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Abstract: <span><strong> </strong>| present a proposal for a worldline action for discretized gravity with the same field content as loop quantum
gravity. The proposal is defined through its action, which is a one-dimensional integral over the edges of the discretization. Every edge carries a
finite-dimensional phase space, and the evolution equations are generated by a Hamiltonian, which is a sum over the constraints of the theory. | will
explain the relevance of the model, and close with possible relations to other approaches of quantum gravity, including: relative locality, causal sets
and twistor theory.</span>
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Results and debates

The spinfoam opproach defines transition amplitudes for loop quantum
gravity boundary states through a covarlant path integral on a lattice.
The EPRL model s a concrete realization of the Idea.

Interesting results:

m Graviton propagator, Regge-action for large spins, inclusion of a
(positive) cosmological constant, addition of fermions and Yang-Mills
fields, spinfoam cosmology, horizon thermodynamics...

But also ongoing debates:

= How can we find continuum GR? Which limit? Summing, refining?

= Do we miss additional secondary&gorsional) constraints?

m Apparent flatness in a face?

m Is there a notion of causality in spinfoa

I'think, these issues have little to do with the quant™g theory (tself. We should
address these question already at the classical lev
Jframework of simplicial gravity in area-connect/8
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The general idea

m A local spinfoam model assigns amplitudes A,
Ag, Ay, to the elementary building blocks of the
simplicial complex.

m |n the semi-classical limit these amplitudes turn
into action functionals: A, o< o'%, Ay o o'97,

Ay ocla' 9.

Can we write down a spinfoam action 33, Se + 3, Sy + 33, S« -1 with the
same field-content as LQG? A theory of simplicial gravity in ter®s of
Ashtekar-Barbero variables?
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Plebanski principle

The BF action is topological, and determines the symplectic structure of
the theory:

Sur[S, A] = 2%, | (4 =BT AP Ef“ Mg AF. (1)

General relativity follows from the simplicity constraints added to the
action:

En.‘l A S;w x 'n.'ljwv {2)
With the solutions:

L]
ool _ {:El.'.. Aea,

+ = ((‘.n A C;I). (3)

Notation:
a, 4, ... are internal Lorentz Indices.
£y Isan se(1, 3)valued two-form,

A" 4 ls an SO(1,3) connection, with F* 5 = dA® 5 + A", A A" 4 denoting its
curvature,

«" Is the tetrad, diagonalizing the four-dimensional metric g = 1, 4e® ® ",

£} = Brh/Gc”, and A is the Barbero-immirzi parameter
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Discretized BF theory with spinors on a lattice

We can write the discretized BF action as a sum over the tw
simplicial faces [y, fa,...:

L]

Sl'""[zh 1ZfgyeeniZpys Lz il Cavervidepy Aegyon ] =

=3 5{ [FADut - mhdu + s (whuft - i)
fifacen” O
Notation
AB,C, are spinor indices, and cc. denotes complex conjugation,
Each face [ carries two twistors: 2, , Zy 1 Of = T~ C', Z m (#4041
Lz 1 8 = Cis a Lagrange multiplier imposing the constraint A ¢ = g
D Is a covariant differential, If 4 s an edge's tangent vector: 4 4Dw" «
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Discretized BF theory with spinors on a lattice

werler

We can write the discretized BF action as a sum over the two-dimensional
simplicial faces [y, fa,...:

SuplZ1112 1514043 211 L are++1 Ci1CareeviNars Nagyewa]m D0 Sy

Jiluoes

A A A A
-3 f_! ["'an“’J - made {8 (whwf = mhef )] + cc.

Jilacen

B.C. are spinor indices, and ce. denotes complex cor
Each face f carries two twistors: 2, Z; 1 O0f = T=C, Z = (8
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Discretized BF theory with spinors on a lattice

four-simplex

vertea

We can write the discretized BF action as a sum over the two-dimensional

simplicial faces fi, f2,...: X

SBF[waZfz’”';Zfl’zf'z&"';gwaf'z»"';AclaAcza"'] = Z Sf

f:faces

=2 9 (mhDwf - mhdwf + ¢ (rhwf — mhwt)] + co.

fifaces

Notation:
A, B,C,... are spinor indices, and cc. denotes complex conjugation.
Each face f carries two twistors: Z;, Z; : 8f - T~C*, Z = (% 41, w?).
Cr : 0f — Cis a Lagrange multiplier imposing the constraint Ay = raw? — TAaw?.

