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Motivation |

@ Localization allows exact computations for rigid supersymmetry on
curved backgrounds

@ Given observables on such backgrounds, it is natural to ask whether
one can construct a gravity dual to it

Example: 3d Gauge theories and their gravity duals

@ Backgrounds studied include:
e 3-manifolds with topology of 3-sphere [Alday,Martelli, Richmond, Sparks)
and gravity dual |Farquet,Lorenzen, Martelli,Sparks|
o S%/7Z, [Alday,MF,Sparks| including nontrivial flat connections with
gravity dual AdSs/Z, 57/Zk [Martelli, Sparks|

@ Tests include:
o Supergravity free energy dual to large N gauge theory free energy
e Gauge theory Wilson loops dual to M2-brane wrapping M-theory
cycle
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Motivation Il: Status in bd

@ In 5d can put SUSY on (e.g.):

e round and squashed 55 [Hosomichi,Seong, Terashimal|Kim, Kim|[lmamura]
o toric Sasaki-Einstein manifolds, Y, o [Qiu,Zabzine]

@ Partition functions computed for S°, for Y, 4 and S x §*
[Kallen, Zabzine][Kim, Kim|[Kallen, Qiu,Zabzine| [ Kim, Kim, Kim|
[Qiu,Zabzine||Schmude]|Qiu, Tizzano, Winding, Zabzine][ Kim, Kim, Lee]

@ Perturbative part of partition function computed for squashed S°
[f/mamura)[Lockhart, Vafa)

Gravity Duals:

@ Large N limit of partition function on S° compared to entanglement
entropy of dual warped AdSs X, S* supergravity solution [Jafferis, Pufil

@ Wilson loops on S° vs fundamental string/D4-branes action in dual
supergravity [Assel,Estes, Yamazaki]

Construct (full) supergravity dual for squashed S° and check that large-N limit
of partition function and Wilson loops of gauge theory coincide with dual
supergravity
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Minimal N/ = 1 Supersymmetry in 5-dimensions

SUSY gauge theories in 5d are non-renormalizable

Idea:

@ Assuming there is UV (strongly coupled) fixed point, we simply
compute quantity in IR description [Seiberg]

@ As long as the non-renormalizable terms are Q-exact they don't
contribute to the localized path integral.

@ Has to be made precise!

Example:

5d N =1SCFT mass deformation 5d USp(2N) Gauge theory,
with global Ex, +1 > with global SO(2N/)

m=1/g3

Ilgnore this and compute localised path integral in IR
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Setup of SU(3) x U(1) squashed S° yimamur)

@ N =1 gauge theories on a squashed 5-sphere as a fibration over CIP?
1
5—2 (d’T + C)2 -+ dSé]pQ 3

where C is a local 1-form (1dC = w = Kahler form on CP?).

@ Squashing breaks round-sphere isometry (s # 1)
SO(6) ~ SU(4) — SU(3) x U(1),

and consequently the supercharges transforming in 4 + 4 break to

(i) 341+ 3_1 for 3/4 BPS
(i) 1.3+ 143 for 1/4 BPS

@ Turn on background R-symmetry gauge field

A= slz (1+Q\/1—52) V1—s2(dr +C)

where U(1)g C SU(2)g, and Q =1, Q@ = —3 give rise to 3/4 BPS, 1/4
BPS respectively.
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SUSY on Squashed S° from 6d

Perturbative part of partition function is obtained by a twisted reduction
of the index of a corresponding theory on R x S° [imamura] J

© Theory on R x §° with metric ds® = dt? + 3, |dw;[?, w; € C
@ Cpf t-direction with twist: (t,w;) ~ (t + 3, €#Pw;) for 8 > 0

© Change of coordinates and identifying —p1 = po = gz = iv'1 — s2
for 3/4 BPS and p; = iv1 — s2 for 1/4 BPS gives squashed
5-sphere metric.

Start with 6d N = (1, 0)-theory and compute Index and reduce to
squashed S° partition function by taking limit 3 — 0.
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SUSY on Squashed S°

Applying this procedure, one obtains:

For generic theory with gauge group G, prepotential F and matter in R® R
representation the perturbative partition function is given by

rk G

i — 2 F(o Sy (—i b
o [feameo LACE0ID
a=1Yv —o°

[T, Ss (<ip(0) + 3(b1 + b2 + bs) | b)

@ b= (b1, by, b3) , where b; = 1 + iu;, and in terms of squashing s

[ (1+vV1-5,1-vV1-82,1-v1—-5s2) , 3/4BPS,
(1+v1-s4,1+v1-s%,1++/1—-5%), 1/4BPS.

