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Abstract: <span>The thermodynamics of black holes will be reviewed and recent developments incorporating pressure into the first law described.
The asymptoticaly AdS Kerr metric has a van der Waals type critical point with aline of first order phase transitions terminating at a critical point
with mean field exponents. The phase structure and stability of black holesin higher dimensions will aso be described. </span>
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Temperature and entropy
Laws of thermodynamics
Hawking radiation

Black hole enthalpy
Black hole volume

Carnot cycles
The first law
Critical behaviour

Local stability
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Schwarzschild black hole,
event horizon: r, = 2GyM
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Schwarzschild black hole,
event horizon: r, = 2GyM

Area: A = 16mGyM?
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Schwarzschild black hole,
event horizon: r, = 2GyM

Area: A = 16mGyM?
Surface gravity: k = 4GLM

Entropy: S « -,
Pl
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Schwarzschild black hole,
event horizon: r, = 2GyM

Area: A = 16mGyM?
Surface gravity: k = 4GLM

Entropy: S « -,
Pl

Temperature, T = 52
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Surface gravity « is constant on the event horizon

Internal energy U(S), T = 9%: identify U(S) = M = dM = T dS.
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Surface gravity « is constant on the event horizon

Internal energy U(S), T = 2%: identify U(S) =M = dM = T dS.

;e

dM =T dS +QdJ +odQ

1A
S=414

Area never decreases
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Surface gravity « is constant on the event horizon

Internal energy U(S), T = 2%: identify U(S) =M = dM = T dS.

— i

dM =T dS +QdJ +odQ

1A
S=414.

Area never decreases
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T = g, black hole radiates thermal energy.
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T = g, black hole radiates thermal energy.

As M goes down T goes up, radiates even more!

Heat capacity 9% = — 5% < 0.

Radiates with power P ~ 471 ~ 1,

Lifetime 7 ~ ¥ ~ ™ M ~ 102 kg = 7 ~ 10" years.
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dU=TdS —-PdadV

Include cosmological constant A, contributes pressure P
and energy density ¢ = —P = g’—\g

Thermal energy

U=M+eV=M-PV = M=U+PV

U = U(S, V): Legendre transform

M = Ur+ PV = H(S,P)
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Define the thermodynamic volume

oH
v={[=—=
(7).
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Schwarzschild: T(V,P) = /-

L
'
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Isentropic < isovolumetric: Carnot cycles
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T = const, PJ versus V%/J%
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Small
black hole

Large
black hole
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6-Dimensions: two angular momenta J; and Js,

phase diagram depends on the ratio g = j—;

Critical Point |

4
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Usually entropy is a function of extensive variables
S(U,V,N)=S(X,).
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Usually entropy is a function of extensive variables
S(U,V,N)=S(X,).
Local thermodynamic stability requires that S is a concave

function, — axg0x; 1S positive definite.

Alternatively U(S, V, N) is convex.
Intensive variables are the Legendre transforms: xA = gy‘é.
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Usually entropy is a function of extensive variables
S(U,V,N)=S(X,).

Local thermodynamic stability requires that S is a concave
function, —ﬁ is positive definite.
Alternatively U(S, V, N) is convex.

au

Intensive variables are the Legendre transforms: xA = ;-

Scale lengths: A2U(S,V,N) = U(A\?S, A9V, \IN) =

U=TS—PV +uN
W

The complete Legendre transform of U vanishes,

=(T,P,u)=U-TS +PV —uN =0.
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What is extensive and what intensive for black holes?

Thermodynamic Variable Dimension
Mass, M D-3
Entropy, S (area) -2
Angular momenta, J' -2
— 1
-3

Volume, V
Electric Charge, Q

Temperature, T -1
Angular velocity, €2; —1
Pressure, P (A) -2
Electric potential, ¢ 0

Define extensive variables as those that depend on
space-time dimension D.
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Intensive variables: x4 = 2.

Let DB = dgXB (Y5 )then the Smarr relation is

U = ZDBXB.
B

Take DAﬁ:

(D -2)
(D-3)

(D-1)

o—az""

UpasDADB = (TS+Q.J)+2

A necessary condition for complete local thermodynamic
stability is

1(D-2)
2(D-1)

PV > (TS +Q.J) >0
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Necessary and sufficient conditions for local stability:
the specific heat at constant (2; is positive,

Ca=T2| >0
T lgp

the isentropic moment of inertia tensor

i _ 9 OJ)

B 09}‘ S.,P - 297 S,P

is a positive matrix;
the adiabatic compressibility is positive,
10V

. CET B il 0
Ks.pP V oP e >
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Necessary and sufficient conditions for local stability:
the specific heat at constant (2; is positive,

S
Co=T — 0
? oT Q,P>

the isentropic moment of inertia tensor

i _ 9 OJ)

B 09}' S,P N A S,P

is a positive matrix;
- the adiabatic compressibility is positive,
10V

. — W el i 0
ks P V oP i >
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P=-& <0.

Two event horizons: black hole rp,; cosmological, re.
Two different temperatures, Ty, # Tc, in general.
M(Spn,P,J) = M(S;, P,J).

W, V- ¥

S
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Two event horizons: black hole rp,; cosmological, re.

Two different temperatures, Ty, # Tc, in general.
M(Spp,P,J) = M(S;, P,J).

Vi = M| v om|
] R e ls

rhhA 2 2
Vipp = Ttz 3T Ve = ffle 4 477

3 M
For fixed V. the cosmological horizon entropy, S, =
maximized by Schwarzschild- de Sitter spacegime
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AN#0 = PdV termin black hole 1st law.
Black hole mass is identified with enthalpy, H(S, P).

“Thermodynamic” volume: V = (%g) ;
S

P > 0 is a necessary condition for complete local
thermodynamic stability.

First Law: dW = —TdS — QdJ — ®dQ + PgV,

PdV Term can affect Penrose processes.
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AN#0 = PdV termin black hole 1st law.
Black hole mass is identified with enthalpy, H(S, P).

“Thermodynamic” volume: V = (%g) ;
S

P > 0 is a necessary condition for complete local
thermodynamic stability.

First Law: dW = —TdS — QdJ — ¢dQ + PdV,
PdV Term can affect Penrose processes.

Critical points, van der Waals type equation of state,
mean field exponents, triple points,
re-entrant phasetransitions, Clapeyron equation.

Adiabatic compressibility for Myers-Perry, 0 < kg p < oo.
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