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Abstract: <span>The role of measurement induced disturbance in weak measurements is of central importance for the interpretation of the weak
value. Uncontrolled disturbance can interfere with the postselection process and make the weak value dependent on the details of the measurement
process. Here we develop the concept of a generalized weak measurement for classical and quantum mechanics. The two cases appear remarkably
similar, but we point out some important differences. A priori it is not clear what the correct notion of disturbance should be in the context of weak
measurements. We consider three different notions and get three different results: (1) For a “strong' definition of disturbance, we find that weak
measurements are disturbing. (2) For a weaker definition we find that a general class of weak measurements are non-disturbing, but that one gets
weak values which depend on the measurement process. (3) Finally, with respect to an operational definition of the “degree of disturbance’, we find
that the AAV weak measurements are the least disturbing, but that the disturbance is still non-zero.</span>
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Introduction

>

>

Quantum measurements disturb the system of interest

Measuring on a system between a preparation and a
g Sy prep
postselection thus seems to interfere with the postselection

The idea of weak measurements is to circumvents this
problem by making the disturbance small
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» Quantum measurements disturb the system of interest

» Measuring on a system between a preparation and a
postselection thus seems to interfere with the postselection

» The idea of weak measurements is to circumvents this
problem by making the disturbance small
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Motivation

» A question (| worlt answer),

Is the (inevitable)gglisturbance of a weak measurement strong
enough to affect the weak value?

Essential for the interpretation of weak values

If the disturbance incurred by a weak measurement can be
neglected then we can probe quantities beyond what is
allowed in orthodox quantum mechanics
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(Generalized) weak measurements from a operational point
of view

Given measurement apparatus and ‘contextual values’
[Dressel, Agarwal, Jordah| A, define

E[A] := " AnP(m]s).

Assuming

PA(mls) = PY(m) — AdP(m|s) ~ O()?).

define
EY[A] = lim AE}NA] = 3~ AndP(ms)
m

Also need

E}=[A] = Z AmP’(m) = 0.
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(Generalized) weak measurements from a operational point
of view

Given measurement apparatus and ‘contextual values
[Dressel Agarwal, Jordah] A, define

EY[A] := " AnP(mls).

Assuming

P'\(m[s} = Po(m] — AP(m|s) + O(,\E].

define

Also need
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(Generalized) weak measurements from a operational point
of view

Given measurement apparatus and ‘contextual values
[Dressel, Agarwal, Jordah| A, define

EY[A] :zAmP’\{m‘\s)
m

Assuming

PA(m|s) = P°(m) ~ ASP(m s) + O(\?)

define
w o =1m\
E5[A] = lim ATE([A

Also need
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(Generalized) weak mjeasurements from a operational point
of view

Given measurement apparatus and ‘contextual values'
[Dressel, Agarwal, Jordaj] A, define

EYA] := )~ AmP(ms).
m
Assuming

P (mls) = P%(m) = ASP(m s) + O(\?).

Z7[A] = lim NEJA] = 5 AndP(m|s)
m

Also need

EizD[A] = Z AmP°(m) = 0.
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(Generalized) weak mjeasurements from a operational point
of view

State after measuremeht:

Postselection probability

5(s) := P(3 will accept s)

Define
B[] = m AmPA(mls)s(May(s))
T Ty PR (mls)s(M2(s))

fE5/[A] 1= lim ALE(A).
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(Generalized) weak measurements from a operational point
of view

State after measuremeft:
{s' = M)(s) = s+ O(\).
Pastselection probability
5(s) := P(3 will accept s).

Define
3 AmPA(m[s)s(M(s))

mA
=g |A] =
(A] Y m P (m[s)s(MA(s))

® = I =1 mA
sE5[A] = lim A™HE(A).
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Convex structure

Can form convex comlinations: as — (1 —a)s’,as = (1 - a)s’
Compatibility with convex structure

P\(mlas — (1 =« ') = aPm|s) = (1 - a)PAmls"). (9)

R (mls')Mp(s'). (10)

!