Ss(z|b) = I3(z|b)™* MN3(ber — z | b)™! the triple sine function, where
k(z | b) is the so-called Barnes' multiple gamma function

For 1/4 BPS dependence on s can be explicitly removed from Zpert.
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© Large N limit
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Specify to Theory with Gravity Dual

@ Class of 5d SCFT arising from a N D4 and Nf D8-branes in
presence of orientifold planes, is expected to have a large N
description in terms of massive type /IA supergravity [Seiberg]

o Near horizon geometry given by warped product of Mg (deformation
of AdSﬁ) with 54-hemisphere [Ferrara,Kehagias, Partouche, Zafferoni)
[Brandhuber, Oz]|Bergman, Rodriguez-Gomez|

5d Gauge Theory with Gravity Dual:

Theory living on D4-branes and their Mirrors: USp(2N) gauge group
with Nr < 7 matter fields in the fundamental and single hypermultiplet in
the antisymmetric representation.
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Large N Limit:

Remarks:
© Set CS-level to zero for USp(2N)

Q@ Q: Z=Zperr + 3. ps0€ 07 /8 Zingyn and gym — 00 at UV fixed
point. We should include instantons?
A: No, instantons go with -5 = —— + %VHO‘," ~ QO (Nl/z) and
) Bef 8ym i
hence exponentially suppressed.

However: Explicit computation is required.

Computing asymptotic expansions of log S3(z | b) and applying saddle
point approach vyields:

(bbbl 7y 3/4 BPS

.F b . ’b ~ 27 by by by round
(1, bz, be) { Fes 1/4 BPS ,

round

_ _ 9V2mN®/? 3/2 :
where the round sphere case ‘Fsi,und = — S E—N; + O (N ) [Jafferis, Pufu).
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Romans F(4) Gauged Supergravity

e USp(2N) SCFTs on S° conjectured to be dual to AdSg x,, S*
solutions of [IA massive supergravity

e Romans F(4) supergravity solutions uplift to massive 1A
supergravity on S* [Cvetic,Lu, Pope]

Possible supergravity duals are described in the Euclidean version of
Romans F(4) gauged supergravity in 6d.

@ Bosonic field content:
e metric,

dilaton ¢, which we shall write X = exp(—¢/21/2)
one-form potential A, with field strength F = dA + %gB
two-form potential B, with field strength H = dB
SO(3) ~ SU(2) R-symmetry gauge field A, i = 1,2, 3, with
F'=dA — IgepuA A A"

@ Set the gauge coupling constant g = 1.
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Euclidean Version of Romans F(4) Supergravity

One-form A is a Stueckelberg field, which can be set to A = 0 by a gauge
transformation. The B-field becomes massive and the Euclidean action is:

_ 1 -2 2yw—6 8y —2 2
le = —16WGNf[R*1—4X dX A%dX — (2X7° = 8X7% — 2X?) «

—3X2(3BA*B+ F' AxF') = IX*H A xH

—iBA (ZBAB+ %F"AF")] :

Solutions to EOM are supersymmetric provided the Killing spinor and
dilatino equations hold

Du,ﬁ[ = 4\/2 (X + 1X )rur'{ﬁ,‘ - mx_lsyp(ruuP - 65;;,”“’)6,'

— a5 X Hupo TVPOT il 7€) + 2m XTHF, (M = 66,7 TP (a') ey

—iX" (9,,,XF‘”‘€,: g (X X~ ) l7¢) + :_)i_4X2Hﬁwpr'[wpr76l

2~f
XMIBIWF‘WEI aj/_x IF;Wr’wr'f(Ui)IJEJa

where ¢, | = 1,2 two Dirac spinors and D, ey = V ¢ + lA’ (o) ey,
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@ Squashed S° has SU(3) x U(1) symmetry; expect to be preserved by
bulk filling. This leads to Ansatz:

dsg = a(r)dr® ++°(r)(d7 +C)* + B*(r)dsty
A = fi(r)(dr +0),

B = p(r)drA(dr+C)+ %q(r)d(,1 :

together with X = X(r).

@ Want to construct smooth, SUSY, asymptotically locally Euclidean
AdS solution with topology Mg ~ Bg, with conformal boundary the
squashed S5 [Imamura).

o Reparametrization invariance allows us to fix 3(r) = 3v/6r2 — 1/1/2
to its AdS-value.

@ An SO(3) rotation sets f3(r) = f(r) and fi(r) = fr(r) =0.

Martin Fluder SUSY Gauge Theories on Squashed 5-sphere and Gravity Dual

Page 15/29



Pirsa: 14080003

Solutions as Expansions:

Plug Ansatz into Romans EOM to get 7 coupled ODEs for 6 unknown
functions. Very hard to solve analytically!

