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Abstract: <p>Symmetry protected topological (SPT) states are bulk gapped states with gapless edge excitations. The SPT phases in free
systems, like topological insulators, can be classified by K-theory. However, it is not yet known what SPT phases exist in general intel
systems. In this talk, | will first present a systematic way to construct SPT phases in interacting bosonic systems, which allows us to identify
new SPT phases. Just as group theory allows us to construct 230 crystal structures in three dimensions, we find that group cohomolog
allows us to construct many interacting bosonic SPT phases. In my talk, | shall show how topological terms in the path integral description
system can be constructed from nontrivial group cohomology classes, giving rise to exactly soluble Hamiltonians with explicit ground
wavefunctions. Next, | will discuss the generalization of the classifying scheme to interacting fermionic systems and a new mathematical fran
ag€“ group supercohomology theory, which predicts a fermionic SPT phase that can neither be realized in free fermionic nor interacting b
systems.</p>

<p>Finally, | will briefly mention the deep relationship between SPT phases and chiral anomalies in high energy physics.</p>
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Why do we need a classification?

Periodic table in chemistry:
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The Landau paradigm of phases and
phase transitions -- Symmetry Breaking

Symmetry breaking theory:

o Magnetic orders in spin systems

AAARR AP\
ELLAA L S
AAAZL N2 PN
AAAAD P>l

e Superconductivity

The underlying mathematical framework is group theory
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Topological phases of quantum matter:
beyond Landau's paradigm

What are topological phases of quantum matter?

Gapped quantum phases without symmetry breaking and long

range correlation, but can not be adiabatically connected to a
trivial disorder phase without phase transition.
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Topological phases of quantum mattor:
beyond Landau's paradigm
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Topological phases of quantum matter:
beyond Landau's paradigm

What are topological phases of quantum matter?

Gapped quantum phases without symmetry breaking and long
range correlation, but can not be adiabatically connected to a
trivial disorder phase without phase transition.

Two basic classes of topological phases:
Intrinsic topological phases (long-range-entanglement)

 adiabatical paths with no symmetry
Symmetry protected topological (SPT) phases
e adiabatical paths with symmetry

symmetry breaking Hamiltonians

SPT phases < >- The trivial disorder phase
(Z C Gu, X G Wen 2009)
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Examples of intrinsic topological phases
in interacting systems (no symmetry)

Fractional Quantum Hall Effect(FQHE) D C Tsui, et al 1982

Magnetic field (T)
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Examples of intrinsic topological phases
in interacting systems (no symmetry)

Fractional Quantum Hall Effect(FQHE) D C Tsui, et a/ 1982

Spin liquid
e Frustrated magnets

H=J) S8,
]

S Yan, D Huse and S White Science, 2011
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Topological terms for intrinsic topological
phases (no symmetry)

FQHE v; H{:‘ ‘.,Izt' P

Im +
2m+1 .5

l_

R B Laughlin 1983

E Witten, 1989

S C Zhang, et al 1989
X G Wen, et al 1989

i = 1,0, a)
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Topological terms for intrinsic topological
phases (no symmetry)

FQHE w; = [(z - 2;)%e %

2m+1 .,
Lom = ¢ (1, Oy )

l_

R B Laughlin 1983

E Witten, 1989

S C Zhang, et al 1989
X G Wen, et al 1989

Braiding T, S matrices and chiral central charge as the
universal data of topological order(no symmetry).

o ey <
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Topological terms for intrinsic topological
phases (no symmetry)

FQHE v; H‘

)
2m + I , ,
Lo = -~ eM! ’\u;,r),,u[\

R B Laughlin 1983

E Witten, 1989

S C Zhang, et al 1989
X G Wen, et al 1989

Braiding T, S matrices and chiral central charge as the
universal data of topological order(no symmetry).

ol

The mathematical framework for topological phases is
known as unitary modular tensor category theory.
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Examples of symmetry protected topological
(SPT)phases in free fermion systems

Topological insulator in 2D/3D cenducanc

p-spin ct
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Conduction band _~

C L Kane, et al, 2005 v >
B A Bernevig, et al 2006 v

' Surface states W MOIenkamp.S group 2007 \,
oseido s M Zahid Hasan, et al, 2008 < / = k,
/\ﬂ/k from Wikipedia T X

Momentum

Energy
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Examples of SPT phases in interacting models
Spin one Haldane chain realizes 1D topoloaical order

=3 (5. S Ui+ pr)
i : - g

Uc~1(B=0) El o

CsNiCl3(U~B~0)

.
.
.
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Examples of SPT phases in interacting models
Spin one Haldane chain realizes 1D topoloaical order

=3 (5 S + U1+ Bs7) [E—

1 : . : b-.t | .
Uc~1(B=0) L :
Haldane 0.5

CsNiCl3(U~B~0) d ’
Haldane phase requires symmetry!

