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Abstract: <p>From Feynman diagrams via Penrose graphical notation to quantum circuits, graphical languages are widely used in quantum theory
and other areas of theoretical physics. The category-theoretical approach to quantum mechanics yields a new set of graphical languages, which
allow rigorous pictoria reasoning about quantum systems and processes. One such language is the ZX-calculus, which is built up of elements
corresponding to maps in the computational and the Hadamard basis. This calculus is universal for pure state qubit quantum mechanics, meaning
any pure state, unitary operation, and post-sel ected pure projective measurement can be represented. It is also sound, meaning any graphical rewrite
corresponds to avalid equality when translated into matrices.</p>

<p>While the calculus is not complete for general quantum mechanics, | show that it is complete for stabilizer quantum mechanics and for the
single-qubit Clifford+T group. This means that within those subtheories, any equality that can be derived using matrices can also be derived
graphically.</p>

<p>The ZX-calculus can thus be applied to a wide range of problems in quantum information and quantum foundations, from the analysis of

guantum non-locality to the verification of measurement-based quantum computation and error-correcting codes. | also show how to construct a
ZX-like graphical calculusfor Spekkens toy bit theory and give its associated compl eteness proof.</p>
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Categorical guantum mechanics and graphical
languages

» focus is study of systems (A. B) and processes
(f: A— B,y : 1l — A), and how they compose

Pirsa: 14120040 Page 8/55



Categorical guantum mechanics and graphical
languages

» focus is study of systems (A. B) and processes
(f: A— B,y : 1l -— A), and how they compose

» graphically: systems are lines, processes are boxes,
except for the “trivial system” / which isn’t drawn at all

| B A
IfA P
» composition: iff: A—»> B,g: C® D — [.y:1]— A, then
| B
| B f
fe g: f g . f o
A Tolbp a
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The zX-calculus for pure state qubit quantum
mechanics
» green nodes with n inputs and m outputs, o € (—, 7]

» red nodes with ninputs and m outputs, 3 € (—m, 7]
m
Xxy
B
‘o)

n

» Hadamard nodes with one input and one output

]
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The zX-calculus for pure state qubit quantum
mechanics
» green nodes with n inputs and m outputs, o« € (—, 7]

X(}. = |O>'>jm <O|C:Cf1 + einz |1 >'>’"m (1 ||;g¢.n ’

» red nodes with ninputs and m outputs, 3 € (—mx, 7]
T m

>-(\B = [+)®T (B + &8 | )BT (—|®",

S ——’

L n

» Hadamard nodes with one input and one output

[E] =1+ ol + 1) 1]

Pirsa: 14120040 Page 11/55



The zX-calculus for pure state qubit quantum
mechanics
» green nodes with n inputs and m outputs, o« € (—, 7]

X()f — |O>'>f3m <0|'3:Cn + e!'(l: |1 >l>-’,m <1 ||:>;¢.n ’

» red nodes with ninputs and m outputs, 3 € (—mx, 7]
T m

>‘\’8 = [)CT(+P" + &P | )T (—|®7,

L n

» Hadamard nodes with one input and one output

[E] =1+ ol + 1) (1]
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Rules of the zX-calculus
» ignore non-zero scalar factors ([enw | =0 = [e 7 |)

» only the topology matters
the following rules also hold upside-down and/or with the

colours swapped

- = = oc/

AP [3 PO
" o ﬂ' « v = 7“'
-
details e.g. in arXiv:0908.1787
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Universality and soundness

» wuniversality: any pure state, post-selected pure projective
measurement, and unitary operation can be expressed: to
see this note that [e] = |0), [®] = (0|, [[E] is the usual
Hadamard operator, and

wol=(o on): [+

0o
0
0
1

oNoNoR
0 -=-0
©o-=-00
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Universality and soundness

» wuniversality: any pure state, post-selected pure projective
measurement, and unitary operation can be expressed: to
see this note that [e] = |0), [®] = (0|, [[E] is the usual
Hadamard operator, and

[¢o]= (g on): [6—4]=

0o
0
0
1

oNoNoR
o0 -=-0
©O-=-00

» soundness: any equality that can be derived graphically
can also be derived using matrices; to see this note that

[LHS] = [RHS] for all rewrite rules
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(In)completeness

Completeness means any equality that can be derived using
matrices can also be derived graphically, i.e.

