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X AFCEIISY X OXEIE:

L’'homme qui tire plus vite que son ombre.

The man that shoots faster than his shadow
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" 4
What is the speed of information?

1. The velocity of a particle is unambiguous!

2. For a field/wave there are two natural notions
of velocity: phase velocity and group velocity

. Most undergraduates are told that the phase
velocity can become superluminal without
violating causality, but that the group velocity
is the speed of information and must be
(sub)luminal
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"4
What is the speed of information”

1. It was understood by Sommerfeld shortly
after the invention of special relativity that
the group velocity could become
superluminal without contradicting SR

. Only what Sommerfeld called the (wave)front
velocity needed to be luminal
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Speed of Information
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Speed of Information

r‘\‘.!'/.‘
01

UFront — — "|’|1;1>(-('I" — 00)

irsa: 15040100 Page 13/124



Pirsa: 15040100

Why is it that only the front velocity is
Important?

Instead of using the language of Sommerfeld - lets
derived this from the perspective of quantum field
theory

Relativistic causality is encoded in the statement
that for every operator or pair of operators

(O(2),0(y)] =0, for (x —y)* >0
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Why is it that only the front velocity is
Important?

Lets consider the retarded propagator in a non-
vacuum state
)

Gret(z,2") = —i0(t — t'){a|[O(x), O(y)]|c)

Typically it looks something like

Gret(,0) = —i(1) / o] Gl i)

where (W ( A) depends on the state ‘ (1'>
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Why is it that only the front velocity is
Important?

Lets consider the retarded propagator in a non-
vacuum state
)

Gret(z,2") = —i0(t — t'){a|[O(x), O(y)]|c)
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depents on the state
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Why is it that only the front velocity is
Important?

For simplicity lets assume the state ‘(1‘> Is rotationally symmetric

Gret(z,2") = —i0(t — t'){a|[O(x), O(y)]|c)

Then the retarded propagator takes the form

| "X "OC ”] ) —iEt tkr
(:,.,.1(.;*.0)—m(/)/ (11;/ (‘; — - (,

X

Famous i epsilon prescription for retarded propagator
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Introduce refractive index

Now we can define the refractive index £k = n(w)w

to rewrite this in the form

| o dw n(w)w dn(w)\ e iBtein(er
(r',-l. .0 () { 1[, » " oy, W - ‘
(@, 0) = 101 ),/ ( / (27)3 r (”( ) dw )w““’ (E + i€)?

Famous i epsilon prescription for retarded propagator
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Refractive index analyticity

Now we can define the refractive index A = n(w)w

We now assume that the refractive index can be extended
to an analytic function in the upper half complex plane!

In fact this must be the case since Grvt (;I..'._ ())

vanishes for t<0 and by Titchmarsh’s theorem must be
analytic in the upper-half complex plane
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Refractive index analyticity

The pole contribution is

" dE n(E In(E e eclie
Gret(2,0) U(’)/ : 5 M) (HU‘:) + E- L ))( Et-n{E)r)

Sn* r dE

Physically this is the statement that the retarded propagator

This result was OBVIOUS classically, but its good to derive it from QFT
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Now the punch line

"2 dE n(FE E .
Gret(x, 0) -_m/)/ Lk )(,,(/.;) i )), iE(t-n(E)r)

{*}T.’“’ I (]/',‘

X

Since }.( ]*j) is analytic in the upper-half complex E plane

Then if L < 'I)-(X)I'

we can close the contour of integration in the upper half
plane for which it vanishes since there are no poles/branch
cuts!!
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Now the punch line

To reiterate:

(;..;1(-".“_) ﬁ()(f) / il:_“(l:) (”(/;‘) <+ ]:‘(l“(l‘:)) e tl(t—n(F)r)

872 dE

vanishes outside the light cone defined by
£ & Bl os)r

for this lightcone to lie inside the Lorentz lightcone
we require

Ufront — "1)11;1.\'(‘()(/) = N(—’)C) S 4
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Now the punch line

To reiterate:

Grer(,0) vnm/ ek i) (”u;w /;‘l”“f’)( E(-n(E)r)

72 r dE

vanishes outside the light cone defined by
& e )P

for this lightcone to lie inside the Lorentz lightcone
we require

Ufront — “1)11;1.\'(‘(%) = m P
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Assumptions

To summarise - two assumptions

1. Analyticity of refractive index (scattering amplitude)

2 1 |
Ufront =— '(‘[)lmsv('x') — it ]

imply:

(O(2),0(y)] =0, for (x —y)* >0
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Implications

Both the low energy phase velocity and group velocity can
become superluminal without contradicting causality as
Sommerfeld noted in 1908!

