Title: Galileons and their generalizations
Date: Mar 25, 2015 02:00 PM
URL: http://pirsa.org/15030107

Abstract: <p>Galileons are higher-derivative effective field theories with curious properties which have attracted much recent interest among
cosmologists. | will review their origins, their properties, their generalizations, and some recent devel opments.</p>
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Galileon theories

Effective field theories (non-renormalizable)

L]

« Non-linearly realized symmetries (spontaneous breaking)

e Higher-derivative, vet ghost-free

e Regimes in which non-linearities are important and quantum effects are not
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Origin of modern galileons: The DGP model

3 brane (341 dimensions) in a 5-d bulk
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Origin of modern galileons: The DGP model

3 brane (341 dimensions) in a 5-d bulk

Einstein-Hilbert action on the brane and in the bulk:

M3 . g ME P '
S -).' /ff".\ vV-=GR(G) 4 -)] /’/1.!'\ gR(g) + Sm :
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Origin of modern galileons: The DGP model

3 brane (341 dimensions) in a 5-d bulk

Einstein-Hilbert action on the brane and in the bulk:

M L. M¢ [ !
S .)" /rf".\ v—-GR(G) 4 _)] /r/l.r\ gR(g) + Sy ! |
- . _— . |
| 3
. M? |
Gravity localized over a length-scale:  7e ~ P =3 -
m M: YA
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DGP: 4-d effective action

Integrate out the extra dimension:

| o , .
\_{(r’)rr)“Ur-r t other stuff C L4
Mz 9 3 p
Strong coupling scale A — ~ {m'.\/l}] ¥ ~ (107 km)
1
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DGP: 4-d effective action

Integrate out the extra dimension:

I 9

3 (Om)*0Or + other stuff C £,
Mg 2 3 .
Strong coupling scale A==~ (m2My)'3 ~ (10® km)
1

Decoupling limit:
\l] F 00 .\l;—, ? OO, A fixed

other stuff — 0
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Properties of the P1 lagrangian
Higher derivative lagrangian: [ (()77)3| s

o Equations of motion are still second order:
oL

o7

O

= (0u0ym)* — (Om)* gl g g
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Properties of the P1 lagrangian
Higher derivative lagrangian: [ (’()x)gl |

o Equations of motion are still second order:
oL

O

PP

— ((‘)If(')uﬂ_);) e (DT’)J nor ‘-'l:.--;u_L.n|..-

o Svmmetry under shifts of the field and its derivative: m\z) — 7))+ cH "“,;-f'

Lagrangian changes by a total derivative, equations of motion are invariant,

Like Galilean transformations in particle mechanics: q(t) — q(t) + c <+ vi

v i
L= .)r['
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Galileons

| possible terms in 4 dimensions: I1,, = 0,07, [ t ] —a

: P
Lo {or)” .
E 2
: g
Ls (0m)=(II] ,
2
- I ) 19 [ )
La ‘}'fr).’.':'( I} - [1¥]) ,
5 ; .
£ qu‘)::*(_]] 3T} [IT° 2(11°))
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Galileons

| possible terms in 4 dimensions: II,, = d,0,7, |[...]=Tr(...)

A
L s(0m)",

I p )
L S (0m)7 (11

I ) )
L, ‘}'fr).’.‘l-'( [1}* - [11%])

1 : .
L ‘)ir').".!-“(_” 3T [IT%] + 2[IT°])
L"-"__! |7t

& = (Orn)* - (9,0,7)°
& = (Or)® -30n(8,0,7)* +2(8,0,7)°
(On)* - 6(07)*(8,0,7)? + 8 On(8,0,7)* + 3[(8,0,m)?]" — 6(8,,7)°
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Spherical solutions: Vainshtein Mechanism

Screening through kinetic non-linearities

Tt-lagrangian from DGP

. ] ‘ 1
al i ¥ ) ¥ ) — S Bl
L=-3(0n) — —(0r)Unr+ w1
A? ,\[;',r X
f \
Scale of non-linearities Trace of matter stress tenson
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Spherical solutions: Vainshtein Mechanism

Screening through kinetic non-linearities

Tt-lagrangian from DGP

- P i _) p -_), L 1 ——
L=-30nr) - —(0nr)0Or+ —n1
3 Mpr &
4
f ‘l\.
Scale of non-linearities Trace of matter stress tenson
.\.lrllll't‘l
\ '
O : > I
re~TyY

Solution around point source of mass M:

M
.U,w

P :‘.IB —
~ .\'{H\l VT + const. r < Ry

o .\:{[1):;'- r| reS ]])l'

|
m(r) Vainshtein radins: Ry = *\ (

Non-linearity become important at the Vainshtein radius

v
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Suppressing the 5-th force: Vainshtein Mechanism
5-th force on a test particle, relative to gravity:

4 PO e (3)
{.U r,"{l r }.:f ‘ {]’ ~ ( ’}) r < ‘r". :
= I
|’

Frewton  M/(MZr?)