[D1] = [D2] implies D1 = Do>.

» zZX-calculus is not complete for general pure state qubit
QM: can find unitary U and phases «, 3, v s.t.

(T
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» zZX-calculus is not complete for general pure state qubit
QM: can find unitary U and phases «, 3, v s.t.
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(In)completeness

Completeness means any equality that can be derived using
matrices can also be derived graphically, i.e.

[D1] = [D2] implies D1 = Do>.

» zZX-calculus is not complete for general pure state qubit
QM: can find unitary U and phases «, 3, v s.t.

(@% Y
H U ]] = 5] but [(J] cannot be rewritten to 15}
v Y

» if phases are restricted, Euler decomposition rule does no
longer hold

» thus, can still derive completeness results for fragments of
the calculus
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Rules of the zx-calculus

*» ignore non-zero scalar factors (ox | =0 = [ex [)

» only the topology matters

= the following rules also hold upside-down and/or with the
colours swapped

Rt

X \ ’ ¥
”‘-’ \_‘:_‘_\H ; :E}gn -+ 8
Y T ooni 1 7 ke \\

details e.g. in arXiv:0908.1787
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Rules of the zx-calculus

» ignore non-zero scalar factors (ox | =0 = [en |)

» only the topology matters

= the following rules also hold upside-down and/or with the
colours swapped

M - - [H]
: p=o 3]
iz R

13

details e.g. in arXiv:0908.1787
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Rules of the zX-calculus
» ignore non-zero scalar factors ([enw | =0 = [e 7 |)

» only the topology matters
the following rules also hold upside-down and/or with the

colours swapped

- = = oc/

AP [3 PO
" o ﬂ' « v = ﬂ'
=
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Rules of the zx-calculus

» ignore non-zero scalar factors (or | =0 = [en ])

» only the topology matters

» the following rules also hold upside-down and/or with the
colours swapped

”‘R‘_:\J_‘T“\\./’ \’_","‘\#\ {ll , fi

/ ‘-‘\ “--.__‘n ‘J

M - [H]
- - [+

details e.g. in arXiv:0908.1787
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(In)completeness

Completeness means any equality that can be derived using
matrices can also be derived graphically, I.e.

[Dy] = [D2] implies Dy = Da.

= zX-calculus is not complete for general pure state qubit
QM: can find unitary U and phases a, 4,7 s..

x

(4}
EU.[]P =|e B but [U] cannot be rewritten lol a
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Qutline

Completeness results
Stabilizer quantum mechanics
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Stabilizer guantum mechanics
Stabilizer operations:
» preparation of qubits in state |0)
» Clifford unitaries, generated by

1 0 O O
1 0 1 1 1 O 1 0 O
S—(o ;) H‘ﬁ(1 —1>’AX_ 0 0 0 1
O 0 1 O
» measurements in computational basis
ZX-calculus: S = [ 7 /2 ||, H = [H], AX = [o—e]
i.e. need to restrict phases to integer multiples of = /2
m m
O W,
Xﬂ, %\[3 where oo, 3 € {—nw/2,0,7/2, 7}
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Graph states: a special class of stabilizer states

Definition
Let G be a finite simple undirected graph. The zx-calculus
diagram for the corresponding graph state consists of:

» for each node in G, a green node with one output, and
» for each edge in G, an edge with a Hadamard node on it.
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Results about graph states

The local Clifford group consists of all tensor products of the
single-qubit Clifford operators (S, H).
Theorem (Van den Nest et. al, 2004)

Any stabilizer state is local Clifford-equivalent to some graph
state.