» Haldane phase can be protected by many kinds of
symmetries: time reversal, spin rotation, etc...

Z C Guand X G Wen, 2009, F Pollmann, et al, 2010
Fixed point wavefunction: spin-(1/2,1/2) dimer model

© 00000000 oroPin1/2

.
.
.

z;
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Projective representation and its (second)
group cohomology classification

Projective representation on left/right dimer ends

ur(gr)ur(g2) w(g1,92)ur(g1.92): ur(g)ur(ge) = w(gi.g2) 'ur(g.g2)
e Associativity and consistency -- the 2-cocycle group:
Z°G.U(1)] = {weU(1)|lw(gz, g3)w(g1. g293) = w(g1, g2)w(g192, 93) }
e Equivalent projective representation-- 2-coboundary group:
urr)(9) ~ Brry(@urry(9): Brrlg) € U(1)

B°G.U(1)] = {weU(l)lw(gr.g2) = B(g1)B(g2)/B(g192): B € U(1)}

Projective representation is classified by the quotient
group -- the second group cohomology class

HG,U(1)] = 2%G,U(1)]/B?*G,U(1)]
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How to classify SPT phases in
Interacting spin/bosonic systems in
higher dimensions with arbitrary
(internal) symmetry group G?




A revisit of transverse Ising model:

H = — Z 0,0, — /Z o,
p

P4
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A revisit of transverse Ising model:

H = — Z (TI:)(T[; — /Z rr}','
p

Pq
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An example of Ising SPT phase in 2D
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An example of Ising SPT phase in 2D

How many different paramagnetic phases? Two!
(M. Levin and Z.-C. Gu, Phys. Rev. B 86, 115109 (2012))
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An example of Ising SPT phase in 2D

How many different paramagnetic phases? Two!
(M. Levin and Z.-C. Gu, Phys. Rev. B 86, 115109 (2012))

Domain deformation rule
X< $ 8
5 O
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An example of Ising SPT phase in 2D

How many different paramagnetic phases? Two!
(M. Levin and Z.-C. Gu, Phys. Rev. B 86, 115109 (2012))

q,
%
* 2 o
H=-Y B, Bp=—0% [[ i—% " [BpBy]=0 -
P Paq’ -
Domain deformation rule But why not?

AV
X b 24 g 8 /\:em><
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Topologically consistent condition for fixed
point wavefunction

VWV

NN

i@
p

(%) =1= e =+
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Bulk response and the nature of
gapless edge

Assume that Ising spins carry Z2 gauge charge and can
couple to background Z2 gauge field
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Bulk response and the nature of
gapless edge

Assume that Ising spins carry Z2 gauge charge and can
couple to background Z2 gauge field
Z2 gauge flux carries semion statistics!

W, =+l

£ /N/
VA Vi
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Bulk response and the nature of
gapless edge

Assume that Ising spins carry Z2 gauge charge and can
couple to background Z2 gauge field
Z2 gauge flux carries semion statistics!

W5(0) = |0)

VAV
AVAN' Vi

—_—
—
v
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Bulk response and the nature of
gapless edge

Assume that Ising spins carry Z2 gauge charge and can
couple to background Z2 gauge field
Z2 gauge flux carries semion statistics!

T W50y = |0)

VAV
AVAN' Vi

Non-trivial statistics of flux leads to degenerate edge states!

a ¢ b d a ¢ b d

AV

—_—
—
""-.‘_/
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Bulk response and the nature of
gapless edge

Assume that Ising spins carry Z2 gauge charge and can
couple to background Z2 gauge field
Z2 gauge flux carries semion statistics!

o W5(0) = |0

)
éﬁ%\ﬁ\/ ~-->:J%
/\ /\‘é\ / Contrad?czt.i:nI 1=t

There is No 1D representation!
Non-trivial statistics of flux leads to degenerate edge states!

a ¢ b d  _ a ¢ b d

AV VAN
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Do we have a systematic way to classify
bosonic SPT phases?
e In-equivalent projective representations are classified by

second group cohomology class, which classifies all 1D
bosonic SPT phases. (Xie Chen, Z C Gu, X G Wen PRB 83, 035107,2011)

e In-equivalent flux statistics of G are classified by third
group cohomology class, which classifies all 2D bosonic SPT
phases. (R. Dijkgraaf and E. Witten, 1990)

e Conjecture: Flux line statistics of G are classified by
fourth group cohomology class, which classifies all 3D
bosonic SPT phases. (C Wang and M Levin, PRL113, 080403 (2014))
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Do we have a systematic way to classify
bosonic SPT phases?