D is a covariant differential, if ¢ is an edge's tangent vector: é_1D7 = 74 + [A.]? pnB.
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Key ideas of the proof, 1/2

m Step 1: Discretize the action:

SBF[E’A] :/ uﬁAFaﬁ Z / ‘XB/FQ,B = Z Sf

f:faces f:faces

m Step 2: Define the smeared flux:

H?ﬁ(t) :/ dz dy [hw(t,x.y)]a#[hw(t.w,y)]ﬁv[Hp(w,y)(awaay)]w
T

&

m Step 3: Employ the non-Abelian Stoke's theorem:

1 D
/dz}?’n(z)F’Yt (83301"),?"7:‘(2 = ,”1(1)&}1-”(1),

to eventually find the one-dimensional action:

D D af
Sy = /Bf dt[ qt(l)dthw(l)] Hf (t).
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Key ideas of the proof, 1/2

m Step 1: Discretize the action:

Sur(Z Al = [ Mg AFn 5
M

Jilnces

[ s [Fom T s,
rr ]

Jilavos

m Step 2! Define the smeared flux:

137(6) = f A2 dY [t ]l Boteen]” v [Ty e, (82, )]
\H 7

_~ u 5tep 3. Employ the non-Abelian Stoke's theorem:

- =1
/ (l:}lw‘I(.,F»,‘(.'(U‘,Dﬁ’l.”l,) 5"1.11)(17"'--(11-
T

to eventually find the one-dimensional action:

-] D gl
=l —j:u d [y ], 50
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Key ideas of the proof, 1/2

m Step 1. Discretize the action:

Sur|Z, 4| =f Tan A F*
M

Y [ s [Fo= S s
Ty i

Jilncos Jilucon

m Step 2: Define the smeared flux:

n;:-‘m:f A2 A [l 1m0 o] [Ty (B B3]
LK

m Step 3: Employ the non-Abellan Stoke's theorem:

ar o, o)
f dzh3 oy Py () (Oa0 00) ey 0) =h,,'“,d71.,,,,,,
.
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Key ideas of the proof, 1/2

m Step 1: Discretize the action:

Sor|E, 4] = [ Mo A F*? = Z
M

Jilncos

[ Mes [ = T s,
Ty S

S incos

m Step 2: Define the smeared flux:

n?”(')=f drdy l”w(l.-null“uu‘-rll.a-.ull:r-'[nrit.u)whuv)]w'
vl

m Step 3: Employ the non-Abelian Stoke's theorem:;

- -1 D
f d:h"r||(!lF"l"|(D" ar)h.”;,) = h‘n‘ll)a?h"'“"
T

to eventually find the one-dimensional action:

-l D ald
S] = —'/;I dt [h*'[”m’lm(”]".‘n! (f)
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Key ideas of the proof, 2/2

= Step 4! Introduce spinors to diagonalize both holonomies and fluxes:

() = 3 "W O] () + co.

/ J — J
I-'l-n]dn = P('XP( _j A)Au - 47 (Oma (0 "_f;(l)w”(t)-

We also need‘ the area-matching constraint:
A= mjw] —mjwp = By(t) = Ey(8).

Putting the pieces together yields the face action:
5112, 2, A\(] =

D A [V

A )
T TIEAge —CJ] +cc. (6)
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Key ideas of the proof, 2/2

m Step4: Introduce spinors to diagonalize both holonomies and fluxes:

o 1 o
15" (t) = L Tl eym) (8) + ce.,

/ A (O7h(t) = 27 (Owh(D)
[h."] A - Paxp( - A)A = u"—_
" j 2 Er(0)y/Es(t)

We also need‘ the area-matching constraint:
Ay = mhwi = whwi = By (t) = (1),

Putting the pieces together yields the face action:
SrlZ. 2. A ()] =

- ) LIEALrdl A y
q = ./;; dt[rr,‘dlw TATW C..\] +cc.  (6)

..m\
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Key ideas of the proof, 2/2

m Step4; Introduce spinors to diagonalize both holonomies and fluxes:

I‘l;"'(r.) = %?“"H'w}" (t)rr}n(t) -+ cc.,

W (Omh(t) — 3}'(5)»0{;(!)‘

[‘*ﬂl]du = Paxp( — j. "')Aa - B

9

We also need.the area-matching constraint:
Ay = phwt = whwi = Ey(t) - Ey(t).