~ 7 r{:-')
db=®+¢p, T=Ty+ 6T
PR D Ik e e e g |
3(0p)“ 4 A3 (0,0,P — 1, UP) 0" 0" ¢ ‘\__5((),:)’|J-7: : .U:;”[
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Suppressing the 5-th force: Vainshtein Mechanism

5-th force on a test particle, relative to gravity:

) [ 1) . (3)
{'H ,'}’[If'f.;',‘[‘ra ~ (L._) r < ,l'". ;
— !
\

[.'.\;l\kllrll & ‘II\I}JJJJ I i (3)

d=0+yp, T=Ty+0T

.—) I / I 2 -1y
(f.);.'(l):f(l) f],,ur—(l’] (‘}ﬂr-(')’ ’ \._{ (();)_l_lr” 1 ‘(‘)[

3(9¢)* H =

Kinetic terms are enhanced. which means that, after canonical normalization. the

ll>ll|:|i||j.', to 6']' is .\ll]l}lrl"-“«l'll. The non-lineax llrll])]iil‘.'\ scale is also raised.

This is known as a Screening mechanism
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The effective field theory

Non-renormalizable: effective theory with a cutoff A. Must include all terms

compatible with galilean symmetry, suppressed by powers of the cutoff

L~ (Ox)° +

2 I
;\:”“ (l’)ﬂ")_(()()ﬁ')“ a0 W“m{(‘)()ﬁ)”

4 A
' dom
Galileon terms gl \_‘f, Terms with at least two derivatives per field g =

.}

o

A2
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The effective field theory

Non-renormalizable: effective theory with a cutoff A. Must include all terms

compatible with galilean symmetry, suppressed by powers of the cutoff

i 1
(0m)2(00m)™ + ——5— 0™ (00"

Lroiom)Y 4+ —
( ) A.\.’)H _\m' +an

4 A
I 0on d?
Galileon terms el A3 Terms with at least two derivatives per field Qg = F
1 | > R
7 \ . 1 R\ : ‘)
R\
R 3/3 R 3/2 0y v ( ) |
el ( . ) > ] (X ( - ) > ] ' !
I : I ' |
: : 1 : 0, 7 €1
51:1]1('1'_‘ Qg ~ l = 3 ] ’ Qg ~ - | : : (rA)°
\ (TrA) ' (riA)
@ t T »
l H
r o~ r~ Ry
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Non-renormalizable:

The effective field theory

cffective theory with a cutoff A.

compatible with galilean symmetry, suppressed by powers of the cutoff

Source

L~ (0r)° +

;\:"“

4
I}

f
a

Galileon terms gl =

(Om)* (00m)™ +

¥ (00w

rivatives per field g =

Must include all terms

h‘.
dom
\3 Terms with at least two de
]
\' 7 R\
R 3/2
()
] -
1 :
0y, = I .
(rA)° E

/

)

117,

W

-

A2
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Quantum corrections

Non renormalization theorem: the galileon terms receive no quantum corrections!
Can show that an n-point contribution to the quantum effective action contains at least 2n powers of

external momenta, so it can’t renormalize the Galilean term which has only 2n-2 derivatives.

.
'
. » p; % \
-
of I
2 . ' o
1P e i
L4 -
A
v pavi Ve hnvn [ - ‘ ‘ o ‘ ‘ i / ‘ Y f ‘ ok
Ln Bl | (f'w\i"),luf).w lgxt * ° ")u.,, |f)r',,. I “l',\'1{)}l‘.. f)w,,, bint ° '(),u,.f)w,, Hint ) .
. BV P2V i P [ P ; 4] : y i F y 2 y : i
Lnty1~M (,1{.,;]()”:()1,1 Text * * * Qo1 O — 1 Fext O Ovy [ Tint * * * Op,, Ov, Tint)) -

Also: a mass term is not renormalized

» ‘ 2 e 1 ‘ 270 n I OTTL [ ) 4 n
L~ (0On)+m°m® 4 ‘_\_,g”(()n)“(rh):r) } i If) (0OT)
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Appearance in ghost-free massive gravity

graviton mass m
Parameters Planck mass Mp
two additional dimensionless parameters

9 |

M | : m* :
‘)’ / d l“r.\""f q I‘} l Z 'fn ,5“ (l \ /) l”)

—_
4 )