) i(s') (11)
(12)
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Convex structure

Define

G(s,

Then

and

5) = 3(s) EY[A] = lim, A-1 ; AP (m|s)s(MA(s))

G(as + (1 —a)s'. 3) =aG(s.8) +(1-n)G(s', 3),

G(s,rlS-{l—n]S’) =al(s.5)+ (1l -a

(14)
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Convex structure

Define

G(s.8) = 3(s) EV[M = lm}) b\t ZAmP‘\(rms)s(M;:,(s}] (13)

Then

G(as +(1-a)s’.5) = aG(s. $) - (1 -a)G(s',3) (14)

G(S.(Iﬂ"'(l—IIJS'J:!IG(S.SJ-'-(I—H) £} (15)
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Weak measurements

>0

Weak value

/ A
SEW [Al = lim \—1 ;’M:'_
. A—0 > PA(m|s)s(®

with

and

\

= lim \71 Z Am P m|s; )8, (M2 (N

A=0
m
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Weak measurements (on classical systems

[Ferrie, Combes, Dressel|Agarwal, Jordan]
Epistemic states/prepafation procedures:

Zp,sjEZp, =1p ‘50}
J |

Weak value:

S AmPA(m|s)s(M)(s)) 1 e
EXAIR=limP\Gha=m-—rm =02y 2 I mha /e :
I = Ny Y. PN(mls)s(Mp(s)) 5(5]%"%&’”"'
with

g = s{s,].
and
Ay = lim A~ % AmP(m|s;) sk (M (s7)).
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Disturbance

Non-disturbing in the ftrong sense:
‘1 .
M;\,,(s_,) = 57 + 0(\%) for all j.m
Then postselection and measurement ‘commutes':

1

—

B A = EIAl = s—=rs D mis(s) )AL
i i (] j

s08:=(3(s)7 D pis(s)s.
J
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Disturbance

Non-disturbing in the gtrong sense

M;\n{sj) =5 + O(\?) for all j.m

Then postselection and measurement ‘commutes':

1
3 pis(s)

=ESlAl = =——_ ps(s)EY[A].
1

with

= (s{s})‘1 Z pis(s;)s.

J
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Disturbance

Non-disturbing in the ftrong sense:
M,‘}n(sj} =5 + 0(\?) for all j. m.

Then postselection and measurement ‘commutes';

ow w 1 e mw
S:-! iA] = ESS[A] = \_‘ P‘!;(S J L !JJS(SI):‘AIIA]'
s | 171 U j

505:= (5(s)) 71 D _ ps(s))s)

J
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Disturbance

Non-disturbing in the Weak sense[Hofmann,Brodutch Cohen, .. |

—

M3(s) =D P (m[s)M(s) = s - O()?). (23)

for all 5. For classical systems this implies non-disturbance in the
strong sense: |f

MR (s;) =5~ PM(m|s))M)(s) = 55 ~ O(\?) (24)

M))\(s)) = s; + O(\?) (25)

Page 20/54




A classical model

Given .»5\;”- set A

with
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A classical model

Given Ay set AL = =

Mi(s) = (1 =27 [£Ak],)s =20 Y [#Ak],sh.
k=) k=

with

[x]~ := max{x.0}.
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Weak measurements

on quantum systems

Now s is a density magyrix and £ is an effect
Remember

3(s.3) = tr[ss|sEY [A]

commutes with convex structure
Easy to guess G:
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Weak measurements {on quantum systems

Now s is a density mafrix and $ is an effect
Remember

5(s.35) = tr[ss]sEY (A

commutes with convex structure,
Easy to guess G:
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Weak measurements (on quantum systems

Now s is a density ma

rix and $ is an effect
Remember

1(5 S) = tr{$5153;V[AI
commutes with convex structure,
Easy to guess G:

G(s.3) = Retr[sAs].
Hence

sE¥[A] = Re -

Note that A is not assumed to be Hermitian

Pirsa: 14100114
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Weak measurements {on quantum systems

P m|s) := Z te[s(Kp ) Ky ol
n

m.n

PA(m|sh M) (s) =ZR;},"5(R"\ -
n

Assuming
K = K2 .+ AoRma + O(M2

with 0 < K2, € B we find

A= QZA,,,a‘R,,,.
m

where

Z KO 6Kmn
n
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Weak measurements lon quantum systems