Putting the pieces together yields the face action:
5112, Z, A (] =

_ D A T
_j;!dt[ﬂ,‘d‘u TAgY C..\] + cc.
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Linear simplicity constraints

Instead of discretizing the quadratic simplicity constraints

Eat ALy O €afuv,
we will use the linear simplicity constraints:

For a tetrahedron T, (dual to an edge e) there exist an internal f
Jour-vector ng such that the fluxes through the four bounding t
(dual to a face f: ¢ C 8f) annihilate n&:

f E“,\uf = (.
7]

The spinorial parametrization turns the simplicity constraints

following complex conditions:

i 1
Vet AL
1=3 jTAWy +cc. =0,

Wes = ni'xlal, 2 0.
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Adding the simplicity constraints

= The simplicity constraints reduce the SO(1,3) spin connection A™ s to
the SU(2)., Asthekar-Barbero connection:

A% =n" [%c,..,"".d‘l",. + ﬁ}‘l",,] . (10)

m We introduce Lagrange multipliers A € R and = € C and get the
following constrained action for each face In the discretization:

StucelZ, ZIC, 2, AlA,n) = j( (:r,ﬂ)w" = madw® = ¢ (maw” — maw?)-+
s

A _._ wh T AAL S
_5(54-':17'“ -!-Cc.) n -n-,‘.g".)+ccl‘ (11)

where D = dx? + A"t 7" Is the SU(2), covarlant differential.

= Problem: There is no term in the action that would determine the
t-dependence of the normal n® along the edges ().

= We now have to make a proposal.
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Adding the simplicity constraints

m The simplicity constraints reduce the SO(1,4) spin connection A" to
the SU(2). Asthekar-Barbero connection:

A =n" [%c,..."".a‘n",. S ﬁ.-‘l",,] . (10)

m We Introduce Lagrange multipliers A € R and = € C and get the
following constrained action for each face in the discretization:

StucelZ, Z|C, 2, Al A 1] = j{ (w,xv.u" = gadw? = ((maw” — maw?)+
of

é i A e AT
- g(mwdw -i-cc.) zn 'n',n.w,|)+cc.. (11)

where Pr = dr? + A7 y.r” is the SU(2)., covariant differential.

m Problem: There is no term in the action that would determine the
t-dependence of the normal n? along the edges «(t).

= We now have to make a proposal.
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Adding the simplicity constraints

m The simplicity constraints reduce the SO(1,3) spin connection A®  to
the SU(2). Asthekar-Barbero connection:

A% = [%c,.,""f.",. +8A%]. (10)

® We introduce Lagrange multipliers A € R and = € C and get the
following constrained action for each face in the discretization:

Stuce|Z, Z1C, 2, Al Ayn) = j{ (n,'mw" = madw? = ((maw” = maw?)+
of

- %(ﬁ%ﬂmw" e cc.) - """n'mb,p) -+ 004y (11)

where Dr? = dr? -+ A7 y.r” Isthe SU(ZMcovariant differential.

m Problem: There is no term in the action that woSg determine the
t-dependence of the normal nf along the edges ¢

u We now have to make a proposal.
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Adding the simplicity constraints

» The simplicity constraints reduce the SO(1, 3) spin connection A% to
the SU(2). Asthekar-Barbero connection:

A% — [%EW‘WA",, +BA%,]. (10)

» We introduce Lagrange multipliers A € R and z € C and get the
following constrained action for each face in the discretization:

(WA’DwA — wadw® — ¢(maw” - WAwA)—i—

SfﬂCC[Z) Zlc, Z, )\lA,n] = f
of

—_ g( ) _TI'AwA +cc.) —znAAt

e mw,,,) +ce., (11)

where Dr#? = dn? + A*7% gon? is the SU(2), covariant differential.

» Problem: There is no term in the action that would determine the
t-dependence of the normal ng along the edges e(t).

= We now have to make a proposal.
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Adding the simplicity constraints

= The simplicity constraints reduce the SO(1, 3) spin connection A® 4 to
the SU(2). Asthekar-Barbero connection:

A% = [ A%, + A% (10)

m We introduce Lagrange multipliers A € R and = € C and get the
following constrained action for each face in the discratization:

StucelZ, ZIC, 2, A A, 1) = _?{ (x.\Dw" = madw® = ¢ (maw® = maw?)+

os

A i A oy ¥\
5(8-&':”"” +cc,)—-u Tr,1.u,|r)+cc.. (11)

where Dr? = dr? + A%7 y.7? is the SU(2).. covariant differential.

m Problem: There is no term in the action that would determine the
t-dependence of the normal n along the edges ().

= We now have to make a proposal.
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Adding the simplicity constraints

m The simplicity constraints reduce the SO(1,3) spin connection A® to
the SU(2), Asthekar-Barbero connection:

A% = A%, + A% (10)

m We Introduce Lagrange multipliers A € R and = € C and get the
following constrained action for each face In the discretization:

Stuce|Z, ZC, 2, Al A, n] = f (w,\Dw" = madw? = ¢ (maw” — maw?)+
of

A i A -« A -
- L—,(mmw +cc;) —zn?’ mwn-) -+ cc., (11)

where Dr? = dx? + A% p.7” Is the SU(2), covarlant differential.

u Problem: There Is no term in the action that would determine the
t-dependence of the normal n& along the edges «(t).

m We now have to make a proposal.
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Adding the simplicity constraints

m The simplicity constraints reduce the SO(1,3) spin connection A to
the SU(2), Asthekar-Barbero connection:

A=t [,1—,-:,..."".‘1",. + HA",.]. (10)

m We Introduce Lagrange multipliers A € R and = € C and get the
following constrained action for each face in the discretization:

Stuce|Z, Z|C, 2, M A 0] = j{ (rr,\'Dw" = gadw? = ¢ (maw” — maw?)+
oy

é i A AN -
- 2 (m—iﬂﬂw +CC-) -3IN 'H',1..|J,|l) = 00,y {1 1)

where Dr? = de + A7 7" Is the SU(2), covariant differential.

m Problem: There is no term In the action that would determine the
t-dependence of the normal n® along the edges ¢(t).

