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Abstract: <span>We introduce space-time quantum code construction which is based on repeating the layers of an arbitrary quantul
correcting code. The error threshold of such space-time construction is shown to be related to the fault tolerant error threshold of the
guantum error correcting code in the presence of errors in syndrome measurements. The decoding transition for space-time codes can &
mapped to random-bond Wegner spin models.<br>Families of quantum low density parity-check (LDPC) codes with a finite decoding thre
lead to both known models (e.g., random bond Ising and random plaquette Z2 gauge models) as well as unexplored earlier and generally r
disordered spin models with non-trivial phase diagrams that include the spin glass phase.<br> We apply this construction to the simplest e;
of recently discovered hypergraph-product codes and numerically find the fault tolerant threshold in excess of 5% by employing Monte-
simulations.</span>
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Classical error correction

We would like to send some number of bits through a noisy channel randomly flipping bits
while being able to recover the message.

The simplest error-correcting code is the repetition code:

o -> (0,0,0,0,0)
1-> (1,1,1,1,1)

(1 1 0O 0O O\
i A g i F 0 1 1 0 0
We duplicate information in order to be able to recover it. H-lo 01 1 0
For recovery, it is convenient to use the parity check matrix H. 0 0011
L &g X
Suppose one bit got flipped so instead of v=(1,1,1,1,1) we received v1=(1,0,1,1,1)

By multiplying received message with the parity check matrix we obtain syndrome
which tells us the position in which the bit was flipped, i.e.:

]

=(1,1,0,0,0) . This information is sufficient for recovery.

HOO0OW
COoOOKHK
COHKC
oHHOC
HHOOC
HHEMOM
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Stabilizer codes: Binary representation

= . % T ’
Pauli operators are mapped to two binary strings, v,u € {0,1}", U =" XVZY — (v,u),
where XV = X" X352 . X/ and Z% = Z{"" Z3?...Z!'. A product of two quantum operators

re
corresponds to a sum (mod 2) of the corresponding pairs (v,;,u;).

In this representation, a stabilizer code is represented by parity check matrix written in binary
form for X and Z Pauli operators so that, e.g. XIYZYI=-(XIXIXI)x(11ZZZ1) -> (101010) | (001110).

AX Az
1 1 0 O OO O1 O 1
H= O 1 1 0 0O/1 0 O 1 O Example of a parity check matrix H of
|l OO 1 1 0/01 0 0O 1 [[5,1,3]] code written in X-Z form.
O 0O 01 171 01 O O
T T Necessary and sufficient condition for existence of stabilizer
Ax Az + AzAx =0 code with stabilizer commuting operators corresponding to H.

(z|x) ® (zf|$f)T ——— ~+ x=2’ Row orthogonality with respect to symplectic product.
Parity check matrix for a Gx| O
Calderbank-Shor-Steane (CSS) code: [/ = ( 0 G ) , G x Gg = () == commutativity
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Classical LDPC codes

Classical LDPC codes are exceptional for error correction,
e.g. Gallager codes, IRE Trans. Info. Theory IT-8

Number of 1s in every row (

~

CO0O0OH IOCOOOH IOOOO
CO0O0O0OHH IOOOMO IOOWMOO
CO0COH IlODOHOO I HOOOO
CO0O0OHIOHOOO IOOOHO
OC0CO0OHMO IOOOOHH IOHMOOO
COO0OHO IOOOHO IOOOOH
COO0OHO IOOHOO NOOOHO
CO0OO0OHO IlHOOOO IIOOHOO
COHOO IOOOOHHM IlHOOOO
OO0 OO IlOOO WO IlOHOOO
coHOOC llOHOCO lOODOCOH
COHOO I HOOOO IOOOHWO
OMOO0OO0O IOOOOHW IOONMOO
OMOO0OO IlOOHOO lOHOOO
OHMOO0OO0O IOHOOO Il HOOOO