 In-equivalent projective representations are classified by
second group cohomology class, which classifies all 1D
bosonic SPT phases. (Xie Chen, Z C Gu, X G Wen PRB 83, 035107,2011)

e In-equivalent flux statistics of G are classified by third
group cohomology class, which classifies all 2D bosonic SPT
phases. (R. Dijkgraaf and E. Witten, 1990)

e Conjecture: Flux line statistics of G are classified by
fourth group cohomology class, which classifies all 3D
bosonic SPT phases. (C Wang and M Levin, PRL113, 080403 (2014))

Page 32/64



Pirsa: 15010122

Do we have a systematic way to classify
bosonic SPT phases?

e In-equivalent projective representations are classified by
second group cohomology class, which classifies all 1D
bosonic SPT phases. (Xie Chen, Z C Gu, X G Wen PRB 83, 035107,2011)

e In-equivalent flux statistics of G are classified by third
group cohomology class, which classifies all 2D bosonic SPT
phases. (R. Dijkgraaf and E. Witten, 1990)

e Conjecture: Flux line statistics of G are classified by
fourth group cohomology class, which classifies all 3D
bosonic SPT phases. (C Wang and M Levin, PRL113, 080403 (2014))

Topological nonlinear sigma model in discrete

space-time to describe/classify SPT phases!
X. Chen, Z.-C. Gu, Z.-X. Liu, X.-G. Wen (Science 338, 1604 (2012) )
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(bosonic) SPT phases in any
dimensions with any symmetry

53
v,y (9091500 0y 9d+1)
d+1—simplex
. Branched(vertex ordered) d+1-simplex v
V41 G XG X oo X G [(l) o -
o0
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(bosonic) SPT phases in any

dimensions with any symmetry
83

v,y (9091500 05 9d41)

d+1—simplex
. Branched(vertex ordered) d+1-simplex
Vi+1 - GxGXx---xGH (( | )

Vi+1(990, 991", 99d+1) = Va+1(90, 91" "y 9d+1)
d+1
co-cycle condition: H V5. ((,,, Qi1 0i+1,

1=0
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An example of 1+1D case

Z= |G Y Sta

e=SUa) = TT w3 (gir 5. o8)

w(g1,92) = 2(E, g1,9192)
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An example of 1+1D case

Z =G =0 Z (._-""!{'} })

19}

S ':uj | 5

i J — H !’._; A (,"].'-.(/_f'-(”‘]
{f/f.'}

w(g1,92) = v2(E.q1,9192)
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An example of 1+1D case

Z =|G|™N Z e—SWgi})

& S if) — H Vo "3‘{'(]‘.._(/],._‘//.]

w(g1,92) = v2(E.g1.9192)

Topological invariant

2.
, - g“ . B ' - ' .
8, - - g = .Ll 0
g, g,
N 8 N8
1 g” 4 — . P
5 8,
v2(qg1.92.93)v2(90,91.93) |

2(90. 92. 93 )V2(90, 91. 92)
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An example of 1+1D case

Z=|G|"N 3 e~Sad

19§

'l J | 5

e (19§ = H 1/2 {”J..(l.}._([;‘]

{ijk}

w(g1,92) = 2(E.g1,9192)

Topological invariant Fixed point wavefunction
y (":\
¥ f ‘Q(I ; — ¥ . I q
.g] . - ‘:\ S |Lr| f L: ‘L‘r*
. 3 g 4
‘L"; - ; - Q -“’I| i L, ’ (r:
\ glll 4 —_— 1 . b ”
g
g g |
. f g:Hagitm) = H9g9itm) .9 € G

v2(g1,92.93)V2 90,91, 93) .
| ll”{.’/r}”) — H“Z(.’/f-.‘/f-l-.‘/ )
2090, 92.93)V2(90. 91.92)

!
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An example of 1+1D case

Z =GN 3 e=Stlad

19 }

e—°9i}) — H Vo Jj\(_‘/:-.’/_f'-‘“']

w(g1,92) = v2(E.g1.9192)