Found solutions as expansions by solving EOM order-by-order:

1) around AdSg in terms of a parameter §
X=X8) 46 XD() 462 X))+,

where X = o, 7,8, f,p,q,X and ¢ is related to the squashing
parameter s via

(i) s™' =1+ 62 for 3/4 BPS
(i) s =1+ for 1/4 BPS.

2) around the conformal boundary, r — o0, e.g.

31 1
\/_r

1
o)t ZA2) T

a(r) =
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Supersymmetry constraints

In order to get solutions preserving SUSY (or at least parts of it), we
require solutions €; and ¢, to Killing spinor and dilatino equations

To avoid further differential equations, we consider instead the
integrability condition:

1 o i i i J — J
[D,u,a DV]E!' — zRuvprr'}’p € — %F,u,u (O’ )', €y = qul‘ €y = 0

After careful analysis this can be rewritten as:

A+ B 0 €1 — 0
0 A— B & |

Necessary condition for SUSY preserving solutions det (A+ B) =0

Determinant factorises into
det(A+B)=FiF2FFi=0

and we find:

(i) 3/4 BPS: Fi=F,=F;=0and F4 #0
(ii) 1/4 BPS: F1, Fo, F3 #0and F4 =0

Martin Fluder SUSY Gauge Theories on Squashed 5-sphere and Gravity Dual
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(i) 3/4 BPS solutions |

By employing expansions IP and 2), we find a one-parameter family of
solutions for metric and fields. For example the solution in the expansion
2) around r — oo is given by:

a(r) %%-'- 8\/_52_§+

3v/3 —16+7s° 1 _ —1280+1120s>+241s*
v(r) r+ 12y/3s3 r 2592+/3s°

2 2 2
X 1 l1—s ~3¥1~s 1 \/1 -8
(r) T 54s 2t 12(1 s244/1— s2)

iv/2/3(s%4+3v/1—s2—1
o) = NPTy

q(r) _31(\/6\5/@) e \/2‘/_31\/@(;:3%9\/@—5)

1oyn/1oe2  2(-2+2s%—(2+5s%)V1-52
f(r) Iy 4 ( 954 )

1 K
At 3

where the parameter x is uniquely determined by requiring this to extend
to a smooth solution on the ball Mg ~ Bg, i.e. k = k(O + M+ ...
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(i) 3/4 BPS solutions |

o Compute the SU(2)g-doublet of Killing spinors based on solutions
1) and 2) = 3/4 of SUSY preserved = 3/4 BPS.

e Killing vector bilinear K,, = EUE,T(fr.uEJ and impose symplectic

Majorana €c} = /7€, .

o Requiring K to sit in the Lie algebra of U(1)* C SU(3) x U(1) fixes
constants of integration and we obtain

K=b1'6901+b2'6902+b3'6903:
b1=1—|—\/1—52, b2=1—\/1—52, b3 =1—+1-—5s°.

with o1 = =7, w2 =7 — 3( +9), 3 =7 — 3( — ) , the
standard azimuthal variables of the embedding S° C R? @ R? & R2.

@ Very much analogous to 3d case!
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(ii) 1/4 BPS solutions

By employing expansions 1) and 2), we find a two-parameter family of
solutions for metric and fields

@ The family of solutions is parametrised by the squashing s and
another parameter fy, which we have to tune in order to match the
gauge field A at the conformal boundary.

@ The Killing vector is automatically in the Lie algebra of the maximal
torus U(1)* c SU(3) x U(1), namely

K=8-r=b1'8901+b2'8902+b3'8903’
=1 =1 b=

@ This should imply the existence of other results in 5d:

(1) fo =0 and s # 1 gives 1/2 BPS solution (F1 = F3 and F2 = F4)
(2) fo # 0 and s =1 gives round sphere with nontrivial, different
BG-field A
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© Holographic Free Energy
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Holographic Free Energy

Regularized action is

Ircn - Ibulk -+ IGibbcms—Hawking -+ Ict .

Had to compute I.: Straightforward, but very long (B is massive and has cubic
CS interaction, which leads to much more complicated analysis). We find:

4+/2 12+/2

- 4v2 . P 2 3 mn 15 2 3 2 I 4 _

lot —]a— —\3/— R(h B R(h R(h R(h F Tr;, B

ct T gx f { [ { 2 (h) 612 | ”h t a2 (M mnR(h) 64/2 (h) [ ||,t, { h
OMG

— —13—||B||?7 —

Ve 2||c13|\ﬁ | 3_\5/_2”‘“"'8 | iJaéBABHi - 4_1_<B, dépB 4 53Qd wp BA B4 ‘*3—@(1~x)2,