.
\2... OMOOO IlMOOOO IOOOOH
) ~OCCOIO0OHO IOOOHO
) ~ocococonocomMoonocoorooO
= i i
OO0 O O-O OO0 O-HOOO
0 Hoococo lldoOoOCO IldHOOOO
N m L\
1
= —_—
2 - N M
Mo
LR N —

-
-

r), and in every

column (=c) for the parity check matrix is fixed.
H2 and H3 are formed from H1 by column

permutations,
Convenient to represent by bipartite graph

e.g.c=4,r =3 for [20,7,6] code
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Pirsa: 14070003



The simplest LDPC code — toric code

BB AR RN EEE N - ; . : :
mECEEE EECEoE . 1. Stabilizer generators commute with line like logical
---ﬁ----------- operators.

RO WG M W W W

H H Iyl = = H I H = = = = age -

L L z-! e 2. Stabilizer generators commute with each other.
-----2.2-------

HEEEREE®RR-RE-N®R-.S®-N;.S -~ 3. Combinations of stabilizer generators form loops
H EH B B B B B B B N = = = = . - "
L that are topologically different from the logical

[ . .. E e e EEe operators.

H B B B B & B B B B = = = =

H EH B B B B B B B B = = = = 2 s %
L 4. Logical operators can be deformed by stabilizer

generators.

Two stabilizer generators and two pairs of anticommuting logical
operators of a toric code (red and blue, respectively, X and Z
operators, green - overlap of Z and X operators, dark and light gray -
dual sublattices of physical qubits). Other stabilizer generators are
obtained by shifts over the same sublattice with periodic boundaries.

E. Dennis, A. Kitaev, A. Landahl, and J. Preskill,
J. Math. Phys. 43, 4452 (2002)
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Beyond the surface LDPC code

.TTTT"I"’. g “L .L‘/&
: 2 : YAk | I'd
i : Unfortunately:
[ ’
Pla kd? = O(n)
®) g | | |/ 1 S. Bravyi, D. Poulin, and B. Terhal,
#iuJ. = Phys. Rev. Lett. 104, 050503 (2010)

+1: Wy 0
SRR Finite rate LDPC codes allow for linear
overhead in the number of encoded qubits!

D. Gottesman, arXiv:1310.2984 [quant-ph]

® x

*
@

A. G. Fowler, M. Mariantoni, J. M. Martinis,
A. N. Cleland, Phys. Rev. A 86, 032324 (2012) Finite rate LDPC codes can have finite error

1. Overhead of ancillary qubits is small. threshold|
Kovalev&Pryadko,
2. Threshold is very high p=0.57%. Phys. Rev. A 87, 020304(R) (2013)
Examples of finite rate LDPC codes:

J.P. Tillich and G. Zémor," IEEE Transactions on

3. All we need to do is to measure ancillas
Information Theory (2014).

and keep track of errors.
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1. Hypergraph-product LDPC codes:

o5

04

o3

02 |

0l |

d
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\ (e.7)
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Pry iy
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Quantum LDPC codes

GV bound

—

&
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1) Non-LDPC hypergraph-product codes
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Tillich & Zemor, In Information Theory, ISIT 2009. |IEEE International Symposium on, 799-
803. |IEEE, 2009

2. Hyperbolic surface codes: K o~ N, D  log N, K D? < N (log _N')2
Zemor, In Workshop on Coding and Cryptology, IWCC 2009 (2009), 259-273

3. 4D hyperboliccode: K ~« N, D x N, KD? x N1+t2¢
L. Guth and A. Lubotzky, arXiv:1310.5555

Based on distance scaling these codes should have finite threshold:
Kovalev & Pryadko, Phys. Rev. A 87, 020304(R) (2013)

Decoding: M. B. Hastings, arXiv:1312.2546
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Toric code mapping to Ising model

