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Abstract: <span>In this talk | will explain how to compute three-point functions of N=4 SYM theory in the planar limit for tree level and one-loop
in perturbation theory. First | will recall how to formulate the problem of computing the three-point function of operators with determined R-charges
in the language of integrable spin chains. In the su(2) sector, the tree-level three point function can be obtained in terms of determinants, whose
large R-charge limit can be taken explicitly. Then | will report a systematic method to compute the su(2) three point function at higher loops. In
particular, we are able to take the semi-classical limit, and we can compare our result with the calculation from string theory. In the Frolov-Tseytlin
limit we find a perfect match at one-loop. Finally 1 will present a new formalism of computing three-point functions called the spin vertex
formalism, which is the weak coupling counter-part of the string vertex in the string field theory. | will describe how to construct the spin vertex and
discuss its important properties.</span>
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Three-Point
Function |

Tree Level

(Escobedo, Gromov, Sever, Vieira 2010-2011)

(Foda 2011)
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Set-Up

(Escobedo, Gromoyv, Sever, Vieira 2010-2011)

Operators | Field Contents | Sectors
o SU(2)L
Z SU(2)L
Za

SU(2)r

Eigenstates of one-loop dilatation operator.
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Set-Up

(Escobedo, Gromoyv, Sever, Vieira 2010-2011)

Operators | Field Contents | Sectors
2, SU(2)L
oy SU(2)
Z’

SU(2)r

Eigenstates of one-loop dilatation operator.
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Structure Constant

Libi;
‘1‘12‘2&

LyiLyL3Ch23(9)

(Oi(21)0;(x2)) =

(O1(21)O2(22)O3(23)) =

|3;12|A12 |3;23|A23 |3;13|A1;

|@ij| = |zs — x5

Ajj = A+ A5 — Ay ,,J,k=1,2,3

N.C123(g) = C%zz“‘ 20123
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Spin Chain Language

01 = |u),0y = |v),03 = |W)

| e {ub'" 9uN1}
v ={v1, " ,UN,}

WV = {wla"' ang,}

(0) A <u7 Vv, W>

Clo3 =
V (uu)(v|v)(w|w)




Spin Chain Language

01 = |u),0y = |v),03 = |W)

u = {ula"' auNl}
v ={v1, " ,UN,}

w={wy, - ,WN,}

{0)) A <u7 Vv, W>

Clo3 =
V (uu)(v|v)(w|w)




Planar Diagram

Trivial contractions ! { NS,

,-/J ‘f\} ,'..“ . (
;< SN
p // // b 2 I‘/ _\_}‘ /.},’ " /-,
VA /) ) TSI\
N VAR IFO T NN
r / 4 ;S S / A N .
/ & A SN TEE NN
« S \ 1/ / // ;(/ / - . L
N / \ LSS S S S S S AN )
\) ~ ~ /S Se) S /S / f N /
/& LU NI YY > NS
v ALAS (S SS S Vb
\| W 4 rd I
’/ AL Y /,/ oy, //// / J
N AL SN/ / Y. y
L, ~2/ S A /
A ' Y /
' ;S /

ﬁ

Trivial contractions!

|

i

Pt ;I i b P
XXXXXIZZXXZZXXXZXX
FI L O

Up Uy ..., H\

- > - -

L:; L,
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Planar Diagram

Trivial contractions ! {3

7\»\ "
= 55 “\
- 1 (
f ) TN, L N 72
3 7 S SN N
\) ) “,2 ,f/ /S Sy = fk’ M~ N I RN
/ P
Y/ A /) /. / F /\kf N
T ESENSS ) RN N
5 LSS eSS ;4 )
Y / \ / / / / £ =
. S LS S VA A s /
\) /& N /S YAV A YA 1 505 /
/ \ /4 S oSS S S VA A < vy
{ ~ /o / /o P
¥/ \\\ _‘fﬂ- O Y, / ey v Y& / / j
{ By - 1/ )/ SS S S /
" //’_ /-f. ~ / ;// z’/ / ,r'{’ // A //
NA A LN / // LSS S /
AR / S S
, S S S S S
/ /

ﬁ

Trivial contractions !

