Title: Computer Algebrafor Theoretical Physics
Date: Oct 07, 2014 10:00 AM
URL: http://pirsa.org/14100068

Abstract: <span>Generally speaking, physicists still experience that computing with paper and pencil isin most cases ssimpler than computing on a
Computer Algebra worksheet. On the other hand, recent developments in the Maple system implemented most of the mathematical objects and
mathematics used in theoretical physics computations, and dramatically approximated the notation used in the computer to the one used in paper and
pencil, diminishing the learning gap and computer-syntax distraction to a strict minimum. In connection, in this talk the Physics project at Maplesoft
is presented and the resulting Physics package illustrated tackling problemsin classical and quantum mechanics, general relativity and field theory.
In addition to the 10 a.m lecture, there will be a hands-on workshop at 1pm in the Alice Room. Feel free to join! <br></span>
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... and why computers?

We can concentrate more on the ideas instead of
on the algebraic manipulations

We can extend results with ease
We can explore the mathematics surrounding a problem

We can share results in a reproducible way
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T
Vector and tensor notation in special and general relativity

Formalism

Vector calculus

Tensor calculus
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Formulation

Fields

3D Euclidean space + time

Potentials (any gauge)
3D Euclidean space + time

Potentials (Lorenz gauge)
3D Euclidean space + time

Fields

Minkowski space

Potentials (any gauge)
Minkowski space

Potentials (Lorenz gauge)

Minkowski space

Fields

any space-time

Potentials (any gauge)

any space-time

Homogeneous equations

V-B=0
0B

VxE—l-T:U

BZVXA&)A
E=—V¢—W
B=V><A0A
=_V¢_0_t
12";": 0

f)[u -F.“'h] =0

V- A+

u g = ()[n A, 3

E\:‘)‘ = a[n 'lf]
Op A" =10

HaFsy) = ViaFsy =0

E\.‘f = (')[n -'l.“i'] = V[u -'l,-'i]

Non-homogeneous equations

v.E="L
o

1 0E

VxB- 290

= 1pJ

{)
o

Vip ‘)f(v A) =

3
OA V-A ) J
+V + —25 = Jo

L = £
o

LA = HnJ
(4)“ F_."fﬂ — ﬂ-{]r)"ﬁ
OO A% = 1o ”
0A% = —H"J"
— “UJ.“J

ValV=gF"™)
vn( /_‘—_(;V[ﬂ.-l"]) — H{}J:‘i
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Formalism

Vector calculus

Tensor calculus
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Formulation

Fields

3D Euclidean space + time

Potentials (any gauge)
3D Euclidean space + time

Potentials (Lorenz gauge)
3D Euclidean space + time

Fields

Minkowski space

Potentials (any gauge)
Minkowski space

Potentials (Lorenz gauge)

Minkowski space

Fields

any space-time

Potentials (any gauge)

any space-time

Homogeneous equations

V-By=0

B
VXE-I-T—U

BZVXA&)A
E=——V<,9—W
B=V><A0A
=._V(p_0_t
12";": 0

0[:1 -F.“'h] =0

V-A+

u g = ()[n A, 3

E\:‘)‘ = a[n 'lf]
Op A" =10

aFsy) = ViaFsy =0

E\.‘f = (')[n -'l.“i'] = V[u -'l,-i]

Non-homogeneous equations

v.E="L
o
1 OE
VxB- T = pod
(') N
2
Vi +o (V-A) = e
CA VA Lav) _ J
+V + —25 = Jo
Op = £
o
LA = HnJ

O F* = p1oJ”
80P A% = poJ?
0A® = —pJ°
= poJ A

ValV=gF"™)
vn( /_‘_yv[.“i‘_lr\]) — H{}J:‘i
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Dirac notation in Quantum Mechanics

W) = [|x) (x| '¥)dx (@]= [(®]x)(x'|ax'
(¢|\P>=j( | x) (x| ¥ jcb (X)W (x)dx

2

E

n

n

(E)= 2 (®|n)E, (n|®)= |c

n

(p|¥) =¥(p) = [exp(-ipx)2sin(urx)ds
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Examples

» Classical Mechanics

» Quantum mechanics

» Relativity

’Ready [Users/ecterrab/Maple/lib Server: 3 Memory: 59.79M Time: 96.79s Math Mode
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®00 Examples.mw

Examples

V Classical Mechanics

W Inertia tensor for a triatomic molecule
l

» Quantum mechanics

» Relativity

’Rudy JUsers/ecterrab/Maple/lib Server: 3 Memory: 59.79M Time: 96.79s Text Mode
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Examples

V Classical Mechanics

Y Inertia tensor for a triatomic molecule

Problem
Determine the Inertia tensor of a triatomic molecule that has the form of an isosceles triangle with two masses m | in the

extremes of the base and mass m, in the third vertex. The distance between the two masses m | is equal to @, and the

height of the triangle is equal to 4.

W Solution

» Quantum mechanics

JUsers/ecterrab/Maple/lib  Server: 3 Memory: 59.79M Time: 96.79s Text Mode

d
’Ru ly
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Examples

V Classical Mechanics

V Inertia tensor for a triatomic molecule

Problem
Determine the Inertia tensor of a triatomic molecule that has the form of an isosceles triangle with two masses m | in the

extremes of the base and mass m, in the third vertex. The distance between the two masses m | is equal to @, and the

height of the triangle is equal to 4.