Set S ‘ ’
P‘\{m S)h= L tr[s(n’\',‘,\, n]‘K,’,\, nl'
n

P'\{'n\ Mr:‘(sl =ZK;}| nS('K'::'?n}iA
n

Assuming :
Koo = K2 o+ A8Km.n + O()2)

with 0 < K2, , € B we find

A=2%" AndKm.
m

where
8K 1= Z KO 6K
n
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Weak measurements lon quantum systems

P mls) := Z te[s(Kpy o) Ko ol

Assuming
A % 2
Kinn = Ko + MKma + 0(\?)
with 0 < K7, , € & we find

A= :J.Z AmdKm.
m

where

'SK'“ b= Z Kr?1 n'skm.n'
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Disturbance in the stfong sense

Can we have
A . 2
m(si) = s+ O(\*)?

Have to include all putle states as ‘ontic’ states, but

|y (| = O(N?)

. A = e |
) = (.'1 -+ —m[r”\m — 'f,'!riKm‘l‘l.‘ l) [1)

Hence
Ma (1) (2]) = ) (1] = O(N2)

implies that |12) is eigenvector of §K,,
Only possible for trivial weak measurements
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Disturbance in the weak sense

To first order M3 act 3s an unitary
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Disturbance in the weak sense

To first order M2 act 4s an unitary:

M3(s) = > PA(In|s)M)\(s) = s = Ai[D. 5] = O(\?)

with

Di==iy 6Km.
m
Can be corrected by a unitary after the measurement.

ki = P00,

without changing A.

Pirsa: 14100114
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Disturbance in the weak sense

To first order M3 act 4s an unitary
Mnls)MN(s) = s = Mi[D. s] = O(\?),

D = *JZ I'I.Rm.

m

Can be corrected by a unitary after the measurement.

oA —iAD o\
Km n—T¢€ Km.n

without changing A
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Summary

Classical:

Quantum:

oW
$E5
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Summary

Classical: s
s:'w[A] i Eﬁ: q;.;A;(,p,
y .'_T.; q}PJ'

Quantum:
"‘r.‘ulA!!_'; \_‘ V'A;, (1]
[ - Rf‘ -—-_f“ 'l U~J

(|} S AT
) v

sEY[A] = Re
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Summary

Classical:

Quantum:

fE¥[A] = Re
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Summary

Classical.

Anomalous values when Ayj is not diagof

Quantum

"r‘a-/-".\ )

(o]

{E¥[A] = Re
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Summary

Classical;
Anomalous values when Ay; is not diagonal
Quantum:

1
SE,

Anomalous values when A is not proportional to the |

Pirsa: 14100114
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Summary

Classical;

» Non-disturbing inlthe weak sense == non-disturbing in the
strong sense

» Both conditions imply that the measurement is well-behaved
Quantum;
» Non-disturbing in the strong sense = trivial measurement

» By a small unitary one can always make a measurement
non-disturbing in the weak sense
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What is the weak value of an observable?

Y[Al = (0), = t[0s]

' "w
what is JZ¥[A]?
We have

hence
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What is the weak vale of an observable?

what is ;Z¥[A]?
We have :
= R(: trl. ASl — A
tr[* 5|

hence

Al tr(sOs]
RS =l

A=AR Al
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What is the weak valjue of an observable?

what is ;E[A]?
We have )
(2 t_rl‘isl = A 5
tr[* 5| '

hence

. tr(sOs] tr[sAs)
: fes]
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Quantifying disturbafce

Use the (second order foefficient of the) average survival
probability as measure

disturbance[Banaszek, Dressel Agarwal, Jordan|:

-

/d:.- tr[Mi\(la.-,.fu,‘ a,_.u.-@ =1-dm;\:_”f-0{.\3).

with

F=) fOKR,) =K )

m.n
m.n

and (d :=dimH)

f(B) := dw[B? - (ur[B])2.

