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Abstract: <span>We show that generic interacting quantum systems, which are isolated and finite, periodically driven by sudden quenches exhibit
three physical regimes. For short driving periods the Floquet Hamiltonian is well approximated by the time-averaged Hamiltonian, while for long
periods the evolution operator exhibits properties of random matrices of a Circular Ensemble (CE). In-between, there is a crossover<br>regime. We
argue that, in the thermodynamic limit and for nonvanishing driving periods, the evolution operator always exhibits properties of CE random
matrices. Consequently, driving leads to infinite temperature at infinite time and to an unphysical Floquet Hamiltonian.</span>

Pirsa: 14050073 Page 1/62



Pirsa: 14050073

Long-time behavior of periodically driven
Isolated interacting quantum system

l

\/§

Luca D'Alessio (|IBU) + |Penn State))

Marcos Rigol Anatoli Polkovnikov (BU)  Marin Bukov (BU)
(Penn State)

LD, M. Rigol ArXiv:1402.5141
M. Bukov, LD, A. Polkovnikov (in preparation)
LD, M. Rigol (in preparation)

Perimeter Institute, Waterloo May 13" 2014

Page 2/62



Why periodically drive a system?

equilibrium periodic drive
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Why periodically drive a system?

equilibrium quench periodic drive

) e

N\ ¥ g =
Kapitza Vortex Lattices Floguet
pendulum in BEC Topological States
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Why periodically drive a system?

Time-independent, H=const
['(?‘) - (,7,;[]'];

irsa: 14050073 Page 7/62



Why periodically drive a system?

Time-independent, H=const
Ut) =e "M

¥~ Arbitrary time dependence

it
U(t) =T exp [—i / drH(T)
(

J 0
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Why periodically drive a system?

Time-independent, H=const
U(?‘-) _ (_—i[l’f

Time-periodic, H(t)=H(t+T)
U(t) = P(t)e "

¥~ Arbitrary time dependence

it
U(t) =T exp [—i / drH (1)
(

/0
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Why periodically drive a system?

Time-independent, H=const
U(t) = ¢t

Time-periodic, H(t)=H(t+T)
U(t) = P(t)e "

Warning:
factorization is not unique!

¥~ Arbitrary time dependence

.t
“drawing not to scale” U(t) =T exp [_’ '/U dTH (T)
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1. Understanding the Floquet theorem

2. Long-time behavior of periodically driven
isolated interacting quantum systems

3. Conclusions and outlook
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Floquet Theorem: U(t) = P(t)e™*""*"

Periodic envelope + Floguet Hamiltonian

1. Since P(T) =1 then U(nT) = ¢ HrnT
as in t-independent Hamiltonians
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Floquet Theorem: U(t) = P(t)e=*""*"

Periodic envelope + Floguet Hamiltonian
1. Since ’(T) =1 then U(nT) = ¢ Hrnt
as in t-independent Hamiltonians

2. Floquet theorem is NOT about stroboscopic evolution .
Factorization is valid at any time

3. Envelope P(t)is the novelty w.r.t. usual evolution
with t-independent Hamiltonians
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Floquet Theorem: U(t) = P(t)e=*""*"

Periodic envelope + Floguet Hamiltonian
1. Since ’(T) =1 then U(nT) = ¢ Hrnt
as in t-independent Hamiltonians

2. Floquet theorem is NOT about stroboscopic evolution.
Factorization is valid at any time

3. Envelope P(t)is the novelty w.r.t. usual evolution
with t-independent Hamiltonians

For example, if Hr = 0 all (topological) properties are
encoded into the envelope P(t)(see Victor Galitski)

Question the paradigm:
(topological) properties of H 4 (topological) properties of the system
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Floquet Theorem: U(t) = P(t)e "

Plug Floquet ansatz into SE: id;U(t) = H(t)U(t)

Do some algebra:

i (O P(t) e Hrt _iP(t)Hre "”F’) — H(t) P(t)e iHrt
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Floquet Theorem: U(t) = P(t)e= """

Plug Floquet ansatz into SE: 10U (t) = H(t)U(t)
Do some algebra:

i (0 P(t)e "Hrt —iP(t) Hp e "Hrt) = H(t) P(t)e "Ir!