I -

Characteristic Polynomials
] e
S, (M) EAn B18aBo ppAL .. MAs et ., §AD

1A 1
n'(D n)! g

Introduce Stikelberg fields: /},,,, > /J!”, t+ 0, A, 4 H,,.—li, +20,0,¢

/'
huy ~ helicity £2 2poi
Ry —— A, ~ helicity =1 2Dor
relativistic limit m — (
5 DOF S
J ¢ ~ helicity 0 DOF
\
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[Leading operators

S . o 3 j,u;:,,:.*
['he lt';lfllllf; operators carry the scale .\;; — (‘-\[[]”,_]I 3 i L,
Explicitly:
uv.a3 1 ”, NP 1{6cy I 16(8ds + ¢3) (3) ] Sl
'-_!h,.n.l«t" J‘n‘,, i ::!h' — l‘\a'w-]"‘}'l + f\l'j (D) + #\JH ()| + mh,ﬂf‘fj
X tensors: X A
Vp 4
\ v Jll'_: ‘][.--‘ 4’;“}_..;
X (] 7y, — 11, Ax
X' ()2 = [11%]) n — 2 (M) 10, + 2112,
L ==
X ([1)° = 3(11) [11%] + 2 [11%]) me = 3 ((11)° = [11%]) [, + 6 [T0) IT2,, — 6112,
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The leading operators carry the scale

Explicitly:

of 11 LMY
=y € Pl

X tensors:

o My

X (1] 7.,
X2 ([11)*
X ([r1)*

| :
— ;h‘” —4 XV (3) +

I,

‘IIJqu;,,
3 (0] [11%] + 2

-

[Leading operators

2

Az = (Mpm?)/3

li!)!; ll - (D
X \“/(d) +

(IL,,, (o s )

2 (M) I0,,, + 21,

[1°]) n — 3 ((11)° = [1T?]) 10, + 6 [T IT2,

16(8ds + ¢3)

I.‘u!:-:]i
Mp*im
\ "'““)} T —hpr'lj
/ Mp
Ener
£
Mp -+
_\;;'
: n —4=
611%,

They have the following properties, which ensures that the decoupling limit is ghost free

(‘),u‘\'un

v

= ()

\ has at most two time derivatives.

Xo:

) has at most one time derivative,

X, has no time derivatives
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Diagonalized leading operators

._)l(.l(‘_; - 1)

I)iil"_"(l“t‘ili:/.l': h”,, > h,,,, T Hh“, \.’. lf'}“(rf‘)j.t)

O
n

By s ) jw %@ e

. 6(6cg — 1) e (6c3 — 1)* — 4(8ds + c3) , gl
3(dD)° 4 - (o) U ()h)” " il
_ AT (09 ! T 99)* ([M1)? - [11?))
10(6c3 — 1)(8ds5 + ¢3) ) ‘ . -
l : ~(Dd)* 3 3 B - 2 i
10 (96) ([[ [12)[11) + 2[11°) )
| o 2(6es3—1) . 2 o
oT 4 -{)ﬂr){)‘.,i}!”'_

" Mp A3Mp
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Diagonalized leading operators

._)l(.lf‘_; - 1)

l)iél"_"(l“%ili:/_l': h”,, 'h,,,, T Hh’”, T \J' - lf'}“(rf‘)jt)

: h‘m":._r.'x'u wh“ . . i) h,u.‘--\-lx.l_“l‘n | h;” 'I",.'J

,  6(6cz — 1) B (6c3 — 1)* — 4(8d5 + c3) _ > g
3(dD)° 4 St (Od) U - ) 2 (D) ( ’ [T
. AD do) | AG deo)” ( [T] I )

10(6¢c3 — 1)(8ds + ¢3) , .. ~0 ;
- (96)* ((11)?
Ay

+ 4}! 4 —
Mp A :‘ll;'

3(112)(11] + 2(11® )

) Sl
-f)“r;r)‘.,; it

ngitudinal mode is described by Galileon interaction:

Pirsa: 15030107 Page 24/64



Diagonalized leading operators

._)l“(‘_; — 1)

l)iélg(l!]%ili:f_l': h”,, > h,,,, T fl.h”.. T \.’. lr'}“( rfA)j,t )

1 ey 8(8ds + ¢3) wv <(3) 1 b
__)h‘._“." h.s AS h -\,-.-,“ } ,‘\/;nhml

. 6(6cz — 1) , (6c3 — 1)* — 4(8d

3(96)? + _-\_:: (0¢)%0¢ — 4-— T "".;u.,-|-'(|11;-? 11'—')

10(6ey I.ll_\‘lf;‘; tC3) , A 5\2 ; o2 . A
10 (96) ([[ 3ITI21(1T] + 2/11 )

