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Abstract: <p>A renormalization group transformation implements a scale transformation while resetting the UV cut-off, so that the theories before
and after the RG transformation contain the same degrees of freedom, but with a modified action. In Wilson's original proposal, the cut-off is reset
by integrating out the degrees of freedom between the old and new cut-off. In recent years we have learned that, alternatively, one can decouple
these degrees of freedom by means of local unitary transformations (disentanglers). The result is a reversible renormalization group flow, and an
efficient description of many-body ground states. In this talk, | will show you pretty drawings and will use fancy names, such as "multi-scale
entanglement renormalization ansatz" (MERA). MERA is currently studied as a possible lattice realization of the ADS/CFT correspondence. | will

keep it simple.</p>
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‘ Renormalization group ‘ Tensor networks

Tensor network
renormalization
(TNR)

E = 1
-
++b! “
I\ '
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Emergentphenomena
in many-body systems
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Emergentphenomena
in many-body systems

topological order

Integer and Fractional Quantum Hall Fifects

insulator : e

i
LY

fractional quantum
Hall effect

| ——
superconductor

spin liquid

superfI#LJi'd
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The problem

we have we want

H > |¥) (¥lo(x, £)0(0,0)|%)

low energy,
collective excitations, ...

local Hamiltonian ground state

> 7 =tre PH

Euclidean path integral
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Example: 1d quantum Ising model

Z(A) =tr e BHG"

77

1d
quantum

b,
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Example: 1d quantum Ising model

Z(A) =tr e BHG"

r/d

1d
quantum

B

77

L
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Example: 1d quantum Ising model

Z(A) =tr e*BH‘;d

s

77
g 1d
quantum
L
(0N,
A
Acrir
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Example:

1d quantum Ising model

Z(A) =tr e BHG”

//

77
g 1d
quantum
L
(o),
A
Acrir

2d classical Ising model

H(?Id: Z 555)'

2d
l/ Y/

Ly classical
///
L

(S) |
T
Tm'r‘t
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'he Renormalization

~1

H (k] = (ky, ka, k3, )

Leo Kenneth
Kadanoff Wilson
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he Renormalization |

H|k] k= (ki ko, ks, o)
HU,A]-]ZJI-‘cr}-‘JrAZJf _
i : Leo Kenneth
H[ky, k0,0, ] = k1ZU{‘Uj‘ N kZZoiz Kadano Wilson
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lenormalization

HIEI _’H[E(S)] l:’.:(kl,kzrk:a,'“)
HU,/‘]‘]ZO}‘G}\%-/‘ZG’I-Z _
i i Leo Kenneth
H[ky, k0,0, ] = klzai_\-aj_\- N kZZoiz Kadanoff Wilson

i i

RG flow in the space of Hamiltonians

s
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1ormalization

Hk| — H[k(s)] k= (ky, ko, kg, )
HU,/‘]‘]ZO}‘G}-‘%—/]ZG{-Z _
: : Leo Kenneth
H[ky, k0,0, ] = klsz{"ffj" N kzzf’fz Kadanoff Wilson

i i

RG flow in the space of Hamiltonians

N
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RG flow in the space of Hamiltonians

Phase A Phase B
stable i stable
fixed o s fixed
point A — point B
ka
> ks
\.r itical
fixed
point

Change of scale?
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RG flow in the space of Hamiltonians

Phase A \@e B
stable 0 stable

fixed o * fixed

point A S— point B
ke j
. ‘\A
kr‘ N\

Srtica Leo block spin
point Kadanof

+ some rule: majority vote, etc

Change of scale?

Ip|

7 =f Depe ~HIHK]
lpl<A

coarse-graining A
transformation o —H[$F'] :f.D¢P—H|¢,R|
=/ ] A<iplea
Kenneth < =J; |>Ar'D¢e | 0
Wilson i

exact renormalization group equation (ERGE)
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RG flow in the space of Hamiltonians

Phase A \@e B
stable i stable

fixed o * fixed

point A . point B
k ,7\
. k% \,

critical Leo bIOCkSpln
point KadanOf

+ some rule: majority vote, etc

Change of scale?

