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Abstract: In General Relativity, gravitons propagate to null directions, because of its well-organized structures. Modifying the gravity theory
dightly, meanwhile, the beautiful structure is broken and gravitons can easily propagate superluminaly. Here, applying the characteristic method,
which is the well-established powerful way to analyze causal structures, the causal structures in Massive gravity and Gauss-Bonnet gravity are
analyzed. We discuss the superluminality, acausality and black holes.
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Causal structures 1in
Massive gravity

Class. Quant. Grav. 30 (2013) 184008, K. 1., Y.C. Ong
Phys. Lett. B 726 (2013), 544, S. Deser, K. 1., Y.C. Ong, A. Waldron
Mod. Phys. Lett. A Vol. 30, Nos. 3 & 4 (2015),
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Gauss—Bonnet Gravity

Phys. Rev. D 90, 044037 (2014)
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Modification of Gravity

- IR physics (cosmology)

Dark energy, Dark matter

Modified
Gravity

-UV physics
Singularity

Quantization

-Modification of Lagrangian @ f(R), |Gauss—Bonnet
-Modification of vacuum state : ghost condensation
-Modification of concept of geometry

higher dimension : Braneworld

other manifold . Teleparallel gravity
- Introducing mass of graviton : |massive gravity
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Consistency Check of modified gravity

O—th order (of cosmology) : FLRW universe without perturbation

Consistency with standard cosmology
DM and DE??

1-th order : perturbation on FLRW background

Consistency with standard cosmology
Consistency with solar system physics
Stability

Nonl inear property

Causal structure
Nonl inear stability

Quantization
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Consistency Check of moditfied gravity

O—th order (of cosmology) : FLRW universe without perturbation

Consistency with standard cosmology
DM and DE??

1-th order : perturbation on FLRW background

Consistency with standard cosmology
Consistency with solar system physics
Stability

Nonl inear property

Causal structure b‘Main topic in this talk

Nonl inear stability

Quantization
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Superluminal mode and Acausality

Super luminal mode Acausal ity
Propagation the speed of which is Pathological causal structure
higher than that of light
time : time
A nght cone nght cone

Closed

: propaga
Super luminal

propagation

space space
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Superluminal mode and Acausality

Super luminal mode Acausal ity
Propagation the speed of which is Pathological causal structure
higher than that of |ight
time : time
A nght cone nght cone

Closed
propaga

Super luminal
propagation

With Lorentz symmetry,

i super luminal modes result in acausality. ———>

But without Lorentz symmetry, space
It is not always true.
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Causal structures

| N

Massive gravity

Class. Quant. Grav. 30 (2013) 184008, K. 1., Y.C. Ong
Phys. Lett. B 726 (2013), 544, S. Deser, K. 1., Y.C. Ong, A. Waldron
Mod. Phys. Lett. A Vol. 30, Nos. 3 & 4 (2015),

S. Deser, K. I., Y.C. Ong, A. Waldron
arXiv: 1504. 7?22?27 (2015), K. I, N. Tanahashi
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Three cases

FP vacuum
Time evolution from any spacel ike hypersurface is unique.
(Cauchy—Kovalevskaya theorem) ciass.0uant.Grav. 30 (2013) 184008, K.1., Y.C. Ons
Any null hypersurface is characteristics. arxiv: 1504.2222? (2015), K.I, N. Tanahashi

Around FP vacuum (Perturbation on FP vacuum)
Super luminal modes. arxiv: 1504.22222 (2015), K.1, N. Tanahashi

Nonl inear regime

i Phyvsics Letters B 726 (2013), 544, S. Deser, K.I., Y.C. Onsg, A. Waldron
Acausal Ity Modern Physics Letters A (2015), S. Deser, K.I., Y.C. Ong, A. Waldron
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FP vacuum 5 [

Spacel ike hypersurface

Class.Quant .Grav. 30 (2013) 184008, K.1., Y.C. Ons /
For simplicity, / p 3

take the vecter normal to hypersuface /// ‘
Any spacel ike hypersurface never / _au .
be a characterisitcs. Oz /Ot

Unique time evolution
(Cauchy—Kovalevskaya theorem) .