Theorem (Van den Nest et. al, 2004)

Two graph states are local Clifford-equivalent if and only if they
are related by a sequence of local complementations.

A local complementation about a vertex v inverts the subgraph
generated by the neighbourhood of v: e.g.
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Local complementations in the zX-calculus

Theorem (Duncan & Perdrix, 2009)

Denote the result of a local complementation about the vertex v

in the graph G by G ~ v. The graph state diagrams for G and
G ~ v satisfy

- xq ---@ Xy— 7/ Xy41 ---@ (¥p
e L =y S

where oy, = —m /2 if {u, v} is an edge, ««, = 0 otherwise.

E.g. a local complementation about the 3rd qubit of the
previous graph state:
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Every state diagram is equal to some GS-LC diagram

Theorem
Any stabilizer zX-calculus diagram with no inputs and at least
one output can be rewritten to a GS-LC diagram.

Proof.

» Decompose the diagram into basic spiders
v e b b
and single-qubit Clifford unitaries.

» Diagrams with no inputs must contain at least one copy of
o, this is a GS-LC diagram.

» For each basic element, applying it to a GS-LC diagram
yields a diagram that can be rewritten into GS-LC form.

» Thus, by induction, the theorem holds. ]
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Equalities between GS-LC diagrams

All equalities between GS-LC diagrams are generated by local
complementations.

Theorem (inspired by Elliott et al., 2008)
There exists a terminating algorithm that, given a pair of GS-LC

diagrams on the same number of qubits, rewrites them to a pair
of identical diagrams if and only if the two diagrams represent

the same state.

Page 31/55
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The Choi-damiotkowski isomorphism

Theorem (Choi-damiotkowski isomorphism)

For any operator A from n to m qubits and for any n + m-qubit
state B,

=

Pirsa: 14120040 Page 32/55



The Choi-damiotkowski isomorphism

Theorem (Choi-damiotkowski isomorphism)

For any operator A from n to m qubits and for any n + m-qubit
state B,

=

Pirsa: 14120040 Page 33/55



Qutline

Completeness results

Comparison: Spekkens’ toy bit theory
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Brief introduction to Spekkens’ toy bit theory

» local hidden variable theory exhibiting many properties that
are generally considered “quantum”

» structurally very similar to stabilizer gquantum mechanics
» observer’'s knowledge is restricted: distinction between
ontic and epistemic states

» in categorical formulation of pure fragment, phase group
{@ « }  is the only difference between toy theory and
stabilizer QM [Coecke et al. 201 1]

» stabilizer QM: Z4, represented as {0, /2, 7w, —7 /2} under
addition
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A graphical calculus for the pure fragment of
Spekkens’ toy bit theory

[joint work with Ali Nabi Duman, arXiv:1411.1618]

» represent Z, x Zo by {00,01,10, 11} under bitwise
addition, then the toy theory graphical calculus elements

are
_m_ _m_
Mo e
S -

with a, b, c,d € {0, 1}

» red and green nodes are maps in mutually unbiased
orthonormal bases

» [] maps between bases
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The toy theory graphical calculus is complete

» rewrite rules not involving phase group are identical to

zX-calculus, e.g.

» rules involving phase group still have equivalents, e.qg.