I Cbes— 1 A e
4!! . -{)"r){)‘.,a}!“'_

" Mp A3Mp

ngitudinal mode is described by Galileon interaction:

n general a conformal and a disformal coupling to matter
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Galileons as Wess-Zumino terms

Algebra of galileon symmetries: Gal(3.1/1)

) Y L, —(or)
I’;.rji{;} (. [3“: f
T iy (O “I
5
l " f ,
L ,u‘““[jll [1°])
l},/i.. rg;ll( ‘/J.‘f)‘ .’}J..Ii‘, f}.‘f,'l L‘~ ,“')"f“[fll ' )»” ]Ii 1 _'I]]
Poincare algebra
T ( ’f’.,.i"“
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Galileons as Wess-Zumino terms

Algebra of galileon symmetries: Gal(3.111)

] "
L‘a -‘(i\ )
) 1 .
s Jpw C, B, f
C. (Om)2(M] |
_, L J
L, =(9m)? ([IM]* — [I1%))
! S o 1 L 4 f s D] NowBa = Mg B, M ‘J::\"[‘ill  — 3T + 2(IT° )
Poincare algebra
T — T+ ¢+ bur

Symmetry breaking pattern: Gal(3.1]1) = iso(3.1)

Coset construction: a ]Jl'(nmllll'l' to write the most ;;l'Ilt‘].ll |.‘|:;I;II1‘.;iH]|

invariant under some given symmetry breaking pattern.
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Galileons as Wess-Zumino terms

Algebra of galileon symmetries: Gal(3.111)

i ] ,

) v [—3 (Or)
s Jpw C, B, f

f.‘ ‘,'\H\u “l

g ar)? ([ - [I1%])

l,,/i.. rg;ll( ‘IJ.‘f)A .’}J..Ii‘, H.‘!'I L: ,H‘)""“U” 4 ST IT4] 4 _'I]]
Poincare algebra
T T ( ,} J'”

Symmetry breaking pattern: Gal(3.1]1) = iso(3.1)

Coset construction: a ])l‘(nlw]lll'(' to write the most ;;l'Ilt‘].lI |;|:;];I|15;i:|]|

invariant under some given symmetry breaking pattern.

The galileons are missed by this procedure: they are invariant only up to

a total derivative.
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Wess-Zumino-Witten terms

Chiral lagrangian describes interactions of low energy pions.
]

Uz) = eB® e SU(3), B(z) = —f'z i (x2)\
Spontaneous svmmetry breaking SU(3)rxSU(3)L— SU(3)p .
U(z) = LU(z)R'

Most general low energy invariant Lagrangian:

£ = f2t(8,Ut0"U) + Ly [r(@,Ut0U))? + Ls [tr(8,U10,U)]” -

There is also a term which is only invariant up to a total derivative: the Wess

Zumino-Witten term

. ,\/ d®z %™ Tr [U'O,U U'O;U U U UTQU U'9,,U]
J Br
Small field

/\/ d°z K™ Ty [0, BO; BO, B BO,, B] — \ / d'z " Tr B, B, Bd,BdsB]
J By :

WZW term has fewer derivatives pel field than the other terms, and is not renormalized 'IH]MI|H!_'|1 al

quantization of the coupling gives a deeper reason for the non-renormalization theorem.
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Galileons as Wess-Zumino terms

The galileons are boundary values of invariant 5-forms which can’t be

written as the derivative of invariant 4-forms

\ 4

Problem in Lie algebra cohomology

\ 4

Galileons are classified by non-trivial elements of  H° (Bal(3 + 1.1).

wWZ ‘ "o / 7
“1 ".,.--‘..,1 wirr -s-’- D u., ol
WZ ; i P .
Wiy ’,.f-.,.-' i ( Wy Wy wp w
yW2 p y p N o yf 7
i Jippr W “w B o W p
JWZ i AP A it y?
iy I‘“‘.,.‘.,,y-\,(‘ AW ol £ “ “w p
JWZ ’ A A W A N e
wir I'J”f.‘.,,-r\.\,(' “p “w “ B “ R
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Generalizations of the galileons

The galileon idea is quite general: can be generalized in many

directions and occurs in many contexts

(Review: KH & Mark Trodden arXiv:1104.2088)
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Other kinds of galileons: relativistic DBI galileons

The internal galilean symmetry can be made relativistic:

or = ¢+ b,x* P or =c+b,z* — bFad,w

Combines with spacetime Poincare(3,1) to form Poincare(4,1)

or = —-wh,z"0,m — f“(l)f,ﬁ_ +c+ /JI,,J‘“ - b'mo,m

"y

¥

Poincare(3,1) 51l|1}_:!'n|1[) is represented linearly, the rest is not, so we have spontaneous
breaking Poincare(4.1)— Poincare(3,1)
D possible terms in D dimensions which give second order EOM. Recover galileons in the small field limit.