Nul | hypersurface o
arXiv: 1504.72222? (2015), K.I, N. Tanahashi 5 7o : normal to
. hypersur face
Check that any null hypersurface is 0 L
a characteristic.
Normal vector to hypersurface is 35
on the hypersurface. :
3 dx?

Take a vector NOT tangent to hypersurface
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Around FP vacuuimm  arxiv: 1504.92222 2015y, K.1. N. Tanahashi

o = f€abcd L— 1—eo’eb(dw"gd -+ ;.ucufd)
1 m2e? (_ebeced+ bee fd 4 befd+3 fbfcfd)J

Perturbation (GW) without matter
Flat background mmp 30 + 31 + 32+ 33 = 0
2
f::f_r:fzzszl

Graviton has mass. Rest frame
2 T c
Perturbative solution: e, = e- = 1 e, =(1+9) e; = (1—-09)

$

Characteristic equations are perturbed.

) = Aexp(iMpp t) My, = m>(581+ 232 + 333)

Null characteristics on FP vacuum ‘ spacel ike, timelike, or null?
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Around FP vacuuimm  axiv: 1504.92222  2015). K. 1. N. Tanahashi

S feabcd[ —e“ b(d Cd_f_w""d)

+ m?> ea(_ebeced_l_ 31_b Cfd befd+ 3. fbefd)J
Ba = 0 mp Charecteristics for helicity-0 and 1 are
generically not null, but spacelike or timel ike.

Charecteristics of helicity—=2 is null.

B3#£0 mp Charecteristics for helicity 1 are
generically not null, but spacelike or timel ike.
Charecteristics of helicity—=2 are null.
Characteristics for helicity-0 are still under analysis
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Around FP vacuurm  arxiv: 1504.22222 2018). K. 1. N. Tanahashi

S = feabcd[ <e“ b(d Cd-f—wwd)
+ m?Ze (ebeced 4 Zebec f1 4 Zebfofd 4 3 f"’f"‘f")J

Ba = 0 mp Charecteristics for helicity-0 and 1 are
generically not null, but spacelike or timel ike.

Charecteristics of helicity-2 is null.
mm) This statement is true in nonlinear

_,33#0 » Charecteristics for helicity 1 are
generically not null, but spacelike or timel ike.
Charecteristics of helicity—2 are null.l
haracteristics for helicity-0 are still under analysis
This seems not generic in nonl inear

One of helicity—2 modes is coupled
with helicity-0 and 1.

Pirsa: 15040099 Page 13/31



Superluminal modes around FP vacuum

Super luminal modes may result in violation of (null) energy condition.

There may be negative energy solutions around FP vacuum.
How to define energy??

In the sense of positive energy theorem,
we need to check ADM energy?

- Need diffeomorphism invariance??

Analyzing Bigravity is (perhaps) better.

Check PET in Bigravity. with N. Tanahashi
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Around FP vacuurm  arxiv: 1504.22222 2018). K. 1. N. Tanahashi

S feabcd[ —e“ b(d Cd+‘-"~""*’d)
4+ m?2 ea(_ebeced+ b Cfd+_€befd+ 3. fbefd)J

B3 = 0 mp Charecteristics for helicity-0 and 1 are
generically not null, but spacelike or timel ike.

Charecteristics of helicity—-2 is null.
mmP This statement is true in nonlinear

_,33#0 » Charecteristics for helicity 1 are
generically not null, but spacelike or timel ike.
Charecteristics of helicity—2 are null.l
haracteristics for helicity-0 are still under analysis
This seems not generic in nonl inear

One of helicity—2 modes is coupled
with helicity-0 and 1.
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Superluminal modes around FP vacuum

Super luminal modes may result in violation of (null) energy condition.

There may be negative energy solutions around FP vacuum.