{ i ;.‘::‘
R b P [ |
XXXXXUZZXXZZXXXZXX
NN ..
’ Up Uy ..., H\

L; L,
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Tailoring

1. Cutting 2. Flipping

lu) — Z lu’) @ [u”)

WU ') ® [u”) = [u) ® (u”"

vy > Ve ) V) ® vy = V') @ (v'""|
w) = D W)@ |w)

\w’) |w”) — \w') ® (w” F\

3. Sewing

(W VY (V[ w) (W )
| Z V/(ufu) (v[v) (wlw)

Page 13/48



Pirsa: 14100079

Tailoring

1. Cutting 2. Flipping

lu) — Z lu’) @ [u”)

WU ') @ [u”) = ) @ (u”"

vy > Ve ) VY@ [v') = [v) @ (v'""|
w) = Y [whelw)

\w’) |w”) — \w') ® (w” F\

3. Sewing

(‘(“} N Z <11N*’V/><VH*|W/><WH*‘U/>
partitions \/<u|u> <V‘V> <W‘W>
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Freezing

Cubic Vertex

11111 2222

111111111
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Freezing
Structure Constant

(vUz|u)gn) (W|z)gs)

C\9) = 9
123 \/<u: O |u; 0 (v;02) |v;02)) (w; 03) |w;003))

For tree level, take the homogeneous limit!

For higher loop, fix the values of impurities !
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Freezing
Structure Constant

(vUzlu)gn) (W|z)gs)

C\9) = -
123 \/<u: O |u; 0 (v; 02) |v;: 0(2)) (w;003) |w; 0(3))

For tree level, take the homogeneous limit !

For higher loop, fix the values of impurities !
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The semi-classical limit

(Gromov, Sever, Vieira 2011 ;
Kostov 2012; Kostov Matsuo 2012)

1.L, N are large while N/L Finite

2. Compare with string theory

3. Bethe roots condense into cuts

4. Nice analytic results
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Inhomogeneous Case

' du : ‘ { Ay
log (.'52.)‘ - % —Liy ((#"’"'JF"”V '*‘E(’uti*l)
1,UA

27
v

+ % (].H.]J]B ((,fl!’w f 2( o(2) (rrnu))
Ja,, 2m
" du o
— —Liy (e*Pu
$ i ()
. 5{ du, (i) Quasi-Momentum
Ja, 4m |
) ?g du Lip (¢27) pul(t) = Gyu(u) — 5(1"9(41)
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Homogeneous Limit

27

+ ?é (llLi-; ((";/‘w+f(ll‘.’_!*l)/2”')
Ja. 2m °

0 ' du . . | .
1()3(-)-; (‘52:); — % _L12 ((,J]J“+:pv+;[‘_{/_”)
JAWUA,

-, )

©d N
_ .%‘.‘v (1; Lio (()va) )
e
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Three-Point
Function |l

One Loop

(Gromov, Vieira 2012)

(Serban 2012)

(Y.), Kostov, Loebbert, Serban 2014)
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Long-Range Spin Chain
Hamiltonians

L

Hy = QZ (1 = Proxs1)

k=1
14‘

Hy =2 Z (4Pk k+1 — Pr kg2 — 3)
k=1

No systematic way to construct eigenstates !
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One-Loop Insertion
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Unitarity Transformation

Inhomogeneous XXX

5s ) sk

If HEDS = 2¢sin 7

Monodromy Matrix Bethe States

Teps(u) = STxxx (u: E?BDS)S_l lu)pps = S|u; @°P)

The S-transformation preserves the RTT
relation. This is called morphism property.

irsa: 14100079 Page 24/48



Unitarity Transformation

Inhomogeneous XXX

5s ) sk

If HEDS = 2¢sin 7

Monodromy Matrix Bethe States

Tops(u) = STxxx (u; @°P%)S ! u)pps = Slu; O5P5)

The S-transformation preserves the RTT
relation. This is called morphism property.
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S-Operator

S=8Ssx8S,’
v—1 e
Sp = exp 1P Sy = expi0
L
® = 2¢°B[Q3] O =Y (veHy + pr[H]x)
k=1
. L k
BIQs] = 5 D k[H]i- v =—>_0,
k=1 j=1

A.
P = —rv — E 0=
j

j=1
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S-Operator

S = exp 1P

b = 2.(;28[Q;;]