(a) (3?(-‘?‘??(???7 o
SR E R NN e ®
O O . O O (=]
e o R g R o ,’ :
O '.> ) O R‘.\*(—)
SRR IRCE
<_\*<'>*(>*o*n*o

| 2345678

™ @ {1 pepepelI)

@+© 1?) . ]alll';.)
® g : -1

(«) (©] "‘"E&[ : 5}{3-

. g_ﬂb_}:::z:ﬁ:z
—_——

A. G. Fowler, M. Mariantoni, J. M. Martinis,
A. N. Cleland, Phys. Rev. A 86, 032324 (2012)

Error model with independent X and Z errors

pr>prp+ pzXpX +p,YpY +p.ZpZ

For color codes: C. K. Thomas and H. G. Katzgraber,
Phys. Rewv. E 84, 040101 (2011)
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General code mapping to Wegner models

= E : I R, Ry =T1, SOt F. Wegner, J. Math. Phys. 2259, 12 (1971)
Example: 3D plaquette model without
b Ip =1
local order parameter.

1. Represent code via binary matrices by mapping stabilizer generators to binary strings
corresponding to X and Z Pauli operators, e.g. XIYZYI=-(XIXIX1)x(11ZZ2Z1).

AX Az
1100 0/00 10 1
Example for 01100 100010
[[5,1,3]]code: H=| 0 0 1 1 00 10 0 1
O0OO0O11 10100

2. Error model corresponds to independent X and Z errors happening with probability p.

pr=>prp+ pxXpX +pyYpY +p.ZpZ

3. Calculate probability of an error and probability of equivalent errors:

Nun l

Ple) = [Tr= (1 —p)' = =p*(1 —p)™~" WP P.(e) = 55 >_p"(1—p)™ ", w=wgt(e+c+oH)
o

i=1

No - - Ky = B
o ) ~ o 1 exp []\ f,(—].)"”_'_”’ Rh] o
Pe,c(©® = H;{K}) = 2Ng Z H 2 cosh 3 2 Y Fr
{Sr==%1} b=1 e %Pr = p/(1 —p)
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General code mapping to Wegner models

7 1 Example: 3D plaquette model without
b —

< E : I, R, Ry, = [, S°"" F.Wegner, J. Math. Phys. 2259, 12 (1971)
b local order parameter.

1. Represent code via binary matrices by mapping stabilizer generators to binary strings
corresponding to X and Z Pauli operators, e.g. XIYZYI=-(XIXIX1)x(11ZZZ1).

AX Az
1100 0/00 1 0 1
Example for 0O1 100 100010
[[5,1,3]]code: H= | 0 0 1 1 0010 0 1
0O0OO0O111 10100

2. Error model corresponds to independent X and Z errors happening with probability p.

pr=>prp+ pxXpX +pyYpY +p.ZpZ

3. Calculate probability of an error and probability of equivalent errors:
Ny

P(e) = Hpr.(l o ]J)l —eq [J“.(] N P)Nh T ‘ ]’,(0) - ‘)-i'., Z])u-(] - I’);\-,.—- w w = wgt (O gy 0‘1!)
i=1 - o
N - : . I{b = [311)
_ 1 exp []\ f,(—].)""_'_”’ Rb]
Zec(© = H; {K}) = 3 = Bp
e,C( ) { }) 9N Z | H 2 cosh 3 f g ¢ !
{S,==%1} b=1 (3_2" P = 2)/(1 —_Z))
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Maximum likelihood decoding

1. Maximum likelihood decoding corresponds to the equivalence class
with maximum probability (partition function) on the Nishimori line: e 2%Pr = p/(1 — p)

P ax(€) --the maximum probability among equivalence classes.