V Sotution
> restart, MJ;'Ih(Physics, KroneckerDelta) : with(Physics| Vectors]) :

The general formula
> [nertiaTensor = Sum(m[k] (i\.f(mrr.r(f-'_[k])2 kd _[i,j]-Component(r_[k],i) Component(r_[k],)) ), k=1
. N );

Thaua ava 2 wnawtinlan

’Ready [Users/ecterrab/Maple/lib Server: 3 Memory: 59.79M Time: 96.79s Math Mode
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V Classical Mechanics

V Inertia tensor for a triatomic molecule

Problem
Determine the Inertia tensor of a triatomic molecule that has the form of an isosceles triangle with two masses m | in the

extremes of the base and mass m, in the third vertex. The distance between the two masses m, is equal to a, and the
height of the triangle is equal to /.

V Sotution
> restart; with(Physics, KroneckerDelta) : with(Physics| Vectors]) :

The general formula
> [nertiaTensor = Sum(m[k] (i\.fonrr.r(r_[k])2 kd_[i,j]-Component(r_[k],i) Component(r_[k],)) ), k=1

. N)!
N
InertiaTensor = > m ”7’ “2 o . — (? ) (? ) (1.1.1.1)
=k LR i k) k),
There are 3 particles
> N:=3
’Readv [Users/ecterrab/Maple/lib Server: 3 Memory: 59.79M Time: 96.79s Math Mode

Pirsa: 14100068 Page 14/56



‘ Maple 18 File Edit View Insert Format Table Drawing Plot Spreadsheet Tools Window Help O = 4) 99% @ I+]1 TueOct? 10:12 Q =
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V Classical Mechanics

V Inertia tensor for a triatomic molecule

Problem
Determine the Inertia tensor of a triatomic molecule that has the form of an isosceles triangle with two masses m | in the

extremes of the base and mass m, in the third vertex. The distance between the two masses m, is equal to a, and the
height of the triangle is equal to /.

V Sotution
> restart; with(Physics, KroneckerDelta) : with(Physics| Vectors]) :

The general formula
> [nertiaTensor = Sum(m[k] (i\.fonrr.r(r_[k])2 kd_[i,j]-Component(r_[k],i) Component(r_[k],J) ), k=1

. N ) :
N
InertiaTensor = > m ”? |2 o . — (? ) (? ) (1.1.1.1)
There are 3 particles
> N:=3
’Ready [Users/ecterrab/Maple/lib Server: 3 Memory: 59.79M Time: 96.79s Math Mode
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Problem
Determine the Inertia tensor of a triatomic molecule that has the form of an isosceles triangle with two masses m, in the

extremes of the base and mass m, in the third vertex. The distance between the two masses m | is equal to @, and the

height of the triangle is equal to /.

V Sotution
> restart; with(Physics, KroneckerDelta) : with(Physics| Vectors]) :

The general formula
> InertiaTensor = Sum(m[k] (1’\!{)4":m'(r_[k])2 kd [i,j]-Component(r_[k],i) Component(r_[k],}) ), k=1

. N );
N
InertiaTensor = n: r ’ 7 (1.1.1.1)
- (178, = (), ()
There are 3 particles
> N:=3
Ni=3 (1.1.1.2)
Create an indexing function
> T = unapply (InertiaTensor, i, j)
’Readv [Users/ecterrab/Maple/lib Server: 3 Memory: 59.79M Time: 96.79s Math Mode
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(1.1.1.3) °

e 00
I ="(1,)) =

— M (N7 % Ue), (),

The inerta tensor matrix
> IT Matrix = Matrix (3, IT)

r_lk]=R_[k]-R_[CM];

position

> position =

- — —
=1 =R Rey
Choose the origin at the middle of the segment connecting the two atoms of equal mass

>R [1]= -2 i

- —
Choose a system of reference (not at the center of mass). The vectors ?k are relatedto R, and R .,

3 3 3
‘ 202 2v2y N o, (7 2 N
'"A-(“'l.-” (fk)] ) rl( m,\(r,\)](r,\_)z) Al( m!\(li‘)](
3 3 3
IT Matrix = N o (7 r- N 202 (7 2 N o (7 2
- 2 (P, Fo,) 2m (IR = (o), ) 2 (e (), (7))
3 3 3
N 2N (7 N rom (BN (7 N 22—
k__,l(—m,\(rk)l ('A-)3) Ifl( I??k(lk)z(ik)B,) '"A-(”'k”

by

(1.1.1.4)

(1.1.1.5)

’Rndv

JUsers/ecterrab/Maple/lib Server: 3 Memory: 23.34M Time: 97.70s Math Mode
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X k=1~ " I B A =N BN T 2] k=IN S B A
3‘ 3‘ 3‘
H_ et = i\_’l ( —my (?A-). (?k)z) %I”’k ( ||?A-||2 B (?A-)zz) %](“’”A- (?A-)z (?k)g,) (adds9)
S o (BN (T N P - N S 02 2y 2
2 (), (F)y) A (e 0, (F)y) 2 (Il = (o))