= We now have to make a proposal.
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The proposal for the dynamics of the time-normals

Any proposal for the dynamics of the time-normals
= must respect the four-dimensional closure constraint, and
- be consistent with all symmetries of the action.

The following action fulfills these requirements:

Sedga] X, PN, Vol(e)] = f (_n..an“ - g(p..p" + an’(c))). (18)

We just need an additional boundary term at the vertices:

SmrlclIYm {J\’op][‘).“ {t'ﬂ-]n)vl - Z (YJ. - .‘::..)11“' {19)

o
wiedv

Where N is a Lagrange multiplier imposing the mass-shell condition:

C:= ,13(1’«1’" +vol’(c)) = 0. (20)
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The proposal for the dynamics of the time-normals

Any proposal for the dynamics of the time-normals
- must respect the four-dimensional closure constraint, and
- be consistent with all symmetries of the action.

The following action fulfills these requirements:

Seagel X 2N VoI(e)] = [ (padX® = T (pup® + Vo (). (18)

We just need an additional boundary term at the vertices:

Swru'niyuu {-\'m')r)u-- {l'n-]r)vl - z (YJ. — J\':-ln)vw (19)

L

@edw
Where N is a Lagrange multiplier imposing the mass-shell condition:

Ol (pap® + Vol (e)) . (20)
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The proposal for the dynamics of the time-normals

Any proposal for the dynamics of the time-normals
- must respect the four-dimensional closure constraint, and
- be consistent with all symmetries of the action.

The following action fulfills these requirements:

Sedgel X, PIN; Vol(c)] = f (Padx® — %(p..p“ +Vol(e))).  (18)

We just need an additional boundary term at the vertices:

S\ml’t(’liyrl {‘\’vv}r)m {t'n-]u)rl - Z (Yu‘-l — d\.::ln)vm‘ (19)

o
aiedv

Where N is a Lagrange multiplier imposing the mass-shell condition:

C:= %(p..p" + Vol’(c)) e (),

(200
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Harniltonian formulation

The Hamiltonlan:
H=ACGat+ Y (cfa,+af5,+:’w,, + 2 W+ A’v,) +NCe, (22)
S0 on
generates the t-evolution along the edges of the discretization:

d
mwf = {H,w?}.

The fundamental Poisson brackets are:

{p:n ‘\':-'} — 6;:-
{whowi} = 48062,

{zhowf} = =804,
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Dirac analysis

- The Hamiltonian preserves all constraints provided =y = 0.
- There are no secondary constraints.

Physical Hamiltonlan

Hygu = A°Ga+ > (P47 +E A+ N V) +NC.  (25)
1) De

» { ~ 1
second-class simplicity constraint: Wiy = p'xfaf, &0,

1
first-class simplicity constraint: V= mnf\uj‘ + oc, = 0,

area-matching condition (first-classy: A, = gf‘t_._r}‘ - n{\u:,‘ (]

1 .
mass-shell condition (first-class):  Ci = = (plp® + Vol?(¢)) = 0,

SU(2), GauB constraint (first-class);  G% = Z A n{, + ce.

A
S0 fDa
Notation

n ", arethe SU BONerators: [T, Tal = n"¢,na” v

m Vol(r) x frae” LILS. with ega LY m —x AV ulield o e

ey day,
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Twisted geometries

What kind of four-dimensional geometries does the Hamiltonian
generate?

m The simplicity constraints guarantee that the
fluxes j‘,f T define planes in internal Minkowski
space.

m The Gaul constraint tells us that these planes
close to form a tetrahedron.

m The physical Hamiltonlan £,y deforms the
shape of the tetrahedron.
IFJA

The Hamiltonian generates twisted geometries, the relevant term Is the
mass-shell condition:

1 -
= 5 (Pap® + Vol). (27)
Vol* o fn,e*®* L} L2 L) preserves the area ofthe four bounding

triangles, and the volume of the tetrahedrog goes not preserve the
tetrahedron's shape - the Hamiltonian gen ear,

f Wanghi, MM Hagpard,

Laen . 2o,
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