Ip|

7 =f Depe ~HIHK]
Ipl€A

coarse-graining A
transformation o —H[$F'] =f.D¢P-H|¢,k'|
- " A<Ipl€A
Kenneth < =j| |}Ar'D¢e | 0
Wilson Pi=

exact renormalization group equation (ERGE)
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We would like (wish list)

* Non-perturbative RG approach H-H - H'"- - (local)

* Universal coarse-graining rules valid for a generic system

* Solve QCD ... !
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We would like (wish list)

* Non-perturbative RG approach H-H - H'"- - (local)

* Universal coarse-graining rules valid for a generic system

 Solve QCD ... !

How far did we get ? (over the last 10 years)

+ Reformulated the RG using quantum information tools/concepts
(quantum circuits, entanglement)

+ Efficient representation of ground state wave-functions |lp) (MERA)
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We would like (wish list)

* Non-perturbative RG approach H-H - H'"- - (local)

* Universal coarse-graining rules valid for a generic system

 Solve QCD ... !

How far did we get ? (over the last 10 years)

« Reformulated the RG using quantum information tools/concepts
(quantum circuits, entanglement)

+ Efficient representation of ground state wave-functions |lp) (MERA)

universal, non-perturbative, real-space RG approach!
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TENSOR NETWORKS

Verstraete Louis

Cirac Wen White

Pollmann Read

Qi B |
Swingle Hastings Nave N
Schuch Eisert

and many more...
Orus Tagliacozzo

Chen

Nishino

Singh Evenbly

Corboz
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Many-body wave-function of N spins

2N
IL}J) - Z lpiliz---iN |';li2 lN) parameters
iN

i1,i2, ",
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Many-body wave-function of N spins

2N
ILP) - Z lpiliz---iN |';li2 ’N) parameters
iN

ﬂ tensor network

SR - et

iyip . iy

i1,i2,",

lq 1.2 Iy
graphical : @ /Q\
notation O Q
i %1ayee AN
- bl Cij dalaz---n’N
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Many-body wave-function of N spins

|q))_ Z lpalzz 1N|"1(”“'

Il ['1
fllo
graphical
notation O
a
e O

2N

) parameters

tensor network

- ?*f*f“ﬁ’*f

b, Cij dalaz ay
®=-00-90
a=y-M - %
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Many-body wave-function of N spins

2N
W) = Z lpi'ﬂz"'iN |='1[2 ’N) parameters
N

ﬂ tensor network

@ WOk 12y

i1,i2,",

iyip . iy

Il 1.2 ’N
N O(N2x?)
parameters parameters
inefficient efficient
S ground states of
generic state tensor network states local Hamiltonians
\ ] -—
Car(N) e 3 (N
H 3" 3 ¥
&t X = ¢
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Example of tensor network ,
oooooooooo

Multi-scale entanglement renormalization ansatz

(MERA)




Example of tensor network ,
Vidal, 2006

Multi-scale entanglement renormalization ansatz

(MERA)

* Variational ansatz for 1d systems, which extends in space and scale

* Variational parameters for different scales

* |tissecretly a quantum circuit and an RG transformation
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Multi-scale entanglement renormalization ansatz

(MERA)

“time”

quantum
circuit U
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Multi-scale entanglement renormalization ansatz

(MERA)

“time”

quantum
circuit U

ground state |lp) = U 10) ®(0) ® - Q |0)

Entanglement introduced by gates at different times (=scales)
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RG Transformation

Kadanoff (1966) + White (1992)

blocking variational optimization
L, L L L L L L L L
AR AAMA A
L L L ] L L L] L L L] L L L ] L L L L o

Entanglement renormalization (2005)

L,

|
I I I

e B W e T e
L — 1 1 T 71T 7T 1T T 71 7T
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RG Transformation

failure toremove

Kadanoff (1966)  +  White (1992) some short-range

blocking variational optimization
/ entanglement!