- -
Choose a system of reference (not at the center of mass). The vectors ?k are related to R, and R ., by

> position == r_[k]=R_[k]-R_[CM ],
— -
position = ?A_ = RA- — R(‘M (1.1.1.5)

Choose the origin at the middle of the segment connecting the two atoms of equal mass

>R_[1]==—%_i; )
o . al
Ry =i (1.1.1.6)
>R [2]=h _k .
R, = hk (1.1.1.7)
> R [3]:=% i
’Readv [Users/ecterrab/Maple/lib Server: 3 Memory: 23.34M Time: 97.70s Math Mode
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q >R [2]=h k i
— -
R2 = hk (1.1.1.7)
> R_[3] H— i_;
R, = 5 (1.1.1.8)
Two masses are equal
> myi=m[1]
My = m, (1.1.1.9)
The "center of mass"
>R [CM ] == Sum(m[jIR _[jl.j=1.N)/Sum(m[j],j=1..N);
3
l m.ﬁ
Rpy = 3 (1.1.1.10)
_: m.
j=1"’
> Em,: = va!ue(ﬁm,)
.’ﬁndv JUsers/ecterrab/Maple/lib Server: 3 Memory: 23.34M Time: 97.70s Math Mode
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f Choose the origin at the middle of the segment connecting the two atoms of equal mass i
>R_[1]==—%_i; )
oo al
R, = - (1.1.1.6)
>R [2]=h k
R, == hk (1.1.1.7)
>R [3] = ;—’_f )
s ai
R, = 5 (1.1.1.8)
Two masses are equal I
> my = m[1]
My = m, (1.1.1.9)
The "center of mass"
> R [CM] == Sum(m[jIR _[j).j=1.N)/Sum(m[j],j=1.N);
3
’Endv JUsers/ecterrab/Maple/lib Server: 3 Memory: 23.34M Time: 97.70s Text Mode

Pirsa: 14100068 Page 20/56



® Maple 18 File Edit View Insert Format

Table Drawing Plot Spreadsheet Tools Window Help

O = «) 98% @@ I+] TueOct7 10:17 Q =

® 00 Examples.mw
The "center of mass"
> R [CM] = Sum(m[jIR _[j).j=1.N)/Sum(m[j],j=1.N);
3
l m.ﬁ.
R, =dtl’ 1.1.1.10
Rev = 773 (210
L m,
=1’
. o
> Ry, = va!ue(RCM) .
o ., h k
R, =———— 1.1.1.11
M= 2m +m, ( )
The positions of the three particles viewed from the center of mass
> seq(eval(position, k=j),j=1.N) 1
The abstract IT _Matrix at these values of the vectors ?k
> IT answer = simplify (eval (value (IT Matrix), [??]))
>
’Readv [Users/ecterrab/Maple/lib Server: 3 Memory: 23.34M Time: 97.70s Math Mode
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» Ry == (1.1.1.8) °
Two masses are equal
> my = m[1]
My o= m, (1.1.1.9)
The "center of mass"
>R [CM] == Sum(m[jIR [jl,j=1.N)/Sum(m[j],j=1..N),
3
L m R,
Rpy = : (1.1.1.10)
L m,
=1
—
> Ry = va!ue(RCM) R
. ., h k
R, =—"——— 1.1.1.11
I M= 2m, +m, ( )
The positions of the three particles viewed from the center of mass
> beq(eval( position, k=j),j=1.N)
’Rndv [Users/ecterrab/Maple/lib Server: 3 Memory: 23.34M Time: 97.98s Math Mode
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J\I 2
>R [2]:=h _k
- L -
R2 = hk
> R [3]= — i
g al
R, = 5
Two masses are equal
> m =Dm[1]
”13 = ﬂ?l

The "center of mass"

>R [CM] = Sum(m[jIR _[j).j=1.N)/Sum(m[j],j=1.N);
3
L mlj?)
r I 1
Reyy = "33
> om,

=1 J

\Lelkel V)

(1.1.1.7)

(1.1.1.8)

(1.1.1.9)

(1.1.1.10)

.’ﬁndv

JUsers/ecterrab/Maple/lib Server: 3 Memory: 23.34M Time: 97.98s Math Mode
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® 00 . . Examples.mw : .
m (8 m a* + 3 m, + 12.m, hz)
IT answer = 0 0 (1.1.1.13)
- 4(3ml +'"2)
m am, h 0 m a* (8 m; +3 mz)
2 (3m] +mz) 4(3»?] +mz)
>
¥V Quantum mechanics
-
¥ The quantum operator components of | satisfy [/,l., /‘/'] =1¢ ik L,

> restart; with(Physics) : interface (imaginaryunit = 1) :

> Setup (spaceindices = lowercaselatin)

Define L, r and p as tensors of the 3-D Euclidean space embedded in

-~ ™ odre A T we am ¥
’Readv JUsers/ecterrab/Maple/lib Server: 3 Memory: 23.34M Time: 97.98s Text Mode
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® 00 Examples.mw

4
»

>

rs a a of of o I.