Ptut(e) - Z R(e) - Piec = [P(e)/P,,mx(e)]n -- probability of success

2. Decoding transition is characterized by: Pdec — 1

K = |:Z(}(e; [)))/ Z Zc(3; JB):| ML decoder |:ana.x(e; ;[3)/ Z Zc(e; [3)]

c e

Order parameter
3. Decodable phase corresponds to divergent Free energy cost of extended defect:

5
AF=3—1[10- e]
¢ Nl 1

By studying the phase diagram of the quantum-code Wegner model we can gain
information about the error threshold of the code!
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Code mapping to Wegner models: CSS codes

1. A CSS code results in two Wegner models,i.e. © = G yand © = G »

0
Gz
1

N " €p
Zo(@{KY) = 53 > ] ZRei U

2Ng (5 i} b 2 cosh 3

Gx

For CSS code: H :( 0

2. With this mapping toric code maps to Ising models

3. Hyperbolic surface codes will lead to Ising models on hyperbolic surfaces

4. Hypergraph-product codes map to generalized Ising Gx = (Ex2@Hy Ha ® Ey)
models where “-Kronecker product, F-unit matrix Gz = (HY @ B, E; @ HT
5. Rotated hypergraph-product (hyperbicycle) codes lead to \’<

generalized Ising models with rotated boundaries. e s R
A.A. Kovalev and L. P. Pryadko, Phys. Rev. A 88, 012311 (2013) WA
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Solid State

-
-

Paramagnetic phase

P
Consistent with Nishimori’s strong disorder
self-duality conjecture: Hy(p.) = 1/2

Ferromagnetic phase

0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14

0

5
1.0
0.5
0.0

Monte-Carlo analysis suggests that both
models have similar phase diagram
H. Nishimori, Journal of Physics C

Physics 12, L905 (1979)

e e
E 4499009090009

e s o s e o e s s e ol
A A S S o s o s s s s s

bo000000000000 PL0 00000009000
[ R R R R ] P44 400904099004
P04000000000004  SA S S S S S S S S 8 S S
tL 0000000000000 4009000444000
P00 0900000004 P00 000000090009
P44 00000004004 P000000000400404
[ R R R ] PO 0000000090009
P00 00000000004 P00 0000044000044
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Local LDPC codes
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O (n) but can improve number of

»
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EENE NN R NN NN n
RN R
(AR ERENERNENE N .

[[450,2,15]]

encoded qubits by a factor compared to toric code for not too large code dimensions.

still bounded by kd?
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Monte-Carlo analysis suggests that both
models have similar phase diagram
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Local LDPC codes
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encoded qubits by a factor compared to toric code for not too large code dimensions.

still bounded by kd?
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Domain walls and phase transition

1. Ordered phase is associated with the divergent Free energy cost of an extended defect

(domain wall):
o Zo(e; 3)
() (e: 3 = a1 y =0 ‘
[AFC (e; . )],- / [log., G D’)](.

2. We introduce the order parameter which on |
Nishimori line exactly corresponds to k= |Zo(e;B)/ E Zc(e; 3)
the probability of successful decoding: c

| |

e

3. The ground state is degenerate

S | mmmmzzmEE
where the degeneracy is related to pssssssssssssssssssss : [ S———
the number of encoded qubits in SZ2222s222sssssssies  zgzszs=sz
the or|g|nat|ng code; — — _ _
e - ]
SESS2220223222325255%  spmmmzzmmzzamzzsmsaas =]
SESSSS20220CN052525%51  smmmmsssmsmssmssmssss 233332382
4. The last example leads to the first - = -
order phase transition by 2 H e

proliferations of extended defects

J. M. Debierre and L. Turban,
Journal of Physics A:
Mathematical and General 16, 3571 (1983)

]
i
i
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Finite rate LDPC codes

Gx| O G x
(& z & =z

0

(B2 ® H1 H] ® Ey)

