N=1| supercurrent in
the same way, one can show that one obtains from OPEs

T(H)W(0) ~ — - Wi(0)

The algebra of the supercurrents is then calculated to be:

Wi(2)W;(0) ~ & [% + ST(O)] + 21 [:—2.};..(0) + %a.fk(o)]

W (2)Wi(0) ~ —2i ( 2 a) J0),

_+_
22 2

J(DW;(0) ~ 52 (6 W + e Wi)
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Together with the stress-energy tensor

1 1
1T = —'é)\aaAa = —§8HG3HG

these yield a copy of the N=4 superconformal algebra.

It should be clear that by choosing two fermions and
bosonizing, one could similarly obtain a U(l) current to
extend N=| to the N=2 superconformal algebra; or
by choosing a single fermion, an Ising sector to extend

N=1 to the SW(3/2,2) algebra.
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3. Global symmetries

The Conway symmetry of this theory plays nicely with an
N=1| superconformal algebra. The other superconformal

algebras play nicely with different symmetries.
&

We can think of this in the following way. Choosing a triplet
(doublet, singlet) of fermions out of the 24
present in the theory, is the same as choosing a
3-plane (2-plane, |-plane) in the 24 dimensional
representation of Coy .
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IV. N=4 superconformal moonshine for M22

In the cases that the superconformal algebra has a
U(1l) symmetry, it is natural to write a U(l) graded
partition function:

Z(Ts Z) = TTV(—].)FqL“_C/24yJU

Here,
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We can expand this thing in terms of characters of the
N=4 superconformal algebra.

* The unitary highest weight irreducible representations
are labelled by h, j (eigenvalues of Lo, 5J5).

*There are short (or BPS) representations, with

: 1 -1
J 6{0353 7mT}v

* as well as long (non-BPS) representations, with
-1
h> =5

JE{%alaaT_l}
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The graded characters are given by:

Chﬁ{;ﬁfj(’r, z) = tryn s ((_1)-15.*y~13 qLu—c/24)

We will discuss their form in a moment.

k
Now, we can decompose the graded partition function:

Z(r,z) = 21 chy o +ch} 1 + (560 ch} T4 +8470chy i + 70576 ch) T +...)
+ (210 k5] + 4444 ch)T] + 42560 ch) 7] + ...
2] = 21

We recognize M22 representations: 560 = 280 + 280
c.f. Jeff Harvey 2010, unpublished 2102204
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To understand the modular properties, we need to define
some objects. The characters are naturally written as:

ey 5% (1, 2) = (W1,1(7, 2)) ™ iy (7, 2)

mih,j
Eguchi,
Taormina

BN 7 (m,2) = (W1,1(1,2) 7 @ F I (0057, 2) - O, 24(7, 2))

m;h,j

in the short and long cases, respectively.

1 is given by

2 N mk?, 2mk (¥9°) 7 + (yg") T 4 4 (ygt)
pnig(7,2) = (1)1 43 3 gy e
keZ - yq
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while ¥, ; is a meromorphic Jacobi form of weight | and
index |, given by

\I’lvl(T,Z) = —1

Finally we have used the standard theta functions

.2 N
gm,r('r,z) = Z e(g) qﬂ /4myk,

k=r (mod 2m)

which satisfy
O (T, 2) = O r2m (T, 2) = €(m) Oy (T, —2).
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We can usefully think of the 0 = (0n), 7 —m € Z/2mZ, asa
vector-valued Jacobi form of weight 1/2 and index m.

It satisfies: (1, 2) \fzm\f ) So.6m(~%, %)

=To.0m(T+1,2) &

=0n(r,z+1)=e(m(r+ 22+ 1))0n(r,2+ 7),

where the 2m x 2m matrices S, T are:

2

(89)1",7"" — e( ;;;) e( —Té}-r') , (75)?",7" — e(— I—m) 6.,.’7.1 .
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The object /4 also has interesting modular properties.