> restart; with( Physics) : interface (imaginaryunit = 1) :
> Setup (spaceindices = lowercaselatin)

> Define(L, r, p)

L,),l",“,O’,a,’
{ P O O 8y,

Fp Py | =1 8} ©

algebrarules = { | Py Py - =0,

Verify how these algebra rules work:
> 1% Commutator(r| j), p[k])
Pk

> value(%)

TG

O L€ }
Viowy oo By

J1-

| spaceindices = lowercaselatin |

Define L, r and p as tensors of the 3-D Euclidean space embedded in

Defined objects with tensor properties

Now set the related Commutator rules for the algebra in tensor notation

> Setup (quantumoperators = {L, p, r}, { Z%oCommutator(p| j), p|k]) =0, %Commutator(r( j], p[ k])
=i KroneckerDelta| j, k|, Y“eCommutator(r| j|, r[k])
o k| = 0}, quantumoperators = { L, p, ;}] (2.1.3)

L,k K .

(2.1.1)

(2.1.2)

(2.1.4)

Ready

[Users/ecterrab/Maple/lib Server: 3 Memory: 23.42M Time: 98.98s Math Mode
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g . Ly e e aa b B N Ty .
=i KroneckerDelta| j, k], Y%eCommutator(r[ j], r[k]) =0})
[algebrarule.s‘ = { | Pp Py ‘._ =0, Fp P ‘_ = | 8’ e |7 Tk ‘_ = 0}, quantumoperators = { L, p, ;}] (2.1.3)
Verify how these algebra rules work:
> %Commutator(r| j], p[k])
|79 Pr] _ (2.1.4)
> value(%)
i 8’ A (2.1.5)
> (%Commutator = Commutator) (r[ jl, r[k])
‘ i 0 (2.1.6)
> (%Commutator = Commutator) (p[Jj1, plk]);
(PpPy|_ =0 (2.1.7)
We want to verify that if
> Llj] =ep_[J, k,m] r[k]p[m]
l,‘}. =Dy Ej"" i (2.1.8)
then
> rule == %Commutator(L[ j], L[k]) =i LeviCivita[ j, k, m] L[ m]

’Readv [Users/ecterrab/Maple/lib Server: 3 Memory: 39.42M Time: 99.21s Math Mode
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®@00 Examples.mw
; > %Commutator(r| j], p[k]) ;
‘ Ko P| (2.1.4)
> value (%)
i 5, . (2.1.5)
> (%Commutator = Commutator) (r[ j], r[ k])
‘ K Ty ‘_ =0 (2.1.6)
> (%Commutator = Commutator) (p[j], plk]);
‘ Pp Py ‘_ =0 (2.1.7)
We want to verify that if
> L[j] =ep_[J, k,m] r[k]p[m]
lf;’ =P, ejk* " (2.1.8)
then
> rule = %Commutator(L[ j], L[ k]) =1LeviCivita[ j, k, m] L[ m]
rule = [LpLy]_ = i € km L™ (2.1.9)
Substitute now the operator /., by its tensor form in terms /, and p in the commutator above
> Library:-SubstituteTensor((2.1.8), rule)

’Readv [Users/ecterrab/Maple/lib Server: 3 Memory: 39.42M Time: 99.21s Math Mode
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N ‘ Fo T | = (2.1.6) |
> (%Commutator = Commutator) (p[j], plk]);
Pppy| =0 (2.1.7)
We want to verify that if
> L[j] =ep_[j, k,m] r[k]p[m]
[‘j =Dy, jk‘ N (2.1.8)
then
> rule == %Commutator(L[ j], L[ k]) =1LeviCivita[ j, k, m| L[ m |
aile o o m
rule ‘ /fj’ L, et E; km b (2.1.9)
Substitute now the operator /., by its tensor form in terms », and p in the commutator above
> Library:-SubstituteTensor((2.1.8), rule)
‘,.“ /)m eja. m i /)(. Ekb. ¢ -_ =i E} o "'u P, € m,a, b (2.1.10)
> Simplify((2.1.10))
—irk;;j+if'}.pk= —irkp}.-l- iri./J,.‘_ (2.1.11)
Or one step at a time,
> expand((2.1.10))

’Readv

[Users/ecterrab/Maple/lib Server: 3 Memory: 39.42M Time: 99.58s Math Mode
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® 00 Examples.mw
: < LAOTUr Y. mOoUUNHHLIC T CHYUT |\ &4 1.0), TUHLIC )
; am . b, ¢ = i : m,a, b
‘ "aP'm b Ty Pe Ek - 1 6} k. m Fa Py (2.1.10)
> Simplify((2.1.10))
“inep, +1 P = D + 1 i Py (2.1.11)
Or one step at a time,
> expand((2.1.10))
am . b, c . . —am, b o, . . a, b, m .
G_,' E/\- "am b Pe ej E}\- "o Pl aPm =1 6, k. m € "al'b (2.1.12)
> Simplify((2.1.12))
(] “1r P +1 P = “1r P + 1 i Py (2.1.13)
> |
» Quantization of the energy of a particle in a magnetic field
W The field equations for a quantum system of identical particles
» Unitary Operators in Quantum Mechanics
’Ready [Users/ecterrab/Maple/lib Server: 3 Memory: 39.42M Time: 99.58s Math Mode
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: llk"j ] l-.,.lak .r}'\'l’.,. I nlj.!'k \=esasnvy

>

V Quantization of the energy of a particle in a magnetic field

Show that the energy of a particle in a magnetic field oriented along the z axis can be written as

H=h (utu + LJ
¢ 2

.f.

where «', ¢ are creation and anthilation operators.