1. Hypergraph-product code construction: H = ( o i
(H] 29 El E;g (03] Hl )

11110000000 O0CO0O0O0CO0CO0OO0O0CO0
o ¢ © 0 21110 000 O©OO0CO0CO®OC OO OO0
© 0 000 00011110000 00@®90©0
o ¢ 000 0000 09011110000
o ¢ © 0 0 © 0 0 © 0 00 0 0 0 90 12 i1 1
E — unit matrices and arandom LDPC matrix 1 =— |icoco0c100010001000000 0
@ 1 © o0 10 © 1 090 00090 1000
© 1200 01 0 ¢ 0090 01 00 0100
Gallager codes, IRE Trans. Info. Theory IT-8: ©0010000001000160010
@ 0 ¢ 00 2 © 1 © 0 90 1 0 0 90 1 0090090 1
21-28 (1962)
i i1 0 0 0 0 1 0 0 © © 01 0 0 0 0 0 190 0
© 1 o0 0 © 1 00 010 00010000
© ¢ 1 00 001000901 0000010
© ¢ 01 0 00010099 0100 10@%900
¢ 6 ¢ 0 1 © 0 0 060 1 00 00100001

2. The dimension of encoded space and the number of extended (post-topological)
defects grows exponentially with code size.

3. Self duality conjecture should not hold for finite rate LDPC codes:

4. There can be additional phase transitions due to 2.0
large number of extended defects driven by
entropy associated with large number of defects.

Disordered phase

Ordered phase

-
——

1.0 Nishimori line
B Spin glass
5. Existence of the decoding transition; .5} e Multicritical’poin
Kovalev & Pryadko, -
Phys. Rev. A 87, 020304(R) (2013) 0.00 0.02 0.04 0.06 0.08 0.10 0.12 0.14

P
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Generalizations: Errors in syndrome measurements

1. Consider repeated measurements of syndromes
with the purpose of recovering syndrome errors

2. Simple error model with the same probability of
syndrome error

H(...+eT, +el +el)+e” =s

T T T (s) __ g '
H(...+ej +e] +e5)+es’ = sz, etc. A.G. Fowler et al.,

Phys. Rev. A 86, 032324 (2012)

3. By considering differences we obtain:

Hel + e(ls) = 81,
He.:‘;+ e‘(;) = e(ls) = S2 — 81, , , o

Will work with any stabilizer code!
HeZ:‘I_ eg:') — eg:’)—l =Sy, — Spr_.—1,

This can be interpreted as enlarged classical code with syndromes on the right!

For color codes: A. J. Landahl, J. T. Anderson, P. R. Rice, arXiv:1108.5738
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Gauge freedom of the enlarged code

1. Not all errors need to be corrected: errors that are cycles can be ignored.

2. This leads to a code with a gauge freedom, we call it space time codes.

Hel + ei* = 81,
i o g = (EF1®H, RXE53)
Hes + e, — e, = S0 — S, -
10000
- 11000
Hel + e —el® |, =s, —s, _1, inl FYEEE:
00011

3. The gauge freedom can be readily constructed leading to a CSS code where only
threshold with respect to Z errors is relevant for the fault tolerant analysis.

Ox = (E1®H, R®E3) H = (H,,H.)

RT® FE,, E,HT

Gz E, ® H, 0

H = {(Hg, Hy)

4. The decoding transition in such a model corresponds to decoding transition of the original
quantum code when errors in syndrome measurements are present.

5. Such codes are also LDPC codes for which the existence of the decoding transition
has been shown; Kovalev&Pryadko, Phys. Rev. A 87, 020304(R) (2013).
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Space-time LDPC codes
Time

o v = Syndromes
“
1 . : al

Y o ¢ of wt oo e Gy mEe B os e phar o g Qubits

time

= = =] L] = W = @ Syndromes

B v & o g B e Pl o #= Qubits Compare to toric code
' case.

"y v

o vt el 1 w1 ) e Syndromes B
H =y, Hdz)
H = (H,,H.)