We can define its non-holomorphic completion by:

0o —

I:Lm;()(Ts T, Z) = .u'm;()(Ts Z) - e(_

1 §99 e
) —— E Om,» (T, z)f (' +7)7128,, (=7) dT .
Vv2m "y

rcZ/2mZ

This transforms as a Jacobi form of weight | and index m
under the Jacobi group. Here, s.=(s..) is a vector-valued
cusp form (with nontrivial multiplier) under SL(2,Z):

2 1 0
Sm,‘i”(T) = Z e(%) qu fm — __gm,r('ra z)]z:ﬂ-

27t 0z
k=r (mod 2m)
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We can then re-write our graded partition function as:

Z(r,z) = 21ch) g + chy T} + (560 ch) T4 +8470chy T4 + 70576 chy T + ... )

+ (210chy T4 + 4444 ch) T4 + 42560 chy 74 +...)

= (¥1,1(r,2)) 7" (24M3;()(T=Z)+ ) hr(‘*’)gs.r(ﬂz))

reZ/6Z &

Based on the properties we discussed, we see that
h is naturally thought of as a weight- /2 vector-valued

mock modular form with 6 components,
2 of which are independent:

ho=h3 =0, h_y=—hy, h_o = —hy

Its shadow is given by 24 S.
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We know from our earlier discussion that we can view the
CFT as furnishing an N=4 supersymmetric M22 module

ve- @ PVe

r=1,2n=1

So we expect that we can study twined partition functions,
&

Zy(1,2) = (¥11(r,2))7? ((Tr24g) u3.0(7, 2) + Z hy_,.(’r)é;;‘,.(r,z)) ,

reZ/6Z

and the coefficients of the twined h

o0
2 P 2 ¢
her(T) = arg " /12 + Y (Trye g) ¢*" /'

n=1

will naturally be given by characters of the M22 module.
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We checked this explicitly for the first 30 or so coefficients
for all conjugacy classes of M22.

The functions &, = (h,») have interesting mock modular
properties as well.
k
We can define the Hecke congruence subgroups as

To(n) = { (z Z) € SLQ(Z),nlc} .

Then we find that Z, is a weak Jacobi form of weight
zero and index two for the group T'o(og) ,and hq4
are vector-valued mock modular forms of weight |/2
with shadow Tr4(g)Ss.
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V. Sketch of the results for N=2 and a special property

Precisely analogous considerations hold in the other two
cases of interest here.

k
In the N=2 case, there is a decomposition:

Z(r,2) = 23¢hY 7% + e 1% + (770 (chY % + chd(3% ) + 13915 (b7 + cbd5% ) + ... )
(231ch},.j*2+5796ch3:;3+...) (7.11)
=e(HU;L, (2 g0+ (—g # + 7708 + 1301565 +...) (B3 ) +05 _))

+(q- *+231q:+57962q|':!-}-...)93“3) (7.12)

One recognizes irreps of M23 immediately.
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Again, one finds a pair of vector-valued mock modular
forms, and finds twinings governed by mock modular forms
under suitable congruence subgroups of SL(2,Z).

In both the M22 and M23 cases, there is an important
additional property that the special fungtions which arise
here satisfy.

First, let us recall the celebrated genus zero condition of
monstrous moonshine:

“The MT series are Hauptmoduln with only a

/V polar term at the cusp representative of
i-infinity, and no poles at any other cusps.”
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In Umbral moonshine, there is also a special condition
governing the modular forms which arise:

i) ¢'/*mHX (1) =0(1) as 7 — ico for all 7,

. X _ . - . E X_ 2
/ (i) H;,.(r)=0(1) for all  as 7 = a € Q, whenever oo ¢ I'; a.

Following the idea of Duncan and Frenkel, it is then
perhaps the case that the unifying property of the
twining functions in moonshine, is the constructibility
of the functions as Rademacher sums starting
with a single polar piece.
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Are there any analogous special properties for the
functions arising in the M22 and M23 mock modular
moonshine we’ve constructed here?