> restart, with(Physics) : with(Physics| Vectors]) : interface (imaginaryunit = i) :

> Setup(hermr'rr'anopemmrs - {H, I1,ILAA ,Lp ,p,x,V, z}, quantumoperators = {a}, realobjects = {c', h,
q, k, B, m, (o(.}) 1

L. — e d - — o -
[hermmcmopw'armts' = {I I, A, A, H, L, I, p, p, x, v, :}, quantumoperators = { [1, A4, A4, H, L, 11, a, p, p, x, v, :}, (2.2.1)

> CompactDisplay(A(x,y), 4 (x,y))
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; L ;
(p_ - i,'A_(x,y))
> H= <
2:m
= 2
H= ‘ (2.2.3)
2m
. o —
Let's introduce the Hermitian operator I1
>TI1 =p — i'-A_(x,y)
¢ -
= A
n=p-4 (2.2.4)
e
> substitute( (rhs = lhs) ((2.2.4)), (2.2.3))
—2
[
H=—— (2.2.5)
I 2m
—)
Derive now the commutation rules [ I, 1 l\l] for the components of 'l taking into account the commutator rules
between position and momentum:
> Betup( [[v,p.| =ik [x.p| =0, [v,x]_=0,[vp| =0, [vp| =ik [p.p] =0}
’Rndv JUsers/ecterrab/Maple/lib Server: 3 Memory: 24.02M Time: 100.27s Math Mode
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: i 0 l\_ I J [ l.‘l i !‘\ I J !" c. ‘H-HUIU’
> Component((2.2.10), 1)
A
1 =p — ‘ (2.2.11)
\ X ¢
> Component((2.2.10), 2)
q
[ =p - (2.2.12)
J . c
> %Commutator((2.2.11), (2.2.12))
q : q .-I“ '
Nn=p ———11 =p — (2.2.13)
X X ¢ ) ) ¢ -
> value((2.2.13))
q [.‘l\, "l,r]_
q(r.4)  a|[Aer,]_— »
[Il , ”l] = - - (2.2.14)
J 4 P ¢ &
-
We need to specify the gauge to compute the commutators that involve .1 (x, ). In Coulomb's gauge, the following
— -
vector potential gives the chosen magnetic field B= B k
> A_(xy) =i+ 2,
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N between position and momentum: ;
> Setup({[x,p|_=it [xp | =0 [px]_=0,[yp | =0, [y.p|_=ih[p,p|_=0})
[algebmrule.\' - { X, P, :_ =1ih, [x, P, = 0, [v,x]|_=0, [y, P, !_ =0, [y, P, B 1h, PP, ‘_ = 0}] (2.2.6)
Express then these vectors in components
>p =plx]_i+ply]J Lo~ R
=ip tjp, (2.2.7)
> A_(xy) =A[x] () it A p) S
A=TA4 +j4 (2.2.8)
> I =Tl[x] i+ T{y] J
. — -
[=711 +7 11 (2.2.9)
> substitute ([ (2.2.7), (2.2.8), (2.2.9)], (2.2.4)) N N
[~ -~ -~ -~ q (i.-l\_—l—j.-.’\,)
i+ I =ip +jp — (2.2.10)
X _ ¢
> Component((2.2.10), 1)
q 1
[m=p — (2.2.11)
\ X C
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v

Show that the energy of a particle in a magnetic field oriented along the z axis can be written as

H=h(0c (HTH + %)

where ”’r

, « are creation and anthilation operators.
> restartywith(Physics) : with(Physics| Vectors|) : interface (imaginaryunit = i) :

> Setup(hermr'tr'cmoperazor.v = {H, IM,I,4,4 ,L,p ,p,x,V, z}, quantumoperators = {a}, realobjects = {c, h,
q, k, B, m, co(,})

!

- —

3
[1, 4, A, H, L, 1, p, ;_;, X, V, :}, quantumoperators = { [, 4, 4, H, L, 11, a, p, /_;, X, V, :}, (2.2.1)

—

[hermi lianoperators = {

-

realobjects = {h, B, i, ; Z,&; se k,my b, q,r,p, 0, 0,0, 2, w(.}]
), A_(x,»))

A(x, v) will now be displayed as A

> CompactDisplhy (A(x, y

j(x, V) will now be displayed as A (2.2.2)

MM e TTacnnilicnnlda..

’Rndv
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q T REN
‘ [ =p — — [ = P, (2.2.13)

c
> value((2.2.13))

[/” 4,]_ q|[4.0,] — 9[- ‘( V)

[, m] =- (2.2.14)

¢

-

We need to specify the gauge to compute the commutators that involve 4 (v, ). In Coulomb's gauge, the following
— —_—

vector potential gives the chosen magnetic field B = B k

B- .. Bx .
> A (x,p) =_Ty._l+ 5 '_];| I

Verify

> Divergence(??)