C, Vv 1+(0r)?,

Ly (] ++* =

Ly = —v ([I)° = [T1%]) — 29* ([=*] — (1] [#%])

[ v (M) + 2 [I1*] = 3[1) [11%]) —~* (6 (1] [#*] — 6 [#°] — 3 ([11)° = [11%]) [#%])
\1.'“__‘ M, =8,0,x, [M"=Tr(I"), [x"]|=0r-I""2.0x

Pirsa: 15030107

Page 32/64



Conformal Galileons

om=c—dm =c—cxlo,mw

. : j | &
O h“.r“ — O h”.;"' + O, (;h".r' — (b x)x"

Combines with spacetime Poincare(3,1) to form conformal group SO(4,2)

Spontaneous breaking SO(4,2)— Poincare(3,1)

Again, D possible terms in D dimensions which give second order EOM

sl l ) 4 )
Lo & oy
2
) PO e
L, ;,l_f i) I.f |
E] ] )5 » » [ » g e d g
L4= ¥ (0h) (10((11]2 - [[12)) + 4((9#)*0 — [4)]) 4 3(07)")
~ 11T /¢ \ 2 l 3 ! r )y P 2 2 r 1]
Cs = e(07)2|=([T)? + 2[113] — 3[IT)[11%]) + (97)*([I1)? - [[12])
w)
OB oy e : I &l
— () ((Or)*|1] ol) (gm)”
[ : 28
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Conformal Galileons: L3 1s Wess-Zumino

e “Dilaton effective action” from proof of the a-theorem in 4-d

¢ The basis of “galilean genesis” scenario as an alternative to inflation. and its generalizations
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Covariant galileons

Coupling the galileons to curved space: o — V
e Minimal coupling ruins the second-order equations of motion.
¢ Adding non-minimal terms restores second order equations:

L2 = /=g (ma7m?)

i T e i

£3 = V=5 (rm*) On

L4 \..-’"Fy (.—.\,—.'\) {'_’Iﬂ ) = 2 (M. ) (m., ™) R

Ls = v—g(m\m?) {{i In)® = 3(Ox) (., ©H)+2 (7., 70w ") = 6 (m, 7 Gy, x")
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Covariant galileons
Coupling the galileons to curved space: o — V

e Minimal coupling ruins the second-order equations of motion.

¢ Adding non-minimal terms restores second order equations:

Ly = /=g (mam)

Ls =+—g(m.y :"\) {{% 1) = 3(0Or) (7.0 HY )42 (:_“" r.,’ ::”"') B (m., 2 Gy mF)

e Breaks Galilean symmetry (but preserves shift symmetry)
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Probe brane construction

3-brane embedded in 5-d Minkowski g oy ' JAL

‘:. r A e
Action should be invariant under bulk Poincare, \ X (z7) ‘

and ll'])-ILIHII'tIi/dfillll.\ of the brane worldsheet

5p XA *r\“‘\-{)_’_(.\

LX* = 8

Fix gauge with a “unitary” gauge:

XH(z)=z", X°z)=n(z)

: o o '
Poincare transformations do not preserve the gauge dp X" = ¥ 2" 4 .x."-.IT }- e
d IT TR N T
but gauge can be restored with a compensating gauge transformation with ~ § Wy Wsm — €
C'ombined transformation is
S pr = Opm + 8T " 20, — 'O m + WP Tt — WO, T + €
Op!T OpT + 0gT w',T Oy € 0yT + w1 WO, T + ¢

P(4.1)=P(3.1) symmetry breaking
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Probe brane construction
Actions are constructed from diff invariants of the intrinsic quantities on the brane:

axX* ax*~ i e

Induced metric P v g e SRR . m——— Yuv Nuv + 0y TO,T
drt Ox ,

gaunge X"(x) 1

extrinsic curvature K,
covariant derivative V,
intrinsic curvature R”

oy

Most general action with relativistic DBI symmetry:

' e SR [ 1

S = /r/ z /—9F (9uv,Vu, R ﬂw,.l\,,,,)
Small field limit will have galilean symmetry

Example: DBI term
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Probe brane construction

Possible terms in four dimensions:

al "‘_ : g &l 5 L v ] i
Lo " Flat brane and bulk Ml 4~ DBI galileons
[.:;; — \ ”]\_' * L (in m)) - 24% ([« -
Ly =/vV-9gR Qv = o + SumBm | W sl biaand
; (61 1 Il

=
|

vV—9KaB

Small field limit

-
AdS bulk. flat bran regular galileons
Small derivative limit L () I
\ 11)[11
Conformal galileons
11
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Probe brane construction

Possible terms in four dimensions:

» "‘— i E s . L v ] i
Lo g Flat brane and bulk M 4~ DBI galileons
C.‘i 4B \"".‘l‘ i’j!\. * L (in M) - 24* ([n* I
L4 = \—"f R Guv = Ty + QT ™ e T1-sHeri)
; (61 1 Il

o
|

5 \ e }\‘r,‘l-:

Small field limit

-B
[ : : .
EAR S e i regular galileons
Small derivative limit General brane metric ‘
Small field limit P ) \ 11
Clonformal galileons covariant galileons
1l
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The general construction

General bulk metric: G 4p(X)

Gauge is fixed with respect to a

chosen foliation

Allzl=a" X'z)=x(z]

[f the bulk metric has Killing vectors: (f;\' \‘ = H’]\';l(.\'} | H! [\,l(\)

Galileons will have a pig :
1 [.”l\. T ni,{_:utllp )l
corresponding global symmetry:

Possible maximally symmetric galileons correspond to possible foliations of

maximally symmetric spaces by maximally symmetric hypersurfaces.

i1 N i [ 175 S, Fwrlbye . N1
= —@ }.‘ ()0, 7+ a Ki(z,m)—a /\, (xz,7)0

um
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More general backgrounds

Possible maximally symmetric galileons correspond to possible foliations of maximally

symmetric spaces by maximally symmetric hypersurfaces:

Brane space:

AdS Flat dS

Ad al :
AdS S Conformal | dS galileons

galileons galileons type |
Ambient space:  Flat X Original | dS galileons
: galileons type |l

dS galileons
ds x x type lll
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dS/AdS galileons

The symmetric galileon in curved space acquires a potential

de Sitter:

. 1 f 1
. 3V-9|@ zt)
3 |
f v [ [-_‘ll ) kT3 )
| . | 0O I8 6
() I1]* Il ) ‘ I
- \ 2 ( 21 L 7l oy
l ) o | Uy
04T (u 'y, oL , O -
U u i
Anti de Sitter:
. 1 |
Lo -)\ [ on } I_.". )
} y i)
L \ ] [ T II:J_I 18 f_JT J
1 ) | 0O I8 6O
= ) Il Il 0 Il
2 \ 2 l 21 L? Lt )= 1
| , P | 1
0L T (u - ) OLT . UET
u i i
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dS/AdS galileons

The symmetric galileon in curved space acquires a potential

3 Imposing Z> svimmetry
de Sitter: hyor . -
l ‘ I
o _;\ {'Il‘]'j L2 ]
' v ! [‘-1_‘| ) e ‘rl )
| . | 0O |= 6
() [1]“ I1 ) I
e \ 2 21 L’ il
l ) ) | Uy
04T (u 0y, LT , O -
(] l (i
Anti de Sitter: 2Lq0 — VBAL3 — ALy
| |
L -)\ ( o { I_.". )
} , |
L v ,‘ T _II:J_I T ] T J
1 y | 0 I8 6O
0 ) I1 11 13 11
= \ 2 \ 21 L? Lt )~ T
: | , 0 . | : 1
0L (u® +=2%%. oLm . O
u u T

2.(_‘3 Y “,\L‘.-, 1 ,\[_‘1
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FRW Cosmological backgrounds

['’he brane can be a general FRW space-time with arbitrarv scale factor a(t)

™
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Coupling to ghost-free massive gravity

Bv adding a dynamical metric to the brane world-volume, we obtain a theory

of massive _|_"|.‘l\'i1\ c‘ull]lll'li to g;l]”l'l)[[x' \"ll.r'l

e Massive scalar/tensor ]lli‘[ll'_\'
e Preserves the galileon symmetries (now acts non-trivially on the metric)

e Still ghost-free ()
_1’]1”,[.!'

Decoupling limit now has galileon-like theories with infinite number of terms:

Mim?* ("0 — o' Ue) < Jmd, .,'1” (075 — 0" 0ds9) ;O T, ™| 4 massive gravity terms
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Higher co-dimensions/multi-field galileons

N-field model can be constructed from a 3-brane embedded in 44N dimensional Minkowski

X*(z) =z*, X!(z)=n'(z)

NAB

0XAoXB

) e U T .
ort  Orv "NAB — Uy t {)I‘” ()r"'f _\'\(_!"“]

Induced metric Ypv

gauge X¥(x) = z#

Most general action with relativistic DBl symmetry:

extrinsic curvature I\':H, Twist connection ig"ﬂ
covariant derivative V, Curvature of normal bundle R’
intrinsic curvature H!"'w‘

S / d*x /=gF £ Vo P s B i i, )

Gus Nuw+0u
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Higher co-dimensions/multi-field galileons