Ufront — (’])lléls(‘('x) — s 1

Pirsa: 15040100 Page 35/124



Since the front velocity is

w(k)

Utront = L1m
k— oc

it is sensitive to high k physics

BT W oo Does that mean i need to know
my UV completion in order to determine how
fast something like a pion propagates?

NO!! as long as you are truly asking
a low energy question
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it is sensitive to high k physics
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my UV completion in order to determine how
fast something like a pion propagates?
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LEEFT

Take two theories with identical interactions, one for
which

w(k) = vk v > 1

S5 = / d*z p* — v* (V)2 + ¢* + ...

and one for which
w(k) = vk for k < A w(k) =~ ck for k> A
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LEEFT

Take two theories with identical interactions, one for
which

wk)=vk v>1

. _ 1D 9 58 ¥
51 — / d 1’.‘1‘ g3 == '(’“(V(ﬁ))“ -+ (,-")1 i

and one for which
wlik) vk for k<A wlk) = ck for £ > A
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It is clear that these two theories lead to indistinguishable phenomenology for any
physics e.g. scattering for which incoming momenta satisfy

k<< A

However only theory 2 leads to a vanishing commutator outside the lightcone
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Speed of Information in EFT

The point is that to answer Sommerfeld’s question of what is the
front velocity, we need to create an initial state with arbitrarily small
time localization meaning

The Fourier transform of this state
has support from modes of
arbitrarily high momenta, meaning
that the initial state cannot be

’ | described in the LEEFT
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It is clear that these two theories lead to indistinguishable phenomenology for any
physics e.g. scattering for which incoming momenta satisfy

k<< A/v

However only theory 2 leads to a vanishing commutator outside the lightcone
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Now the punch line

" dE n(F E B
Crvail; O) —0(t) }/ £ .,!’( ) (}1( E) + /ftl!}( ]j) e tE(t—n(E)r)

87 r dE

Since ]}.( ]5) is analytic in the upper-half complex E plane

Then if A 'I)-(X)f'

we can close the contour of integration in the upper half
plane for which it vanishes since there are no poles/branch
cuts!!
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Now the punch line

" dE n(FE E .
G (2, 0) -—ﬁm/ AL nE) (n(p) + BELUE) iu-nom
. % O I (]/',

Since ]}.( ]*j) is analytic in the upper-half complex E plane

Then if L& 'H-("X;)f'

we can close the contour of integration in the upper half
plane for which it vanishes since there are no poles/branch
cuts!!
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Speed of Information in EFT

The point is that to answer Sommerfeld’s question of what is the

front velocity, we need to create an initial state with arbitrarily small
time localization meaning

The Fourier transform of this state
has support from modes of
arbitrarily high momenta, meaning
that the initial state cannot be
described in the LEEFT
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front velocity, we need to create an initial state with arbitrarily small
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The Fourier transform of this state
has support from modes of
arbitrarily high momenta, meaning
that the initial state cannot be
described in the LEEFT

> &—>
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Speed of Information in EFT

Thus we cannot use the LEEFT to determine the front

velocity
But no low energy physics depends on

what the front velocity 1s!

Theory 1 is acausal, Theory 215 causal yet they lead to indistinguishable low energy

phenomenology
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Kramers-Kronig dispersion relations

334 Chapter 7 Plane Electromagnetic Waves and Wave Propagation—SI \

where P means principal part. The delta function serves to pick up the contrj.
bution from the small semicircle going in a positive sense halfway around the
pole at @' = w. Use of (7.117) and a simple rearrangement turns (7.116) into

I " [e(w') ey — 1 )
E(lw)e, = | — Pr ’ [ — _“—] dw (TI]H)
[y . w — W
The real and imaginary parts of this equation are
1 T Im e(w')e, |, |
Re e(w)/e, 1 +-—=P ’ — dw
™ J 1] (®) (7_ ] ]t))

Jackson, Classical Electrodynamics/

“simple” consequence of Cauchy integration formula

Assumes: Analyticity + Causality
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Speed of Information in EFT

Thus we cannot use the LEEFT to determine the front

velocity
But no low energy physics depends on
what the front velocity is!
: 5 R |
S1= [ dxop® —v° (Vo))" + ¢~ +

Theory 1 is acausal, Theory 2 is causal yet they lead to indistinguishable low energy
phenomenology
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