> Curl(??)

Express the left-hand side of ?? in terms of the components of A and recompute [ 1,1 11.]_

> substitute ((2.2.8), ??)

> convert(??, setofequations)
> substitute(??, (2.2.14))

> 7
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n > D(’Hlp((&.‘.LU)) by
algebrarules = ‘ X, P, o =1h, |, P, | =0, [y, x]_=0, [y, P, | =0, [y, ;J‘.' =1h, ll\, Il“ ' (2.2.22)
1g B 1 .
_ 19 ?’ posp, :0”
c R
> a= \‘/(_ (TI -+ i-l’l})
f 2'hq'B X )

. ﬁﬁ(llﬁil[_r)

“ (2.2.23)
I 2JhgB
> (2.2.23)
N ﬁﬁ(ll_—iu,)
a’ = . (2.2.24)
2JhgB
Verify the normalization of this definition
> Commutator((2.2.23), (2.2.24))
[a,a"]_=1 (2.2.25)

Express the Hamiltonian in terms of «, «". For that purpose, multiply equations (2.2.24) and (2.2.23)
> ((2.2.24) . (2.2.23))
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N Ya= - ' 2.2.27) |
a' a 2l B ( )
Introduce the angular frequency
> W = A
¢ m
o =18 (2.2.28)
¢ m
> isolate((2.2.28), B)
W m
B=— (2.2.29)
[ q
> expand (substitute((2.2.29), (2.2.27)))
2 2
; 1 ¢l ¢l .
I d= -— ’ oimi
o 2 2h w m 2h W m
Compare now this formula with the Hamiltonian:
> (2.2.9), (2.2.5)
—2
- -~ -~ I
[T=iIl +j11,H= (2.2.31)
m
> pxpand (substitute((2.2.9), (2.2.5)))
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; q A, g ;
[M=p ———1I1 =p — (2.2.13)
\ X ¢ ) | ¢

> value((2.2.13))

q [,-l\, ;I.‘.]
q [p\_’ ,.1“]_ q [.‘I’\_,’ p‘.]_ — 5
[11\, 11_‘,]_ = - - (2.2.14)

c (8

-

We need to specify the gauge to compute the commutators that involve 1 (x, ). In Coulomb's gauge, the following
- -

vector potential gives the chosen magnetic field B =B k

> A (x,y) :_32_'y._1.+ Bz-x s :
= _% BT+ %B?.\‘ (2.2.15)
Verify
> Divergence((2.2.15)) o
Ve l-0 (2.2.16)
> Curl((2.2.15)) - -
Uxi=Bk 2.2.17)

Fvnrace tha laft hand cida Af (Y 7 18\ in tarme af tha camnanante af A and varAamnnta r I |l 1
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; vector potential gives the chosen magnetic field B = B k ;
By . Bx |
> e —— . ’
A (x,p) 5 -+ L
A=-LBTy+LB7x (2.2.15)
g 2 . 2 .j . Y-
Verity
> Divergence((2.2.15))
Ved=0 (2.2.16)
> Curl((2.2.15))
- -
VxA=Bk (2.2.17)
1
Express the left-hand side of (2.2.15) in terms of the components of A and recompute [ [, 1 l“]
> substitute((2.2.8), (2.2.15))
iA +}'“,a,=—i37v\-+i3}\- (2.2.18)
\ 1 2 2
> convert((2.2.18), setofequations)
By ~ Bx
[ == 5 [ = > (2.2.19)
> substitute((2.2.19), (2.2.14))
Ready [Users/ecterrab/Maple/lib Server: 3 Memory: 44.03M Time: 101.41s Math Mode
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X By . B'X
> - ' . '
A (x,y) 5 + 5
A= -2 BTy+—~BTx (2.2.15)
. > _ > BJ- 2.
Verify
> Divergence((2.2.15)) .
Ved=0 (2.2.16)
> Curl((2.2.15)) .
Vx A=Bk (2.2.17)
Express the left-hand side of (2.2.15) in terms of the cpmponents of A and recompute [ [, 11]
> substitute((2.2.8), (2.2.15))
7.-.’_+}",i,=—LBT'\--&LB}".\- (2.2.18)
\ ) 2 2
> convert((2.2.18), setofequations)
By B
{ { - > A = > } (2.2.19)
> substitute((2.2.19), (2.2.14))
( -2 22 |
r ™ a r ™ a q ’) ’ ’)
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> &s'fmplifjf((z-2-32)a {(2.2.30)}, {”\.2})

v

24" an o m+ h ® m

H= (2.2.33)
2¢m

> simplify ((2.2.33), size)

h (D(, (2(!1. a + l)

H= 2.
o (2.2.34)

This is the Hamiltonian of an harmonic oscillator with frequency o, . The values of the energy are £ = w(,(n + bR

where # 1s a positive integer.
>

V' The field equations for a quantum system of identical particles

Problem: derive the field equation describing the ground state of a quantum system of identical particles (bosons), that
is, the Gross-Pitaevskii equation (GPE). This equation is particularly useful to describe Bose-Einstein condensates

(BEC). I
» Solution
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\ > L= > m Norm|( 7oGradrent(Yst)) + V(X,),z, 1) abS(Fs1) + £l abs(rst) N
2 4
n? ||Vl G |y

: . . G \|1|4 . . .
y(x, )y, z,t) is a complex field, V' (x, v, z, 1) an external potential, the term 5 is the atom-atom interaction.