It turns out that among all of the possible symmetry groups
stabilizing 2 or 3-planes in the 24, the M22 and M23
functions are unique in satisfying:

(i) ql/ﬁhg,,-('r) = 0(1) as 7 — ioo for all r,

(i) hgr(7) =0(1) for all T as 7 = a € Q, whenever oo ¢ I'(0,)c,

(i) qﬁmiLy,J-(T) = 0(1) as T — ioo for all 7,

(ii) F.'.y_j(*r) = 0(1) for all j as 7 = a € Q, whenever oo ¢ I'(0g)cx,

for all g in M22, M23 respectively. (Other groups fail on ii).
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VI. M24 and other groups

Finally, we come to the case of the superalgebra relevant
for compactification on manifolds of Spin(7) holonomy,
which I'll call (by abuse) the “Spin(7) algebra.” It was
connected to manifolds of Spin(7) holonomy by Shatashvili

andVafain 1994. °*

It is a sort of odd algebra, adjoining to the spin-2
stress tensor and the normal supercharge G, a second
spin-2 field and a spin-5/2 fermionic generator:

Ln’ Gn’ Xn7 Mn
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The full set of commutation relations are:

[LnyLim) = (n = M)Lpsm + (n° = n)émin
[Xn, Xim] = §(n° = n)bpim +8(n — m) Xnim
(Lny Xm] = 5(n® = n)dnim + (n = m) Xnim
(Gny Xm) =3 (n+ 3) Gnym + Mpim
(Xn, My = (1.— (n+1) (m+ i) (n+m+ ) (n+m+ g))Gn..m

k
—(-8(n+ 1)+ 4 (n+m+3)) Mpim — 6:GXinim
[LmGrn] = én = TTL) G +m

(
(Lny, M) = in(n+1)Gnym + (3n —m) Mpim
{(GayMp}=2(n*=3) (n=3)6nim— (n+2) Luim + (30— m)Xpnim
(Mo, M} = =§ (2 = §) (12 = }) busm + ($ (m+3) (n+ )
~3(n+m+2) (n+m+3))Lopm+ (16(m+3) (n+3)

—in+m+2) (n+m +3))Xmm —12:LX:nim + 6:CGM:nim
{Gns Gm} = (4n2 - 1)5n+m + 2Ln-+ me
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The NS sector and R sector characters were derived
in our recent paper. There are three massless
representations and two continuous families of massive
representations.

The NS partition function can be expanded as:

16

oo
ot +ay 0} 4oy 1)+ St + 3
ZNs = aoXp -~ + aLX1l % nXo n + CnX L. iin

where:

M24 decompositions:
by = 253, by = 7359, b3 = 95128,...
253 = 253, 7359 =230 2520 7700 770 ® 5544

95128 = 253 © 990 © 990 2 x 1265 © 1771 © 2024 ¢ 2277 @ 3312

¢, = 1771’02 - 35650,03 — 374141’ L 2 x 3520 2 x 5313 © 5544 © 5796 © 5 x 10395, .
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By analogy with our previous constructions, these
can be collected to give the g-series for a 2 component
vector-valued weight |/2 mock modular form:

fl(T) =Q_ﬁ(_1+c1q+02q2 +c:;q3 +...)

= ¢~ 15 (=14 1771q + 35650¢°> + 374141¢" + .. .)

f2(r) = g7 (1 +byg + bag? + bsg® + ..,
= ¢~ 790 (1 + 253q + 7359¢° + 95128¢° +...). X

with shadow 24 S:

Salr) = ez ke (k)" /12 for a = 1,7 and

(

1 k=1,29 (mod 60)
(k) =< -1 k=-11,-19 (mod 60)
0 otherwise

1  k=-7,-23 (mod 60)
ef(k) =14 -1 k=17,13 (mod 60)

0 otherwise
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In this case (as well as the N=2, 4 cases) there are also
groups besides the Mathieu group which can appear.
Unlike the previous cases, here we do not know of a

special characteristic of the twining functions that
distinguishes M24 from the other groups.

k
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CONCLUSIONS

*We can give explicitly realized modules underlying
moonshine relating mock modular forms to sporadic
simple groups.

*The geometry of k-planes in the 24 determines
both the extended superalgebra, and the subgroups
of the Conway group that appear.

*Via the relation between 2d superalgebras and manifolds
of special holonomy, it is tempting to think that these
symmetries (broken to smaller subgroups) underlie the
geometry of some hyperKahler, Calabi-Yau, or Spin(7)
manifolds. But this is difficult to make precise.
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