LfoooofUU\foooo
KJT%IK% L L L

}_

AR e O N U A R O
Loocoo’mﬂp de o e o o o o o

Entanglement renormalization (2005)

L, . ° - . ° ° . °
o Wiey i BN =

L 1 T r1 T 1 1T 1 T ‘1 T1T7T =
@@ @@ .!UMJ. e o o e e o o o o o
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MERA -> RG flow in the space of ground state wave-functions

Phase A ue B
stable stable

fixed o > ® fixed

point A point B
k,

> ks

critical
fixed
point

= W)= W) = - o WP

52 F% %j fixed-point topological order (2+1)

wave-function

L]

* quantumcriticality (1+1)

MERA -> RG flow in the space of Hamiltonians

H-H - H'> .5 HP

local operators
— are mapped into
local operators !
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Example: Critical quantum Ising model Fisier Evnbly; Vidal (2008)

Scaling dimensions of primary fields

dimension | dimension 241/2
‘m, ‘MERA, :*I’: R s svossey BERAIL | £
identity [l 0 0 Seia 1+1/2
1+1/8 Mo 8
spin ¢ 0.125  0.124997  0.003% i @ "
energy density g 1 0.99993  0.007% 2 DA
1T o u
disorder £ 0,125  0.1250002 0.0002% A o 4 /8
M 05 0.5 <10%%
fermions
YW 0.5 0.5 <10%%

Pirsa: 15030091 Page 36/58



Example: Critical quantum Ising model Finits Bty et 2008

Scaling dimensions of primary fields

dimension | dimension 2+1/2
(exact) (MERA) 241/8 .. ool 24178
identity I O 0 - 1+1 .
1+1/8 - +1/8
spin ¢ 0.125  0.124997  0.003% | @ "
energydensity g 1 0.99993  0.007% 2 P 4
: g| 1 g JoK
disorder £ 0,125  0.1250002 0.0002% ] = .4 /8-
M 05 0.5 <10%%
fermions
Y 0.5 0.5 <108%
Operator product expansion (OPE) coefficients
= - ‘ ‘ C _9‘% P%n +6 x 107*
CEU(J - E Cfmt - _5 CEIJ'—“I) =1 CEJHI/ -1 Yue = \,"(_2 Cl,l:';w = ﬁ (x6 X )
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Example: Critical quantum Ising model P Evmnbly; Vidal (2008)

Scaling dimensions of primary fields

dimension | dimension 2+1/2
(exact) (MERA) 2HV/B el 241/81
identity 1 O 0 T 14172
1+1/8 Mo 8
spin ¢ 0.125  0.124997  0.003% | @ "
energy density g 1 0.99993  0.007% 2 b 4
. A1 o oM
disorder £ 0,125  0.1250002 0.0002% R o 4 /8@
M 05 0.5 <10%%
fermions
Y 0.5 0.5 <108%
Operator product expansion (OPE) coefficients
= - ‘ ‘ C —e_% e%n +6 x 107*
Ceaa = 5 Cfmu = _5 C€lf)lj) =1 CEJ”‘!) = — Yuo = \"r_é Cl.l:m:: — ﬁ (6 X )

central charge ¢
scaling dimensions A,= h, + h,
conformal spin Sa= hg — hg

OPE  Cupy

scale-invariant MERA
— conformal dataof a CFT:
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MERA and HOLOGRAPHY




MERA and HOLOGRAPHY

X space
* entanglemententropy

S, = log (L)

* two-pointcorrelations
C(L)~ L2A

D % log(L) asin hyperbolic space
C(L) ~ C’_D — f,—.'_‘:llog(f_i - L—JA
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Swingle 2009

Qi

Hartman, Maldacena

Haegeman, Osborne,
Verschelde, Verstraete

Ryu, Takayanagi

Sully, Czech

Harlow, Yoshida, Pastawki, Preskill
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So, MERA seems to work!

Great! However < variational optimizationis expensive; local minima.
* dowegetthe correct groundstate?

* Euclidean path integrals / classical partition functions?