N-field model can be constructed from a 3-brane embedded in 44N dimensional Minkowski

XH*(z) =z*, X(z)=nl(z)

0XAoXB

. 9 19 -
()_r:“ {’)_r" f,\f) -———* ."r}”' .'h”, |‘ l')ll.!.ll (}F,hf

gauge X¥(z) = z#

Induced metric Yurv

Most general action with relativistic DBl symmetry:

extrinsic curvature K/, Twist connection i;"..
covariant derivative V, Curvature of normal bundle R’
intrinsic curvature R",
' | . n )1 ) -
S /f; 2 V=9F (9u0r Vo RS 5s RPy K1)
. Guv=Nur+8,7! 0, 7]

Brane Einstein-Hibert term gives the unique multi-galileon term:

/a{li \ ql=as 4 |.l|f|"' . /r/Lf (o r'J’,.Z'Fr"' T; + ay ff__ ald e |¢J-‘4-'”.‘ _,r'f\ri my MM gl

NAB
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p-form galileons

Actions for p-form fields, with purely second order equations of motion: Wipw... ‘):,\ -'l,u',,.:
LECe BAEH L., k B s £ s .
) Whp.. We 'ﬁ,‘,(_( pWd... oo ]((,w(—;‘.—rr }
Galilean symmetry: r)l;lj,“,.__ = Cpup-.-
")'-4-',“!',\‘-- h.ru',\---

Only works for even p, and in certain dimensions. First non-trivial case is 2 forms in 7 dimensions:

£ Nwhy oW Pwrpu xw*?) — 18(wh Pw,, "W T wyyr )
‘ Javp g X : J X T @X \
36(w WoorWp, W o) + 6(wWup o P wo oy ) + 18(w,,, & Wy p, ol
M '\..,".., \\> Nw" Pw, g \1', 18(wyppw’ )¢ N w""Pwipe ¢
!}‘.-*‘;-.--,--*"" ’ i) J (W™ P : 5 2 _A"II Jy r‘l M .||_¢' o a'\'
Can also have mixed form-degrees, multi-field forms:
Y78 v - T | ) ‘ K T Ly
lf .. %Yaps 7(_()‘”.,\,.[\ "'-)(()f""n.’ ; )
Example: cubic coupling of a scalar to electromagnetism in 4 dimensions
2 ]
s WO T a2 M = s O Tmpe N
L= {F'HP F '”71__“,, .2] . (I,u.r’,,u) —(I _,,} 0,
A,V 112 A A [
] UNTTY 5 I J,ﬂ' I S ] l”[ ¥ l)
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How general are second order equations?
Start with a lagrangian which is a function only of first derivatives of a field TT:
Lo = F(0r)
Let £ be the Euler lagrangian operator that gives the equations of motion
%) d 0

e T Y el
ot Fo@.m) T 90,0,

The following hierarchy gives lagrangians with purely second order equations:
Ly
L‘] — L:né‘cu
L',-_, L"nccﬁnff,n
L‘:{ — L"nfﬁuf-‘ﬁnfﬁn

Terminates after D steps in D dimensions. Last equation has invariance under 7 — f(7)

F(9rn) = (0r)? » galileons

F(0r) = \/1 + (0m)? — DBI galileons
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Horndenski theory

Most general scalar-tensor lagrangian with at most second order

equations of motion for both tensor and scalar.

| general functions of ¢ and X (Od)?

[\.’. (!'H]. (r'(:“. (r'(:”

c\" K (X, o),
[_‘,'ll (:I't“:.\'_rll.ra_

£ G\Y (X. o) (Op)” (V,,T,u).— F R (X, o).

L} ) (,"':.‘ (X.o) |(! |u)". 30¢ PIT“TF‘( :jl_l + 2 ':T’,Jv;,: r\': (i(:",,,,vjfvi"f'!(;"';J X i
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Another path to galileons: soft limits in EFT

Classification of effective field theories of a single scalar

£ = Number of derivatives per field: L, = (09)°F(0™e¢") p=m/n

in—2)4+2
An ~ Df

0 = Order of the soft limit: A~nO(2°) as pfl' — ‘.‘;J’l’

Look for theories with enhanced soft limits (i.e. not obvious from

power counting)

p=0 Trivial free theory (f}r)}‘)]"(r_J} > ((')(':’)!
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Another path to galileons: soft limits in EFT

Classification of effective field theories of a single scalar

£ = Number of derivatives per field: L, = (00)°F(0™o") p=m/n

in—2)42
An ﬂ“}')!