Topological invariant Fixed point wavefunction
» gil p
, - ‘L“\ - ’ - .
2 = > = & . .
g, 8,
A LT
L ! (q” / S— | .
V8, g

2(g1,92.93)v2(90.91.93)
2090, 92.93)V2(90. 91. 92)
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Classifications of bosonic SPT phases

Symm. group ||d=0|d=1|d=2|d=3
U(l) > /j ' 2 >
U(l) x Z3 Z, | 23 | z,. | 73

/, _», | .-:!’” | 9 .-;5-} l _,:;7'.-_,

U(1)
SO(3) Z, | Z2 | Z | Z;
SO(3) x Z3 Z, | 75 | Z2 | Z5
B Z, | Z, | 2, | Z;

Z3i x Da=Dopl|l 23 | 25 | 2§ | 7

Z1 means time reversal 7% = 1
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Classifications of bosonic SPT phases

Symm. group [|[d=0|d=1|d=2|d=3
U(1) x Z3 | ) :
Ul)x2Z; ||z, | 23 | 2z, | Z3

Z _»I | VA | Vi 2 Z | Z 2

U(l) ’
SO(3) Z Zo VA Z1
SO(3) x Z3 Z, | 23 | Z. | 73
On Y . Z L Z1

Z3i x Da=Dopl|l 23 | 25 | 2§ | 73

Z1 means time reversal 7% = 1
An almost complete classification, except for time reversal

symmetry or (non-local)one-form symmetry in 3D

(Alexei Kitaev, private communications 2012,

Ashvin Vishwanath, T. Senthil, Phys. Rev. X 3, 011016 (2013)

Anton Kapustin, arXiv:1403.1467, arXiv:1404.6659

Peng Ye, Z C Gu, arXiv:1410.2594, Davide Gaiotto et al, arXiv:1412.5148)
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Classifications of bosonic SPT phasen
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Basic concepts of classifying SPT
phases in interacting fermion systems

«1D fermionic systems can be mapped to bosonic systems

with an additional unbroken fermion parity symmetry.
(Xie Chen, Z C Gu, X G Wen, Phys. Rev. B 84, 235128 (2011))
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An example of intrinsic fermionic Ising SPT
phase in 2D
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An example of intrinsic fermionic Ising SPT
phase in 2D

: | -
a =i (\ A4

Domain decoration rule:
k ) Y
/\
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An example of intrinsic fermionic Ising SPT
phase in 2D

| | I
a==%i ( \ A4
Domain decoration rule:

(/] 2
| . | /N
Domain deformation rule:

N > < \\l/ N
A, = QGC Btk
/N
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Topologically consistent condition for fixed
point wavefunction

NN

1

NS

4 C, o %
N

W .

|'S

O C 00505 = CIE,0,0, =>AC 0, =00, => Q=1
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The concept of Grassmann valued
topological nonlinear sigma model

The domain decoration picture for wavefunction implies
Grassmann graded amplitude for partition function
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The concept of Grassmann valued
topological nonlinear sigma model

The domain decoration picture for wavefunction implies
Grassmann graded amplitude for partition function

Vi (90.91.92.93) = v3 (90.91.92,93) >

~ - )
, ’ \ “\-\
- L o2 3 { f
\ V3 (90.91.92.91) = V3 (g0. 91,92, 94) >
\
\ Q Hu_---,r‘ q1.492 (}r;_ Jo g2 .94 “u | g l“‘r"JI()H_- qg1.92.04

(0.1.2 (0.,2.4 0.1.4 (1,2.4)
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The concept of Grassmann valued
topological nonlinear sigma model

The domain decoration picture for wavefunction implies
Grassmann graded amplitude for partition function

L'.‘," f_ljn._f“.lf,l'__v._f,f',l = i":. (fj(,.f“._tj;_:,_f,li,]‘ X

Of & P : . /
\ Vi (90.91.92.91) = v3 (90, 91,92, 94) >
\ ol @iy .o (19 a2l gon .02 .44 Lo | @) (] .1 ) () 02,004
5 g"2(90.91.92) gn2(g0.9: 0 ] 1) gn2(91.92.9

0,1,2 (0,2,4 0,1.4 (1,2,4)

I )

Total symmetry Z, graded structure
G =G 6 Zf Na-1(9i.q;, ....gr) = 0,1
= o
3_-‘ Nd=1\G0s +ees Giy o4+ Gd ) even
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Fermionic topological nonlinear sigma model

- — : ,-.-|J',h ..... ( :‘
Z / H Va
Jin(X) b a

19}
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