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Integrals of motion for MBL
systems

The MBL phase is endowed with local integrals of motion

which are pseudo-spin operators (Huse, Oganesyan, Serbyn, Papic, Abanin,
Imbrie etc.)

The goals:
a) show |IOM follow from a BAA-like construction
b) in some approximation the criterion for existence of the
IOM is the same as the existence of the MBL phase in BAA
c) present a new calculation of the rare events probability
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Integrals of motion for MBL
systems

Strategy:

|) Define LIOM perturbatively
2) Write down equations
3) Approximate equations
4) Find the solution and study the radius of convergence

This gives the critical interaction strength
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Integrals of motion for MBL
systems

Non interacting, infinite disorder:

S, N

together with ¢, ¢/, I; form a linear basis for

the 4~ dimensional space of operators

O; = aol; + (111(‘.| &; + (1,2(',‘ + asc;

2 L

ag = Tr(O;1;) — Tr(O;cle;)
etc.
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Integrals of motion for MBL
systems

At finite disorder

Hy = Z —J((ff('H_l + (‘_;!_'M('.,-) - ('.,;("}_'('.,1

eV

We can again find local conserved quantities

_|_ f‘” Zf.‘"’,,(i‘)f‘,

Ny = Z @, (2)Pq(d)c; c; icv

i,jEV ch =) L),

eV

assuming all eigenfunctions are localized

(/)”-(".’)(fx)u.(.j) fot ()-“_(‘”(Ii_":”|+|'“” _}l) S (’.-('rtl‘l"—.”
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Integrals of motion for MBL
systems

Having binary (pseudospin) IOM is good, you can label the
eigenstates. But might be difficult to construct.

However, the important aspect is the locality of the IOM

Tr(I,(cle;)(cles)) ~ e~limdl/b

Moreover, given a set of LIOM we can™ perturbatively build
pseudo-spin LIOM
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A model hamiltonian (BAA)

Let us introduce interaction

H=Hy+ XY Usupcachelecca

a,b,c,d

assume all single particle states a are localized

d0¢ is the single-particle level spacing

[ B 0¢ if l€q — €4, |€p — €] < O¢
“ab,cd — .
0 otherwise
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A model hamiltonian (BAA)

H=Hy+X Y Uipcac cle.cy

a b

a.b.c.d

We want to find 7« — Lo(N) with [Lla, H] =0

[, local IOM

This means that dressed particles are still localized

That these exist for sufficiently small X is the nature of
MBL
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Integrals of motion for BAA

One can solve perturbatively

I, = ng + AV + X2182) 4 X3183)
H = Hy+ AU
Imposing order by order
1., H] =0

we find

[Ho, I§V] = =[U, 1"V

which can be written as
can be solved assuming [,

]{(I"”) = _Adl_I l) ( [U J{n—1 )]) is symmetric in the basis
‘ ‘ e of H,
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An ansatz for the IOM

We make the ansatz

[”‘ = Ng + Z Z AI.L’/”()I,;]

N>1|Z|=|TJ|=N

with Az.7 complex numbers and

()I,j s H (]I) H Ca

bel aceg

We impose [I,,, H] = 0and we get a set of equations for Az, 7
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An ansatz for the IOM

Once we get the Az 7 we need to see if the series we are
constructing converges

P Z Z |AI.;7 2] = 1

N=1|I|=|J|=N

So we need to find the distribution of the amplitudes and
count the number of terms in the sum
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Equations for the IOM

We get very complicated, linear equations on operator

We need to simplify!
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Simplified equations for the
IOM

The interaction Az 7 connects the amplitudes at different
locations on operator space

If \=0then Aqo =1

Consider only the “forward approximation” in which

(Z,J) = (T, J)
only if they differ by exactly one index

one more particle and one more hole
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Diagrammatic for the IOM

This means that we are considering diagrams like

to O-th order

CjE
p
N

|

and, for example: i
at 3-rd order
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Diagrammatic for the IOM

These are the same diagram that are considered in the

ImSCBA by BAA
0F,

M_fz{%»—,»‘ -
(R

(S[E;g ‘

Adg S Ade Ao
E + 0B, E+0E, +0Ey E + 0E| + 0Ey + 0E3 E + 0Ey + 0Ey + 6 B3 + 0 E,

Pirsa: 14050084
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Diagrammatic for the IOM

For a given diagram need to sum over permutations
OFE, ;

-

(5[3,‘1 : (SEz.
§ Fo fo——— S Y
2y e — (Uﬁy—f —{—

——F=.b=

———

- 4%{

()-E;; |

/\(55; /\(S‘r" /\(S_r‘ z\rﬁ'_.;
E+4+0FE|\ F+0FE,4+0E3 E+0F | +0E3+ 0FEs E+0F) +0FE3 4+ 0FE; + 0F,
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Diagrammatic for the IOM