0 = Order of the soft limit: Ar~nOi2") as pfl' - ‘.‘;J’l’

Look for theories with enhanced soft limits (i.e. not obvious from

power counting)

p=1 Trivial free theory (00)2 F (&) = (00')?
p=1 P(X) theory, X = (0¢)*
o =2 soft limit T DBI L~ y/1+(9¢)?
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A special galileon

Yes, the quartic galileon has a higher shift symmetry:

s I p \ l , y [ ) : p I-Jq
£ .)Ir)u_l } ]‘).\l_uhn .I_,,u:‘ (0,0,0)

o 1 ,\Jr‘ "7}‘)‘1'{‘}.‘ )

T, \6

n‘\’r ) ]

Symmetric traceless constant tenson
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A special galileon

Yes, the quartic galileon has a higher shift symmetry:

- I P .. l 4 I_ ) ‘ 4 I-Jq
£ (D) + (do)“ | (L)~ (0,0,0)°
2 12A° . ; |

o0 ,\"”,_J" T — \h.\’ fl“,ur}; O\

Syminetric traceless constant tensor

9 new symmetries close with the 10 Poincare

5 galileon to form a 24 dimensional algebra

What is this algebra? Geometric interpretation?
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A special galileon

Yes, the quartic galileon has a higher shift symmetry:

. I . LD l p y [ ) P 4 I-Jq
£ .)Ir)rl,l - ]‘).\l_uhu .l_ o) (0,0,0)

T 4 st u")‘)( ) r} (i)

Syminetric traceless constant tensor

9 new symmetries close with the 10 Poincare

5 galileon to form a 24 dimensional algebra
What is this algebra? Geometric interpretation?

Freddy and co. came across this theory from completely different angle:

they have exact tree S-matrix
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A special galileon

Yes, the quartic galileon has a higher shift symmetry:

- l ¢ \ D l p I_ ) ‘ 4 I-Jq
/i () + (do)“ | (L)~ (0,0,0)°
- 12A° . 3 |
: st R :
WI0] Siut T = 8 0,000
| \h [T I

Syminetric traceless constant tensor

9 new symmetries close with the 10 Poincare

5 galileon to form a 24 dimensional algebra
What is this algebra? Geometric interpretation?

Freddy and co. came across this theory from completely different angle:

they have exact tree S-matrix
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Higher shift symmetries
Wess-Zumino terms for higher shift symmetries

e.g. N=2 O+ » O+ ¢ 4 l'J.“:" { ‘\‘FJ"-J"-!

J

WZ terms have fewer than 3 derivatives per field:
L1~ ¢
C'_’ P [v:”F
e R .
La ~ .J\—‘”.jv-m- F V20(ViViVid)?
EOM are 4-th order (lower than the expected 6-th order):

0Ly

QO

(V:V:ViVi0)° — 2(V*V;V.0)? + (Vo)

3
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Condensed matter application

Non-relativistic theories with a higher-order dispersion relation

.«,‘2(/?} '\-H-_;/_.'."J - u;l.'] ..

L ~ r_IJJ { H-__:(Tr)'}“J t Hl{:vrd)] '

Can a»be naturally small, so that w® ~ k% ?
Yes: enhanced higher shift symmetry when a,= 0 :
Ly

¢ —> ¢+ c+ 0;x" + 5i;z'a
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Condensed matter application

Non-relativistic theories with a higher-order dispersion relation

‘)

w(k) ~ ”2/_.7‘.3 Fagk®+ -
L~ f.IJJ | ri-_:(Tu}“J b a l{Tm)'
Can a:be naturally small, so that w* ~ k* ?
Yes: enhanced higher shift symmetry when a,= 0 :
d—> d+c+0;x*+ Stz

\ - . . : - 2 2N
Generalize to a higher dispersion relation w* ~ k
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Graph theory construction

Associate a graph to any scalar term:

o emp A<4—> d---do —_— - 4P
. ,r“

The original galileons are the equal weight sums of all connected tree graphs:

o
)
DL P
Bl A

Lo ~ *~——o Lg ~

N r @ B s
SR
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Graph theory construction

Higher order shift galileons are obtained from loop graphs

g. quartic term with 10 derivatives invariant under N=2 shifts:

e.g

¢ o
| S—

10
~ ()I (,J]

22837
ST

XN
LCUY
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Topics I didn’t touch

o Galileon duality

o UV properties/strong coupling regime/asymptotic

fragility /Superluminality /Non-locality

e UV completion not a local field theory (toy model of

quantum gravity)

e (lassicalization
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Summary

e Galileon terms: ghost-free higher derivative scalar theories with extended

svimmetries and many nice properties. It is interesting that they exist at all.
e Connected to higher-dimensional geometry

e They show up in many places (decoupling limits of DGP, ghost-free massive

gravities, dilaton effective actions...), and admit many generalizations

o Probably some deeper geometrical /topological reason for their existence

Page 64/64