In the presence of syndrome errors we can still represent errors on

a graph with a different connectivity.
Maximum degree of the graph: z = ER — 1)C
z— >z =(R+1)C Gz

Cx = (EZ'®H, R®E))

B RT @ E,, E,®HT
FEF, H, 0

Kovalev&Pryadko, Phys. Rev. A 87, 020304(R) (2013)
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Gauge freedom of the enlarged code

1. Not all errors need to be corrected: errors that are cycles can be ignored.

2. This leads to a code with a gauge freedom, we call it space time codes.

HeT+ ol = &1,
G = (Ei®H. R® )
He; + e;’ —e; = S — S, -
10000
N R 11000
f[e,’.,_+ er, "*e,-;__| = Sr. — Sr.—1, A= 8(1)}28
00011

3. The gauge freedom can be readily constructed leading to a CSS code where only
threshold with respect to Z errors is relevant for the fault tolerant analysis.

Ox = (E1®H, R® E3) H = (H,, H.)

RT® FE,, E,HT

Gz E, ® H, 0

H = (Hg, Hy)

4. The decoding transition in such a model corresponds to decoding transition of the original
quantum code when errors in syndrome measurements are present.

5. Such codes are also LDPC codes for which the existence of the decoding transition
has been shown; Kovalev&Pryadko, Phys. Rev. A 87, 020304(R) (2013).
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Mapping space-time codes to Wegner models

1. The mapping to space time codes describes gauge shifts thus the matrix Gz
is used in the construction.

&, —
S = — E Iy Ry, Ry = 1__[.,. Sr ! Ib =1
b " Ky, = 81
- Goe R r exp [Kp(—1)¢ Ry) 3 — A
Ze(©® = Gz: {K}) = 5% > 11 Bl [ | Bp
(S, =41} b=1 c—.Z,H,, - p/(l . I))
Gx = (E.®H, R® E)

Gz

RT® E;, E, HT
F: ® H, 0

2. Formally, we can also consider a Wegner model constructed from the matrix G x

Ad. ¢ T —1)8b
Ze(© =G0x;{K}) = ,1\ Z H exp [Kp(—1)° Rs)

2N, 2 cosh 3
{S,==%1} b=1 ‘

o

3. By studying the phase diagram of the Wegner models corresponding to space-time
codes we can learn useful information about the fault tolerant threshold of
the original quantum code
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Space-time codes from CSS codes

1. CSS code can be mapped to two space time codes, each dealing with
X or Z type errors:

Cx = (E1®Gx, R® E5) Gx = (F1®Gz, R®E53)
Gy = RT ® [?‘2_ E, ® GL Gy = RT ® El E, & C:g
Ey ® Gz, 0 - E, ® Gx, 0
To correct Z errors To correct X errors

2. For the toric code we recover two 3D random bond Ising models from U x and
two 3D random plaquette gauge models from G~

3. For the toric code of relevance is the random plaquette gauge model

J\'h e 4
A | exp [Kp(—1)° Ry]
Ze(© =Gz;{K}) = 5N, Z H 2 cosh 3
{S,==%1} b=1

4. The error threshold (fault tolerant threshold) of 3.3% has been calculated for
the toric code for qubit flip and syndrome errors (random plaquette gauge model)
E. Dennis, A. Kitaev, A. Landahl, and J. Preskill, J. Math. Phys. 43, 4452 (2002).
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Space-time codes from CSS codes

1. CSS code can be mapped to two space time codes, each dealing with
X or Z type errors:

Cx = (E1®Gx, R®E5>) Ox = (E1®Gz, R®E3)
Gz = [il = 1?2- E, ® G% ) G, — RT ® E;, E\®G%
F, ® Gz, 0 - F,® Gx, 0
To correct Z errors To correct X errors

2. For the toric code we recover two 3D random bond Ising models from G x and
two 3D random plaquette gauge models from G~

3. For the toric code of relevance is the random plaquette gauge model

Ny - .
o1 exp [Kp(—1)°" Ry
Ze(©® =0gz;{K}) = 2N, Z H 2 cosh 3
{S,==%1} b=1

4. The error threshold (fault tolerant threshold) of 3.3% has been calculated for
the toric code for qubit flip and syndrome errors (random plaquette gauge model)
E. Dennis, A. Kitaev, A. Landahl, and J. Preskill, J. Math. Phys. 43, 4452 (2002).
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Parameters of space-time codes