> Setup (realobjects = {t,m, h, G, V(x,y,z,t)}):

The Lagrangian density L in terms of the Energy £

> L= (%J (conjugate (Psi) diff (Psi, t) — Psi diff (conjugate(Psi), t))-E
- 2 VvlT - G

Construct the action and equate to zero the functional derivative
> 'Fundiff'(Intc (L, x, v, z, t), psi) =0

8 o o w [ 1h (\I_IWI_WW!) h? ”Tw”Z . G|\|;4 .
(WJl—x[-Iml-x ( 2 B 2m — Vv - P dx dy dzdr=0 (2.3.1.4)

> [(2.3.1.4)
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g L0V J oo | \ 2 2m 2 ) ‘ an-
> (2.3.1.4)
Ry +y R+ niy -2 (GI|_J2\|J+ilTJ fz.+q_JV) m
X, X V) 2,2z ! -0 (2.3.1.5)
2m
Make the Laplacian explicit
> (Laplacian = %Laplacian) (Psi)
Yy x + Yy + V. :~ qu! (2.3.1.6)
> simplify(conjugate((2.3.1.5)), {(2.3.1.6) } )
n? 2y -2 G\T!\pz m+2ihy m—=2yVm
+ =0 (2.3.1.7)
2m 2m
The standard form of the Gross-Pitaevskii equation:
> i hisolate((2.3.1.7), diff (Psi, 1))
h? V2 _
1 —’Tw+6\|ﬂ|}2m+wl/m
Ly, h= - (2.3.1.8)
> tollect(convert (expand((2.3.1.8)), abs), psi)
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restart; with(Physics) : with( Physics| Vectors]) :
interface (imaginaryunit = i) .
macro(Psi = psi(x,y,z,t)):
CompactDisplay( (w, V) (x, v, z, 1))
V(x, v, z, t) will now be displayed as

Vx,y, z, t) will now be displayed as V (2.3.1.1)

vV V.V V

The energy density £ for a quantum system of identical boson particles is (see [3])

2
> F = > Norm ( %Gradient (Psi) )2 + V(x,y,z1) abs(Psi):2 + % abs(Psi)4;
2 4
h? ||V\p|| 2 Gly
s V 3.1
E s VN (2.3.1.2)

: . . G \|1|4 : : :
Y(x,y, z, t) isacomplex field, V' (x, y, z, t) an external potential, the term 5 1s the atom-atom interaction,

> Setup (realobjects = {t,m, h, G, V(x, v, z,t)}) :
.
The Lagrangian déisity L in terms of the Energy £
> L= (%) (conjugate (Psi) diff (Psi, t) — Psi diff (conjugate(Psi), t))-E

’R( adgutosaving Worksheet... [Users/ecterrab/Maple/lib Server: 3 Memory: 43.31M Time: 102.98s Math Mode
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= 2) Properties of unitary operators
> 3) Schrodinger equation and unitary transform
[ 4) Galilean transform and spatial translation operators
- 5) Basis change and Dirac notation
V Relativity
W Maxwell equations departing from the 4-dimensional Action for Electrodynamics
» A problem in General Relativity

d
’Rea ly
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] g ~ v - - -

= 2) Properties of unitary operators
[ 3) Schrodinger equation and unitary transform
[ 4) Galilean transform and spatial translation operators

[ 5) Basis change and Dirac notation

V¥ Relativity

V' Maxwell equations departing from the 4-dimensional Action for Electrodynamics

Maxwell equations result from equation to zero the functional derivative o the Action with respect to the 4-D potential
A

’Ready [Users/ecterrab/Maple/lib Server: 3 Memory: 43.31M Time: 102.98s Text Mode
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#5) Basis change and Dirac notation A

v

¥V Relativity

V Maxwell equations departing from the 4-dimensional Action for Electrodynamics

Maxwell equations result from equation to zero the functional derivative o the Action with respect to the 4-D potential

A
0

> restart; with( Physics) :

> Coordinates(X)

The 4-D electromagnetic potential
> Define(A[mu](X))

> CompactDisplay (A (X))

The electromagnetic field tensor Fu v ;

> Flmu,nu] :=d [mu](4[nu](X))-d [nu](A[mu](X));

Trimssmbm b N dlan Binmds menn] dawicindivin af dlen mmomenmen nen diin e A Ands nee
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| The electromagnetic field tensor Fp v |
> Flmuynu]:=d [mu](4[nu](X))-d [nu](4A[mu](X));

F“_V = au(Av) — (GV(A“)) (3.1.4)

Equate to 0 the functional derivative of the corresponding Action
> "Fundiff'(Intc(F|mu, nu]"2,X), A[rtho]) =0

[;Tp]": [Z ]Z [2 (2.(4,) = (%(4,)) )2 dx/ dx2 dx3 dxd = 0 (3.1.5)
> (3.1.5)
(2 (4,007)) - 20(4)5+ (204 2000 o