Measurements that minimize F have 6K/ =~ »

Pirsa: 14100114
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Quantifying disturbafce

Use the (second order koefficient of the) average survival
probability as measure

disturbance[Banaszek, Dressel Agarwal, Jordan|:

/d:.- tr [Ma‘u.‘-,.r‘..‘ ] =1 - %

d(d +1)

with :
F=) fOKE,) = 6K )

m.n
m.n

and (d :=dimH)

F(B) := dr[B? - (tr[B])2.

Measurements that minimize F have K/ =~ «

F+0(\),
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Quantifying disturbafce

Use the (second order foefficient of the) average survival
probability as measure |of

disturbance[Banaszek, Dressel Agarwal, Jordan|:

./d:.- r [Ma‘u.‘-j..-‘., ,f|[ == d(ﬂ;\‘_”r—ot,\ﬂ. (49)

with

F= Z f{dK,‘:n) - r(’jki:: n)'

m.n

and (d :=dimH)

f(B) := dr[B?) - (ur[B])2.

Measurements that minimize F have :i!:(,‘:, noXe
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disturbance[Banaszek, Dressel Agarwal, Jordan|:

A2
d(d+1)

/dl.' tr [Mi\(lt'_‘,f‘n, : :",f"f_'L-‘ =1~

with

F =Y fOKR,) = fSK!

m n}
m.n

and (d :=dimH)
f(B) := dr[B? - (ur[B])2.

Measurements that minimize F have K/ =~ «

F +

0(A%),
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Quantifying disturbarjce

Use the (second order koefficient of the) average survival
probability as measure

disturbance[Banaszek, Dressel Agarwal, Jordan|:

[ 1 A2
/ du tr [Mi\(li,'f."l, vl (4 *f.‘[l =]1=- a(d - 1]]'-— Of.\l}.

with

F=Y fOKR )+ 6K, )

m.n

and (d :=dimH)

f(B) := dtr[B?) - (tr[B])?

Measurements that minimize F have -‘iK,',, - oG
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An AAV-like model

Consider the unitary

trl(> @ X)U(s @ s2,,) 0] = (),

tr((s @ X)U(s @ s2,,)0f) tr[sAs
_—mm—— —_—

u((3@+)U(s 257, )0t~ tr[ss]

aux

with[Mitchison, Jozsa,Popescu, Dressel, Jordan, . |

A=0~i({X.P}), O.
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An AAV-like model

Consider the unitary

te[(~ @ X)U(s 2 s2,,) 07 = (0),

tr[(:; 2)0(5 S:ur)(ﬁl = Re t"[SAsl -
Ws”—}tﬁ_] T T

aux

O(a~1)

with[Mitchison, Jozsa,Popescu,Dressel, Jordan, . |

A = (‘)— f’,{/\?.P}'ﬂs:‘“é‘
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An AAV-like model

Consider the unitary

te((+ @ X)U(s @ s2,,) 015

trl(3 2 X)0(s s7.) U'] e tr[sAs)

rl(3 @« )U(s @ s7,,)Uf] ~tr[3s]

with[Mitchison, Jozsa,Popescu, Dressel, Jordan, . .

A=0—i({X.P),. O

aun
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An AAV-like model

We have

M7 (s) = try,, [U7(s o 52, )(07)T] = s — i(P)sz [0.5] + O(a2)

(66)

and
o A LEeor e LT 2V . .
J’f:rrsz‘,,;-ulf[O)*Ef(B)—EF{X‘P}_,;ltfdlr[OB]—tr[O](r[B])_

(67)
One can show that

(68)
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Discussion

Four different attitude

a Generalized weak mtasurements that are non-disturbing in the
weak sense should bk considered non-disturbing

All (non-trivial) generalized weak measurements should be
considered disturbing. The measurements of a given observable
the are least disturbing yield the AAV weak value

- There are some generalized weak measurements that are
non-disturbing, and these always yield the AAV weak value

d The question whether weak measurements are disturbing is
ill-posed.
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Four different attitude

a Generalized weak mpasurements that are non-disturbing in the

weak sense should bk considered non-disturbing
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- There are some generalized weak measurements that are
non-disturbing, and these always yield the AAV weak value

The question whether weak measurements are disturbing is
ill-posed.
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