V' V2

— 1 (Rie 9 2} Sy —L_ [ N2 iy }
v/2<u"‘(h)°BvB>h f 32\/2"?(’1)”8”" Videt hd”x 4\/21‘:}‘#\ d xp dB 3%—8/\5;,8 §BA*h(BAB) )

with R(h);, R(h) the Ricci tensor, scalar of the bdry metric hj;,

(11, 2)nVdet h d°x = 11 A *p10, adjoint 6, of d wrt hy; is §,B = #4d *, B and
Tr,B* = B{BJ*BLBJ and (Sov)y.., = SfflV\jlfz---fp] for S;; any symmetric
2-tensor and v a p-form.
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Holographic Free energy for 3/4 and 1/4 BPS solutions

(i) For the 3/4 BPS case we obtain the following expansion

4+/2N5/2 7

153144 BPS) _ 277r (1+852+_£53 ) G = 15mv/8—Nr J

which precisely agrees with the large N limit of the free energy

N®/2
F (b1, by, bs) ~ — (BBl oVanNe | o (N3/2)

(i) Similarly for the 1/4 BPS, we obtain

r(ér/ln, BPS) _ 277r (1+O(65)) Gy = 1‘5‘7\%35—/?,

precisely agreeing with F (by, by, b3) ~ —% + 0O (N3/2) .
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Fundamental Wilson loop in the large N limit

@ VEV of Wilson loop in representation R of gauge group G:

(We) =~ <TTRPexpf(,g7mkm+ok\)dt> |

~ dimR
@ SUSY = along orbit of Killing bilinear: K, = E”XIT%’@)*\/,,,XJ .

@ Insertion of the Wilson loop into the path integral does not affect
the leading order saddle point configuration. Thus the VEV for
R = fund of USp(2N), is computed in the large N matrix model as

<qund> — /0‘ e2w.§f)\(x) p(x)dx :

where 27.% = [ |x|dt and p(x) is SP eigenvalue distribution of F

o Call U(1)3 invariant circles S}, i = 1,2,3, then . = 1/b; and we
may write

b1+ b, + b
log qund,s}) = (b 3b;_ ) log { Whund ) round -

ama 3T ~f 3
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Dual Fundamental Strings: General Analysis

@ Type llIA background is a warped and fibred product Mg x S*, together
with various non-trivial background fluxes.

@ Dual of fund WL is a fundamental string tracing out ¥ ~ R? C Mg similar
to round sphere case [Assel,Estes, Yamazaki]

ﬂl[{,

E S squ ashed

@ compute the regularized action of a FS wrapping this submanifold.

@ Uplift to 10d supergravity and including counter term yields the
regularised string action:

1/2
Sstring = N2 ) {f (X_Q\/det'yd2x+i8) - %length(a):)] :
¥

3+4/(8 — N¢
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Dual Fundamental Strings: 3/4 and 1/4 BPS Solutions

(i) 3/4 BPS:

For S} the fundamental string wraps the circle ; together with the r
direction. One can show (e.g.)

S‘-;rinr 1
i 1—i5+ 30 - ‘F53+ 30" - !

Sa-ltring |5=0 N 12\/§

and similarly for S} and S}. These results precisely agree with the series
expansions computed in field theory.

...,

(ii) 1/4 BPS:

Evaluating this for the two-parameter family of 1/4 BPS solutions, as a
series in the parameter §, we find

S\f 2T
ﬁtring,sf1 - \/8——M'

precisely agreeing with the large N field theory result, since b; = 1.

S N2+ 0(8%
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@ Conjectures, Summary and Outlook
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Conjectures

Based on these results and very similar statements in 3d/4d, we can
conjecture:

(A) For any supersymmetric supergravity solution with the topology of
the six-ball, with at least U(1) x U(1) x U(1) isometry, and for
which the Killing vector takes the form

K=0b1:0, + by 0y + bs-0,p, ,
the holographic free energy is equal to

by + by + bs)’
f(b]', b2, b3) - _( 127:].2b2b3 3) "stound '

(B) If we define a supersymmetric gauge theory on the conformal
boundary of the background in point (A), the finite N partition
function depends only on by, by, bs.
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Summary:

@ Performed highly nontrivial check of AdS/CFT in 5d by comparing
free energy and Wilson loop

@ Construct all the necessary ingredients to analyse supergravity dual
in detail

e Find agreement on conformal boundary of 6d/5d KSE

Outlook:

e Sufficiency conditions for SUSY in Romans theory - look at bilinears,
G-structures

@ General asymptotic KSE is curious - generalised charged conformal
Killing spinor equation

@ Can we prove conjecture in 5d? Start from appropriate rigid limit or
alternatively from KSE at conformal boundary
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