For a given diagram need to sum over permutations

A=) A(E{e},P)
=

this might led one to think that the rare event in which
A > 1 can come independently from each term in the sum
therefore giving rise to a resonance probability

P ~ N!(\/e)V

which would give no MBL phase
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Diagrammatic for the IOM

For a given diagram need to sum over permutations
OFE, ;

-

(5[3,‘1 : (SEz.
§ Fo fo——— e [
2y e — AEV—:» —{—

——

——

- 4%{

(5]'_“];; ‘

/\(55; /\(S‘r" /\(S_r‘ /\rSJ“
E+4+0FE\ F+0FE,4+0E3 E+0FE | +0E3+ 0FE E+0F ) +0FE3 4+ 0FE; + 0F,
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Diagrammatic for the IOM

But the terms in the sum are not independent, on the
contrary, so only a few of them can be resonant

For example the N terms

- —— using an
EolEo+ EN(Ey 4 & + Ex)vn(Boik B vovoh &,
' integral
representation

Eal€o+E)(Ep+E &) (Eg+ &k Ey)
l
E(€o+ EEn+EL+Eg)---(En+ &1+ E)

1 1
Y == - -
E€u(o+E)(Eo+E1+E) - (Eo+ &1+ +E)

| |
E(Co+E)(Eo+E+E)(Eo+E+E1+83) - (Eo+E+E 4 -
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Diagrammatic for the IOM

This integral representation

ffw'ufu.-‘gr). [_w‘| f Wy — E"'H.)

i€) (wy + 2 i€)(wy — t€)(wo + &y —d€)  (Wo+ &y + v + &, — i€)

(31)

Closing the contour above gives N terms and below gives 2
terms only

N! = pN
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Diagrammatic for the IOM

This integral representation

ffw'ufu.-‘gr). [_w‘| f Wy — E"'H.)

i€) (wy + 2 i€)(wy — t€)(wo + &y —d€)  (Wo+ &y + v + &, — i€)

(31)

Closing the contour above gives N terms and below gives 2
terms only

N! = pN

Pirsa: 14050084 Page 28/41




Diagrammatic for the IOM

How many diagrams!?

Topology

])(“’) p— Z D(”-l )D('“-B)D('“:i)
nl4+n2+n3=n

D) — on ] o~ \/in:i/z ‘2_7 '
n /) 2n + 1 167 i\
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Diagrammatic for the IOM

Assignments of a,b,c,d indices

AA A A A
SN TN T

) W f!r, d €},
I - :
Jog O¢ J_g O¢

Ballistic particles go further and have also more phase space
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Diagrammatic for the IOM

So we need to compute

graphs

Z |A(I.57)|2 ~ max ‘A(IJ)‘Z
Z,J
this is because the probability is long-tailed

.1)(/1(1“_’])) TN A.iz

So the last step is to find P(A)
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Probability distribution of A

We assume gaussian distribution 0E; = z;

1 -2
Plz) = e %
( ) \V4 271'(55

T

LST'; 1A — § 'I‘ f

1=1

Y
Need to look at Y = — Z log | S|

n=1
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Probability distribution of A

The series converges if there is a z</

2 max (Me) Vet < ;
(27K /4)N extractions

single particle
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Probability distribution of A

many body single particle

1 |
ALY]) m~ H ; —_— —N!

n
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Probability distribution of A

We find that

ok \ V/2
Y OE / N
Gn(k) = ) WIHT[4).

27

IH-N.,'m. —

['( li;k + m + n)
n)

V(1 +2m)/T(1 + 2n)

So we need to find the largest eigenvalue of H
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Probability distribution of A

Ironically, the largest eigenstate of H is localized

PR S S SE W S — —

the potential at m=0 diverges for k = —

14k 2
o — (L> + L(Af + 1) 4+ 0.0405(k + 1)

2 36
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Probability distribution of A

dk Ly -
])(Y) = / %(fh} (;N(I\)
J B /

" dk )% N )
[)(Y) /“({N('!l--{-]u;.;(;;)) o ( : ) (J_Y/'!}t)(|-—’}f‘/(2(Y/N)-—)

yo N

271

MBL criterion is:

P(Y < Y.)®E/DY ~exp (—(27TK/4)NP(Y > YZ-))<
0
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Radius of convergence

Putting all together we get a radius of convergence for the
series defining the LIOM

27e J
— — M. log(A.) =1

Practically the same condition for MBL in BAA

I, =n,+ Z Z AI.QT()I,L’T

N>1|Z|=|J|=N

exist with probability | for A < A.
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Conclusions

We can define IOM as a perturbative series in
Interaction

We can study the probability of convergence of
said series

This involves studying topologies and real-space
configurations of MB wf

This gives, in the fwd approximation, the same
diagrams of BAA and the same convergence
radius
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