Iab — I“ instead of I“* = IW
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Completeness results

The single-qubit Clifford+T group

Pirsa: 14120040 Page 38/55



Completeness for the single-qubit Clifford+T group

» generated by the single-qubit Clifford group C1 = (S, H)

and the T gate
1 0
T = (0 emm)

» approximately universal for single-qubit unitaries
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Completeness for the single-qubit Clifford+T group

» generated by the single-qubit Clifford group C1 = (S, H)

and the T gate
1 0
T = (0 em,m)

» approximately universal for single-qubit unitaries

zx-calculus: T = [ w/4 ] and H = [[H]

» diagrams are restricted to line graphs (each node has one
input and one output)

» phases are restricted to integer multiples of = /4

Theorem
There exists a unique normal form for single-qubit Clifford+T
diagrams, hence the zX-calculus is complete for this fragment.
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Completeness for the single-qubit Clifford+T group

» generated by the single-qubit Clifford group C1 = (S, H)

and the T gate
1 0o
T = (O ei«/4)

» approximately universal for single-qubit unitaries

zx-calculus: T = [ w/4 ] and H = [[H]

» diagrams are restricted to line graphs (each node has one
input and one output)

» phases are restricted to integer multiples of = /4

Theorem
There exists a unique normal form for single-qubit Clifford+T
diagrams, hence the zX-calculus is complete for this fragment.
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Further work on Spekkens’ toy theory using graphical
methods

» extend work to full theory, including mixed states

» construct similar graphical calculi for higher-dimensional
stabilizer theory and toy theory
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Completeness and automated graph rewriting

» automate computations in stabilizer QM, the single-qubit
Clifford+T group, or any other fragment that can be made
complete [joint work with Aleks Kissinger]

QuantoDerive »
File Edit Derive Window Export
-] aderwe-sample-master ~ bialg-expand.qrule =
[ '] BK-Tgate qgraph
[ T-CNOT-commute. gderive __I b > r
¢ _',' ms
[ j lulq expand. grule = =
| j green_elim grule
) green_id.qrule
['] green_ids.qrule
[ green_loop.qrule
| j green_scalar.qrul
[ green_sp.qrule
[ hopf.qrute
[ ] »d_copy.qrul
[ ]f 1_|d qrule
[ red_loop.qrule
[ jv 1 scalar.qrule
[ red_sp.qrul
o derwations -
- -
< » « »
Ed ¥

Core status: OK
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Completeness and automated graph rewriting

» automate computations in stabilizer QM, the single-qubit
Clifford+T group, or any other fragment that can be made
complete [joint work with Aleks Kissinger]

QuantoDerive »
File Edit Derive Window Export
- -:.I--r wve-sample-master A bialg-expand.qrule =
[ ) BEK-Tgate qgraph
[ ) T-CNOT-commute gderive __I b > r
? _',' ms
N j bialg-expand grule
| j reen_elim grule
() green_id.qrule
. ) green_ids.qrule
[ ) green_loop.qrule
[ green_scalar.qrul
Y green_sp.qrule
[ ) hopf.qrule
[ ] »d_copy.qrul
[ red_id grule
[ red loop.qrule
[ red_scalar.qrule
[ red_sp.qrul
2d vt s -
- -
4 » 4 »
Ed ¥

Core status: OK
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Completeness and automated graph rewriting

» automate computations in stabilizer QM, the single-qubit
Clifford+T group, or any other fragment that can be made
complete [joint work with Aleks Kissinger]

QuantoDerive >
File Edit Derive Window Export
I aderwve-sample-master — bialg-expand.qrule =
['\_ BK-Tgate qgraph
[ Y T-CNOT-commute. qderive __I b > r
¢ 3 axioms
[ j bialg-expand. grule = =
| j jreen_elim grule
[ green_id.qrule
[] green_ids.qrule
[ green_loop.qrule
| j green_scalar.qrul
[ green_sp.qrule
[ hopf.qrute
[ ] »d_copy.qrul
[ ]f 1_|d qrule
[ red_loop.qrule
[ red_scalar.grule
[ red_sp.qrul
= derrvations —
- -
“ » « »
Ed ¥

Core status: OK
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complex-pattermn-Laderive = single-qublt-error.qderive =

Wl ,,P. ! f-lr_npllh'_

['!n-nq' | i
[ comy
N
[y demi,| |
Y rots
1Y ot
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=