BlQs) = 5 3

k=1

S=S5x8S,"

aarrargts

Sy ' = expi®

L
O = > (Hy + pr[H]x)
k=1
k
Vp = — Z 0;
J=1

A.
P = —Opvp, — Z 02
J

1=1
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P-D Relations
First Order

Hy|u) = —Dg|u) Dy = i(Ok — Ops1)
Hpu) = =Dp|u) + Eg|u) Ok = 0/00y,

Second Order

H].[u) = (E(DZ} - Df-+1) + (Dk — DA-+1)) u)
], ) = (5(0F - DY + (DL~ D))

|
— (5133 ~ EEE + Ea (1 + Df,)) u)
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P-D Relations
First Order

Hi|u) = =Dy |u) Dy = (O — Ops1)
Hyu) = =Dy |u) + Es|u) O = 0/00%

Second Order

) u) = ( 5(DF = D) + (D1~ Dicy) ) u)
], ) = (5(0F - DY + (DL - D)) [

|
— (,’,]C:% ~ EEE + Ea(1 + DL)) u)
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Final Result

Ci23(9%) = Cya>(9°) + g° 0123

OBDS _ (vUzlu)gn) (W|z)gm)
B V(0 [u; 00 (v 02 |v: 02)) (w: 03) |w: 0(3))

GHI)H
BDS/ 2 . 2 <BDS
Cio3”(97) =~ Chas(1 + g%07537)

Semi-Classical Limit

2

5 q . 5 BDS U :
g 0123 ~ 7z g'* <GP ~ T g“L

]
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Strong-Weak Comparison

Cubic Vertex

(u,v,w) ~ exp F55°

Frolov-Tseytlin Limit

ke wde & Ea ~u = Ba o

irsa: 14100079 Page 31/48



Strong-Weak Comparison

Cubic Vertex

(u,v,w) ~ exp F35°

Frolov-Tseytlin Limit

ke vl & Ea -3 P
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Weak Coupling

Pﬂll‘i)l-?s ~ ¢ du Lis ((,i{)u+ipv—iqw)
} L L1‘|UL1

27

_{_¢ (llLl ( f;)w+'i(;,l—ir;v)
(_" 27T

‘W

Strong Coupling

KK du ip1+ipa—ip: “du ipa+in1 —ipo
13;—§£—L1 1P1+1p2 Is)+ le(cu P1 !.,)

27

“du S “du -
. [,1-_) (( vP2t+1pP3 .fj}|) ; . : ]le ((j;’” f LpP2 r;)‘,)
] 27 | ] 2w
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Up to the order ¢’*

v’ Match:

? Unclear:

? Unclear:
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Spin Vertex

Formalism

(Komastu, talk in Pohang workshop)

(Y.J, Kostov, Petrovskii, Serban
Work in progress...)
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The String Vertex
Light-cone string field theory

o)

3 o0
> 5 SNl ) 0

1l m.n

l\;|b—‘

19 =P (-

BMN Correspondence
Hyo3 = <1‘< <:~ : >"" C'123

string theory field theory
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The String Vertex
Light-cone string field theory

o)

3 o0
> > > el ) 0

1 m.n

l\;|b——

19~ Pesp

BMN Correspondence
Hyo3 = (1](2|(3|H3) ~ C23

string theory field theory
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The Spin Vertex

Bethe states EE V|23 ~ 012;;

Spin vertex
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The Spin Vertex

Tree-level

|

{1

e 2

Vigs) = [Vi2)[Va3) (u|(v|Vi2) = (ulv)
Wick Contraction + Planarity

v12) = |2)R|Z2)+ |1Z2) @ |Z) + | X) @ | X) + | X) ® | X)




The Spin Vertex

Reflection Property

(1) (2) v
(Eap + Eyp)Viz) =0

1) — |1 -
“AB i,
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Monodromy Condition

R(}l(”‘)R(ll(”)Hrlﬁ — |""l:z>

a b
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Monodromy Condition
Yangian Invariant

i

Mio3(u)|Vias) = |Vias)
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Monodromy Condition
Main Conjecture

Miz(u)|Vias) = |Vi23)

The monodromy condition is true also at
higher loops.

Next Step

Use the monodromy condition to fix one loop
insertions without Feynmann diagram.

Page 45/48



Outlook

Use integrability to fix insertions
Relations to scattering amplitudes
Equations for three-point function

All loop formalism




Thankyou!

T
&
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