.anashi
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2 Phvs. Lett. B 726 (2013), 544, S. Deser, K.1., Y.C. Onzg, A. Waldron
Acausallty Moz. Phyvs. Lett. & Vol. 30, Nos. 3 & 4 (2015), S. Desesr. K.I., Y.C. Ong, A. Waldron
In nonlinear regime of massive gravity, acausality appears.
9= dt, " = da, 5 = 8y, f° = da
e = A(z)dt,e! = B(x)dz, e = C(x)dy, e® = B(x)dz
and if all connection are zero, local acausality appears
MG cannot be a fundamental, but should be effective theory.
What is the cutoff scale? kcutorsr = (ﬂ[;l-mb)l’/(a—b) ?7?

Acausal solution is nonlinear zero—mode.
It seems irrelevant to the cutoff of momentum.

We need not only the cutoff scale of momentum
but also the cutoff scale of field value @cutors

We should derive &cutors |
and estimate the energy scale associated with Pcutoff .

Then we can discuss
whether the acausal solution is outside of effective theory.
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Around FP vacuwuin  arxiv: 1504.22222 2015). K. 1. N. Tanahashi

S feabcd[ —e“ b(d Cd_f_w"’“d)

+ m?> ea(_ebec€d+ 31_b Cfd befd+ 3. fbefd)J
B3 = 0O mp Charecteristics for helicity-0 and 1 are
generically not null, but spacelike or timel ike.

Charecteristics of helicity—-2 is null.

,33#0 » Charecteristics for helicity 1 are
generically not null, but spacelike or timel ike.
Charecteristics of helicity—2 are null.
Characteristics for helicity-0 are still under analysis
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2 Phyvs. Lett. B 726 (2013), 544, S. Deser, K.I1., Y.C. Ong, A. Waldron
Acausallty Moz. Phys. Lett. A Vol. 30, Nos. 3 & 4 (2015), S. Desei. K.I., Y.C. Ong, A. Waldron
In nonlinear regime of massive gravity, acausality appears.
fP=dt, ! = da, f° = dy, f? = d=
e = A(z)dt,e! = B(z)dx,e® = C(x)dy,e® = B(x)dz
and if all connection are zero, local acausality appears
MG cannot be a fundamental, but should be effective theory.
What is the cutoff scale? kcutorsr = (ﬂ[;z,-mb)l/(a_b) 77?7

Acausal solution is nonlinear zero—mode.
It seems irrelevant to the cutoff of momentum.

We need not only the cutoff scale of momentum
but also the cutoff scale of field value @cutors

We should derive &cuors '
and estimate the energy scale associated with Pcutoff .

Then we can discuss
whether the acausal solution is outside of effective theory.
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Causal structures
I N

Gauss—Bonnet gravity
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Gauss-Bonnet gravity

action

S = [d'x[s55{ R — 2A + a(R? — 4R4pR*P + RypcpRAPP)} + L)

{ GB terms j Matter oontr Ibution

EoM Gap+ Agas —. = 2K -

Hap := (R* —4RcpRP + ReperR“PE ) gap

— 4{RRag — 2R 50 R e 2R AcpRP + RacpeR R )
Check the characteristic for EoM

Assumption ° /", 5 does not involve the highest order
derivatives of metric
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Decomposition

A hy%ersurface >

o
5,7 are vectors on 2 50

8 8 o
is independent vector from Ty

A
5 (8.r ) o D

Cadz? = dt [/~ 3 /
Projection operator f,/ psyour /
, - /
z )‘ !‘ c— A — A f“f /

Decomposition of vector

Va:Vo:= &4V, , V, := P4V,
T, e T P, i SO, oS . o 7o
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Gauge modes

We have fixed time evolution of g4 . ITooa - Tas . Taso
Remaining variables are looo . Taoo . L'oas
DoF : 1L , (PD—1}) ; (D —01)DS2

Diff. inv. : # of gauge DoF is D

IDol'ooo - 9ol'aoo never appear in EoM. - Gauge modes

I'oas are physical.