Simplify the contracted spacetime indices

> Simplify ((3.1.6))
—4D(A"]+4(au(ap(/4“)])=o (3.1.7)

The system of differential equations behind this formula in standard Maple notation:
> OFF; convert(Library:-TensorComponents((3.1.7)), diff’)
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®00
N 0~ 4 0~ 4 - 4 0- 4 n
—4 | —A47(X) |=0,4 A(X) | +4 A7 (X)) |+ 4 AT(X
[ 0x30x4 ( )J ( ax 1’ ( )] [ ox2’ ( )J ( ax3’ ( )]
+4 LA'(X) +4 LAZ(X) +4 LA-"(X) =0
Ox/0x4 Ox20x4 Ox30x4
>
V A problem in General Relativity
Problem: for the spacetime metric,
Mg 0 0
0 - 0 0
A _
: 0 0f -r"sin(0) 0
0 0 0 ')
a) Compute the trace of
zP-or P+ B4+ 7P
o o o oL
where @ = ®(r) is some function of the radial coordinate, R B is the Ricci tensor, ) is the covariant derivative
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B

operator and Ta

obtained in b)

is the stress-energy tensor
ge
Ta. B

A(r)

where @ = @(r) is some function of the radial coordinate, Ra

b) Compute the components of WaB = the traceless part of Z

B

0
0

sin(0)" n
0

b of item a)

is the Ricci tensor, ) is the covariant derivative
o

8e

¢) Compute an exact solution to the nonlinear system of differential equations conformed by the components of WQB

Background: The equations of items a) and b) appear in a paper from February/2013, "Withholding Potentials,

VI e

>

Absence of Ghosts and Relationship between Minimal Dilatonic Gravity and f(R) Theories", by P. Fiziev.
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: ! B - 2 »
* 0 0 8~sin(0)'m 0
0 0 0 g ne
b) Compute the components of Wml3 = the traceless part of Zm[3 of item a)

¢) Compute an exact solution to the nonlinear system of differential equations conformed by the components of WmI3
obtained in b)
Background: The equations of items a) and b) appear in a paper from February/2013, "Withholding Potentials,

Absence of Ghosts and Relationship between Minimal Dilatonic Gravity and f(R) Theories", by P. Fiziev.
>

V a) The trace of ZaB = RaB +D D P+ Tm[3

> restart, with(Rhysics) :

Set the coordinates
> Setup (coordinates = spherical)
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F]
»

>g[]

> Ricci| ]

>

I

> g [ ~mu,~nu, matrix |

> Christoffel[ ~2, mu, nu, matrix |

> Riemann| ~1, mu, nu,~2, matrix |

.’ﬁndv
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N _Ivf'— 7 v, ?Lr r—2 v, + 4 '/\.’_
R = : 0.0.0] 4
[TPY 4 r ( )
[ -\
(_Vr"+ Ar— 2) ¢
0.1+ 0.0
_ 2
. 2 -\
sin(0) (—2+(v!_r—l"r'+2)c )
0.0 - 0
2
(2v, 74V, (v,r =N r+4)) e MtV
000 o ) ' !
i 4r
> Riemann| ~1, mu, nu,~2, matrix |
0 000
¢t A,
2 | - 000
R e 2 ()]
0 00 0
0 0 00
>
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“ - ror rat 0 G Y ¥ (]
5 [ 8,- AN \ / \ R

_4)) er 4D+ (-16€— 16)1:;*2]_0]‘

1
2

000 -
8 r

(((—My P2y _(brz—v,zcbrz+r(1,<br+3<b,r—4<b)v_+r(cb_r
r, r, ! ! ! ! ! !
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>
V ¢) An exact solution for the nonlinear system of differential equations conformed by the

components of WaB

Create an ODE system with the nonzero components of Wuv

> Odi’_\j,_\.,(,m = map(u — rhs(u) =0, rhs( W[ mu,~nu, nIonzero]))

> Case = Simp[{fy( [PDEt()()[s:-('a.s'esplit(odc"“’wrm) ], size) :

There are three cases
> nops(Case)
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- | In (32e+32)n+4 C : T+ 1)
n(e+1) J(8e+8)n+ CI
n(e+1)r YYD o 3
+In(r) (JBe+8)n+ €I —2n(e+1)) |, A=_C2
Specialize one of these constants using the constraint
> eval ( constraint, sol bsvs ’em)
7= L (3.2.3.7)
4 (et l)m
> solve((3.2.3.7), CI)
{ cl=-4e“ne -4 -’ 1} (3.2.3.8)
The exact solution
> solution := substitute ((3.2.3.8), sol , . )
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The exact solution
> solution = substitute((3.2.3.8), Solm bmm”)
solution = |®= (-4 ne—4e“n) it v= (3.2.3.9)

i 1 " (32e+32)n—16e“ne—16e"n ) mer D

n(e+1) JBe+8)n—deClne—deC2p
w(e+1) \r VEet) 2 - 3
2 c2

+ In(r) (\/ (8e+8)m—4e "me—4e " —2/n(e+ 1) ) ,A=_C2
Verifying this result
> odejest ( solution, ode )

{0} (3.2.3.10)

> |

Jead’y
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