1. The most general code is constructed from an arbitrary quantum code and a binary

matrix R

Cx = (E,®H, R®E,) H = (H.,H,)
RT® E;, E:® HT Ho—

Oz == 2 = (H,., H.)

e ( E, ® H, 0

2. The parameters of such CSS code are given in terms of (1) ['n,(_., s d,.] classical code
with R as the parity check; (2) |7, k., d.| classical code with a transposed parity
check; (3) [[nq, kg, dq]]quantum CSS code with H & H parity check
(4) [[’nq T, q]] guantum CSS code with H 7T & HT parity check

The par ameters of the space-time code are given by n = r,n. + r.ng,
o= A,,A Ak, Aq while the distance d satisfies the conditions d > 111111((1(,, i . (1,,, d ).
and two upper bounds: if Lq > 0 and A > 0,thend <d;,d < d.(,; if k. > 0 and

—

kg >0, thend < d., d < dq.

Formally these expressions are similar to those for a hypergraph-product (HP) code.
The difference is that in this construction we use a quantum and a classical codes while
in hypergraph-product construction we use two classical codes.
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Space-time codes - code dimension

We obtain tensor product of subspaces divided by degeneracy:

—~— ——

rank Gx = rqere — kgkec (
rank Gz = ngne + (rq — kq) (ke — ko) — kgke <> (

For CSS code we know: K

- a

N —rank Gy —rank G~
N = (ngre + ncry)

|

By relating subspaces C3;, and Cyr
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K = kok. + koky

ke =0,k, =0 >mmmdp K =0

al @bT)-Gx =0
czT®dT) -G =10
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Space-time codes - code dimension

We obtain tensor product of subspaces divided by degeneracy:

—~— ——

rank Gx = rore. — kgkec
rank Gz = ngne + (rq — kq) (ke — kc) — kqke “

For CSS code we know: /K

- a

N —rank Gy —rank G~
N = (ngre + ncrq)

|

By relating subspaces C3;, and Cyr
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K = koke + keoky

ke =0,k, =0 >mmmdp K =0

(a” @ bT) - Gx
(cT ®dT) -Gz

Il
=N
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Space-time codes - code distance

Suppose we found vector such that gX’U

Ox =
Gz =

Pirsa: 14070003

(F, ® H,

(

RT ® E,,
E, ® H,

R ® FE5)

0

E,® HT )

() and

d

weight[v] < d

min(d,, d., d,, d.)

We form a reduced code from columns of J{
corresponding to non-zero positions of vector v

The reduced code will have ]{;C — ) ]{;q — )

D > d

K =0
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Example of a space-time code (1,1,0,1)

T > £ S T 1000
G R* @ &, Ep® H* af 2100
- r7 ) ={ 0110
Er Q H, 0 0011 <
temporal spatial 0001
>
s

R =

1. The local structure of stabilizer generators
corresponds to the polynomial g = 1 + = + x°

2. By employing the Monte-Carlo analysis we can find the transition point as a function of
the flip probability for random bonds

3. The transition point on the Nishimori line will reveal the position of the decoding

transition

4. As local order parameter does not necessarily exist we could use the order parameter
derived from the decoding transition:
K= [Z()(e: 3)/ E Zc(e:_ﬁ)]

e
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Example of a space-time code (1,1,0,1)

T o £ o T 1000
G R @&y &€ H* af 2100
- r7 ) ={ 0110
Er Q H, 0 0014 <
temporal spatial 0001
>
s

R =

1. The local structure of stabilizer generators
corresponds to the polynomial g = 1 + = + x°

2. By employing the Monte-Carlo analysis we can find the transition point as a function of
the flip probability for random bonds