Check the characteristics for Iloas !
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General Relativity (OoTaso = — oLoas+ - - )

)
9ol'oas appears only in Foaoz ( = — Rao03=""")
G448 = RoaosA*B27 + ‘ IA 4B.239l0as+ - =0

Characteristic equation
A;.IV.QS’ — goo(h““h v __ ha3h;.1u)

. Ou Ov / 00
hi¥ 1= g™ — gMg™" /g ( Ay, is induced metric of X)

r'! = O[(g*)~Y
1:null direction
z :normal to 1

AOO ald AO;J @3 A;JO ald __ = 0

Nul |l hypersurface g°° =0 h,, = diag (0.1.1,---)

— g"Optt 2 ;9Toii+---=0 (1.1) —component

g%h118 g1 +--- =0 (1.7) —component

C)h 1 1801"0115) (¢,j) —component

All component have the same kinetic term

D(D —3)/2 degeneraclies «m gravitationdl wave
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Gauss-Bonnet correction

Gap+ AQA = 2”2 Tip

HAB - ROQO}BAB'Q:)’—{- e

BOO.a3 - BOy.aj’ - ByO.aé’ —

Ijjul.n.‘i == Al.(j“(jl?,\_‘_.-_,s(h’\n" h..;(‘;h;u/hu.'f o h,\". h..;.-c'ih;uthrf.'i + 2,’,\_“ h-,nh..udhu.i + 2,',\1'//"‘_.«\,]..;:\",:.-{

—2h A RYTREO I — 2RMRTY RO BT 4 2R R ROV W7,

GR: 445:%g9,Tgag+--- =0
\\ Nul | hypersurface
— g®R11 > . T oii+---=0 (1,1) —component
\| goon11 N Bl by e =i (1.7) —component
— g®R1 3. 8 0110i;+ --- =0 (2,7) —component
GB: (AAB?af” — $B48:23) 9I'gas+ -~ - = 0
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Gauss-Bonnet correction Loas ~ 90l 0as3

—gn'! [Z Coii + 2a (Z RikiToii — 2 H,A-,A-l‘c.,_,)] +- -~ =10 (1.1) —component

i.kJd i .k

_r;““h” |:l~.;1, + 2cx (Z RriiIori — EZ [l),k__,.t..l‘(ll_;) ;
kol gk

+ Ba Rikixloi; — Rikikcloi; — Rijinloik +---=0 J
]Zk( 3 J J J k) (1'. *2.) —component

—.(IUUIP H 55_;‘ r_‘()11 + 20 E R}.-IA-NSJ_;' — 21?5.!.-_,’;.- fnll g ol E (Rli_j}.- -+ Rl'jik) fuu.-
k.l I

+4a { 5;j Z (Rik1xTon — Riknulont) (z,7) —component
kel
—+ E (lelg-F()A-_j -+ Rj_le-F(JA-i Rliljf”‘-"-‘) +---=0
A.
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Examplel: All degeneracies are resolved

R;jxi = R0 = O

i1 5 = COij
— g°hr* > Toii+---=0 (1.1) —component
g°%h11>  Toyu+---=0 (1,47) —component

—‘([““hl : [5,_11-(,11 -+ l(l(i_) — l)(' ((’-l‘l Z 11(”\'}\' ] + -a =0
".

. _ (z.7) —component
Characteristic hypersurface is not null.

The speed of graviton is not that of |ight.
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Dynamaical case (spherical ly symmetric case)

RAgUAU? > 0 Subluminal
RogUUP < 0 Super luminal

S — H. Maeda, M. Nozawa (2008)

TisgUAUP > 0 wp R, ,gUAUB

-

IV

0

GB Branch |
T.,gUAUB >0 wp R ,gUU® <O

Evaporating BH

Contraposition of Area—increasing |low
RAogUAUP < O == Superluminal

Graviton can escape from Evaporating “BH” defined by null curves
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Summary of Gauss-Bonnet gravity

In GB gravity, gravitational propagation
potential |ly becomes superluminal.

Causal structure based on null curve is meaningless.
We need to analyze it by using the fastest propagation.

Causal structure is analyzed with method of characteristics,
which is powerful technique.

Killing horizon is the event horizon in the sense of causality.

On spherically symmetric background,

RiagUAUP =0 luminal.

RABUAUB p- ol subluminal. = gravitational Cherenkov
RABUAUB = i) super luminal. = Acausal ity? Need to check it.
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