N QuantoDerive - 4+ X
File Edit Derive Window Export

o= [ axioms | =] |/ complex-pattern-3.qderive x [ single-qubit-error.qderive x

¢ [ derivatic
O ba_n| | I E>
D comy i RS
[y comy
[y comy
[ dem{ |
[y demy | -
[ rotat |
[ rotat
[ rotat
[ rotatf |
[y samyf |
Sinal | & ] (== ][] rom |
D singl et ettt et e e e et e T et et e e et e et e e e e e e e e
[) stea| o

Il 1l |

Iﬂ' [ Rewrite | Simplify |

green_sp

green_sp R§
(head) :
<[] IDNE (root) (head)
Core status: Waiting for connection... [ |

l«[ |

X Menu |- | ww PI || | Prtalk... || 2 rermin... |[[&] Quanto.. | 7] [l - '@/ en <) .l Wed 10 Dec, 16:45
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s QuantoDerive - 4+ X
File Edit Derive Window Export

o= (3 axioms | =] |/ complex-pattern-3.qderive x single-qubit-error.qderive x

¢ [ derivatid it e

Dyban | | =
S5 [ e @ | edet] [
[ comy
[ comy
[ dem
[y dem{_| -
D rotat :
[ rotat |-
[ rotaf | v vs
[ rotat
D samy bO va v1lo g v3
[ samp—

[ singll |-
[ singl

[ stea =]

<[] ] |

> red_pi_fi

[):

red_pi_flig

[ ]

red_H-0O

green_sp|—

-

A fnf [»] | : green_sp-2 green_sp-3

Core status: Waiting for connection... | |

¥ Menu [EJ =| . PI || | PlLtalk... || EA [Termin... |||&| Quanto... | T2 - =/ en w3) i Wed 10 Dec, 16:46
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& =) mioms [=|

T Cldervat |
™ bg_nt
Bycomy ||
Dycomt |
[ comy
[ demy | |
Y dhernd
[ rotay

() rota

complex.patternainderive = | single-qubii-error.qderive =

Rewrite | Simplity

) rotst

[} rotat

(e el
Core status: Walting fer ¢

Q Menu I "

on A1) il B We
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QuantoDerive

single-qubit-error.qderive x
[ Rewrite | Simplify |

[3]

=

File Edit Derive Window Export
l/ complex-pattern-3.qderive x

o (3 axioms |=|
¢ (DOderivatiq |
Dbgn| | (e | €|
[ comy 2
[y comy
[y comy
[ dem{ |

[ demy © 7 3 6 36

[ rotat | :|[bo M p p o

D - O
[ rotat
[ rotat

[ samyf | 27
Y samp— ¢
- Ol fl=] ][> |[ aeev |
D Singl ...........................................................................................................................................................
[ steal_{
CH TN Y
b6
= O
Al I | | »
5 green_H-0 (head)
Core status: Waiting for connection... [ |
L¥x Menu || | ww PI ) PLtalk.... | rermin... |[#] Quanto... | Il - &/ en ) .l Wed 10 Dec, 16:47
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Summary

» graphical languages offer a rigorous way of studying
quantum processes with several advantages over
algebraic formalisms
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Summary

» graphical languages offer a rigorous way of studying
quantum processes with several advantages over
algebraic formalisms

» the zX-calculus is a graphical language that is universal
and sound for pure state qubit quantum mechanics

» the zX-calculus is incomplete for general pure state qubit
QM, but it is complete for stabilizer quantum mechanics as
well as the single-qubit Clifford+T group
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Summary

graphical languages offer a rigorous way of studying
quantum processes with several advantages over
algebraic formalisms

the zX-calculus is a graphical language that is universal
and sound for pure state qubit quantum mechanics

the zx-calculus is incomplete for general pure state qubit
QM, but it is complete for stabilizer quantum mechanics as
well as the single-qubit Clifford+T group

a similar graphical calculus can be constructed for
Spekkens' loy bit theory, it is also complete

Thank you!
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