3. The transition point on the Nishimori line will reveal the position of the decoding

transition

4. As local order parameter does not necessarily exist we could use the order parameter
derived from the decoding transition:
K= [Z(,(e: 3)/ E Zc(e:_ﬁ)]

e
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Results of Monte-Carlo numerics

P=0
-
15¢ vy %
= & 4
2 10¢ ‘-","” o
= -."/_.o-'" S
B i N
2 s ¥ .
(] ,"fi'- t 5
S ey
1.4 1.42 1.44 1.46 1.48 1.50

Temperature T

L] d=8
L] d=10
e d=12

1. The phase transition seems to be of the

first order

2. Close to the multicritical point the
manifestation of the first order phase
transition is suppressed

3. Simulations of codes of larger size are
necessary for conclusive results
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Results of Monte-Carlo numerics
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1. The phase transition seems to be of the

first order

2. Close to the multicritical point the
manifestation of the first order phase
transition is suppressed

3. Simulations of codes of larger size are

necessary for conclusive results
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Preliminary phase diagram for code (1,1,0,1)

1.4 e ]
1.2} i S 1 1. We approximately located the decoding
£ 10| i 4 transition point
= i
S 0.8} : .
£ 0.6l ] 2. One could also try to directly calculate the
= 0.4l _ decoding order parameter

0.2 ; . . ; : .

0.00 0.01 0.02 0.03 0.04 0.05 0.06 k= | Zo(e; 3)/ Z Z.(e: B)
Flip probability p ' = .

Analytical results valid for any code

1. By invoking the gauge transformation argument on spin correlators one can obtain that

the phase diagram for the generalized decoding transition (characterized by &) is vertical
or reentrant

2. On the Nishimori line: below the decoding transition x = 1, above the decoding
transition the order parameter is separated from 1 by a finite number
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Quantum models from space-time codes

1. In general error probabilities of syndrome errors and qubit errors are asymmetric

2. We can study such asymmetries directly through statistical model while additional
insight can be achieved by mapping statistical models to quantum model

3. To this end we employ Wick rotation:

The amplitude of a transition for quantum model: Z = >_ . exp[# Sm]
S‘;’;‘ — -[. £(£t

For the corresponding statistical model: ¢ = —iT Z = Zﬁt‘m_ CXI)[—%S]

Transfer matrix method: 7 — t,1'[TN] %I;[ = — 1()gT

4. The role of temperature will be played by 7/ <« T
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Mapping for anisotropic Ising model

S — —/3 Z S,,L';—Srn.—i—l.'r - J(j'r Z S-rn.'r—+—187n..'r

™, T m., T

1. We consider lowest order processes of only one spin flip between different time layers

2. By comparing transfer matrix with the action of the Hamiltonian we recover the
quantum model:

1 ) 1 | ,
L(T) — _553 E SIH..T'*SHI—FI.‘T — 5.{32 Sr:r,T+lS‘rrr,—+—l.T—+—l — -‘37' E Srfr.T+lsrrr..T

S =2 ,L(T)
T = e FH =1 — I%ﬁ The phase diagram of Ising model

- is known:
1 = — Z X — A Z ZmLm41 sinh 23,-sinh 28 =1
Tn y

rre

3. The coupling constants have to be adjusted properly:
T/h = exp(—28;)
B = AT/h

critical curve

disordered

- B

Pirsa: 14070003

Page 36/41



Anisotropic plaquette model

1. Space time code for the toric code is a
plaquette model

S=-B) _ SSSS—pB.> _ SSSS -
plaqg prlaq S

4

S=—-B) 5585 —r Smr+1Smr |//

plag ™., T

2. By fixing the gauge we arrive at simplified model

3. The transfer matrix method results in the Hamiltonian (sum of toric code Z stabilizers):

H=—-> Xm—XY ZZZZ
™" plaqg
4. Limitations on coupling constants: T/h = exp(—23;)

8 = Atk
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