Tensor Network Evenbly, Vidal 2014-2015
Renormalization

GLEN EVENBLY
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Euclidean path integral Statistical partition function

1 2d
Z(2) = tr e PHI" Z(T) =ZeT ct
{s}
77 77
B 1d ~ Ly | 2d,
quantum classical
L Ly
o—0O0—=C
as a tensor network
o0—0o0—0
Z - 00—
*—o—o
*—o—o
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Tensor Network Renormalization (TNR) Evenbly, Vidal 2014-2015
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Tensor Network Renormalization (TNR)

A
T

CDL Tensor

(zero correlationlength)
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Tensor Network Renormalization (TNR) isometry

O D -
JL 060‘ — disentangler!
Y CO=0

L)
Pt
-

U
]ODO[

|

i
-

rrornr
2

Pirsa: 15030091



Tensor Network Renormalization (TNR) isometry

O D .
JL 050* — disentangler!
) CO=0

CDL Tensor

(zero correlationlength)

/ removal of all .
A short-range entanglement AI

[for CDL tensors, see also Gu and Wen 2009 Tensor Entanglement Filtering Renormalization (TEFR)]
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TNR -> proper RG flow el ///1 .
Example: 2D classical Ising e

point A — _i — point 8
ks
A-’A'—*A”_’"'_’Afp k?j/ﬁi

Pirsa: 15030091 Page 48/58



Pirsa: 15030091

TNR -> proper RG flow el /L//L 3

Example: 2D classical Ising wve_—

point A .._,__t__ — ; p(J:lrl\l i]
ks 3
A—>A’_’A”—""—’Afp 3 7%

) 3 4 """
A" A% A ™)

below critical

T=09T,

ordered (Z2)
fixed point

Page 49/58



TNR -> proper RG flow h)//t

Example: 2D classical Ising " = o
e N I point B
A—*A’—"*A”_""_'"Afp k7ﬁ<
1A 1A 14| |A®) oo
below critical ordered (Z2
T=09T. fixed point
critical critical
T =T, (scale-invariant)
fixed point
above critical disordered
T=11T, (trivial)
fixed point
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Evenbly, Vidal, 2015

TNR yields MERA

X open boundary
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Evenbly, Vidal, 2015

TNR yields MERA

‘[h ‘)4 \AI

X open boundary
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MERA = variational ansatz

S
I I I I
I I I [
[ 1 | | [ | 1
ey S S S S T T T
X
energy
optimization
S

=

MERA = by-product of TNR

r A Y -,
“——o "‘A ———0—
TI « ¢ o > 99
S 00909
| |
b oo . t
|
I 4 G
|
i -0»4»0000%-
- | Lo
X open boundary
transform
tensor network
into MERA
N
[ ] I
I I |
L [ L L1
.1 1 | S S T
X
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extra bonus: MERA for a thermal state (or black hole in holography)

open boundary

T
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extra bonus: MERA for a thermal state (or black hole in holography)

open boundary

F t .t _t .t 1t
4% T T J 1 ! future singularity
'\AAN\/F
Y,
B _> A [
[ ]
E p {"
= VL
1 [ _[]
AR A e T ™ =TT
open boundary \

/ past singularity
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Summary

* Reformulation of the RG
using quantum information tools/concepts
(quantum circuits, entanglement)

+ Efficientrepresentation of ground states (MERA)
-> toy model for holography
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Summary

* Reformulationof the RG
using quantum information tools/concepts
(quantum circuits, entanglement)

+ Efficientrepresentation of ground states (MERA)
-> toy model for holography

* universal, non-perturbative, real-space RG approach

Tensors Ground states Hamiltonians
3 RG flows Y PG S @) - |¢)=>|¥'Y>- H-oH ->H"-> ..
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Summary

* Reformulation of the RG
using quantum information tools/concepts
(quantum circuits, entanglement)

+ Efficientrepresentation of ground states (MERA)
-> toy model for holography

* universal, non-perturbative, real-space RG approach

Tensors Ground states Hamiltonians
3 RG flows Bl i @) - |¥)=>|¥'Y>- H-oH ->H"->..

* Keyingredient: removal of short-range entanglement

* Veryaccurate in 1+1 dimensions (Ising model, etc)

What about 2+1, 3+1? (and QCD?)
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