And rearrange the terms to obtain:

Hpr = PY(t) H(t) P(t) —iPT(t) (0, P(t))

This equation is always exact and give connection between H(t) and I7,.
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Floguet Theorem: U(t) = P(t)e” """

Plug Floquet ansatz into SE: d;U(f)

Do some algebra:

’(()fp(f)‘ gt _ il)(f) f/;.‘f' Jh_“) — ]]([) ])(f)g tH -t

And rearrange the terms to obtain:

Hpr = PY(t) H(t) P(t) —iPT(t) (0, P(t))

This equation is always exact and give connection between H(t) and I7,.

Pirsa: 14050073 Page 17/62



Example: single spin in rotating B-field

In the lab reference frame:
H(l) = B.o. + B (cos(2l)o, + sin(§2)oy)

In the rotating reference frame:
HE = RE(OH() R (1) — iR (D0 R ()

()
= B.o. + Bj(cosdo, —sindoy) — 50>

where R(t) transforms into the rotating frame:
- 7.
Ry(t) = exp | —i—(Q + ¢)
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Example: single spin in rotating B-field

In the lab reference frame:
H(t) = B.o. + B (cos(§2t)o, + sin(€2)oy)

In the rotating reference frame:
HY = RE(OH )R () — iR (D)0, Rs(t)
| Q

9

= B.o. + B (cosd o, —sindoy) — =0

where R(t) transforms into the rotating frame:

Ro(t) = exp |—i= (1 + )

The evolution in lab frame is:

U(t,0) = Ry(t) e "1 R (0)
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Example: single spin in rotating B-field

In the lab reference frame:
H(t) = B.o. + B (cos({2t)o, + sin(€2)oy)

In the rotating reference frame:
HY = RE(OH) R () — iRL (D)0, Rs(t)
| Q

2

— B:O'; + B| (cos ¢ Cp — Hi“(_,')(j'”) — 0.

where R(t) transforms into the rotating frame:

Ry(t) = exp | —i—- (2t + ¢)

The evolution in lab frame is:

U(t,0) = Ry(t) e " RL(0)

Choosing ¢ = 0 we can identify: Hp = H}",
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It's all about the right reference frame!

1. If you choose the right reference frame the evolution becomes trivial
(Floquet theorem says it is always possible):

Hp = PU(t) H(t) P(t) —iPT(t) (3, P(t))
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It's all about the right reference frame!

1. If you choose the right reference frame the evolution becomes trivial
(Floquet theorem says it is always possible):

Hp = PY(t) H(t) P(t) —iPT(t) (8, P(t))

2. 1fP(t) is fixed - no ambiguity in Floquet energies.
However the factorization U (t) = P(t)e~"'#" is not unique.
(A redefinition of I, can be compensate by a redefinition of 7°(%) .)
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It's all about the right reference frame!

1. If you choose the right reference frame the evolution becomes trivial
(Floquet theorem says it is always possible):

Hp = PY(t) H(t) P(t) —iPT(t) (8,P(t))

2. 1fP(t) is fixed — no ambiguity in Floquet energies.
However the factorization U (t) = P(t)e”""'*" is not unique.
(A redefinition of I can be compensate by a redefinition of 7°(%) .)

3. P(t) is analogue to the generating function of a canonical
transformation in classical mechanics: (¢,p, H) — (Q. P, K)
: ) , [EF oGy 00
For example if, G = G,(¢.Q.t) then p= — P = ——— K = H + —
Aq J(Q) ot
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It's all about the right generating function!

Finding the right generating function is non-trivial.

1) S. Fishman et al. PRL 49, 509 (1982).

2) T. P. Grozdanov and M. J. Rakovic, PRA 38, 1739 (1988)
3) M. M. Maricq, PRB 25, 6622 (1982)

These methods are iterative and based on simultaneous expansion
of P(t)and Hp.
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It's all about the right generating function!

Finding the right generating function is non-trivial.

1) S. Fishman et al. PRL 49, 509 (1982).

2) T. P. Grozdanov and M. J. Rakovic, PRA 38, 1739 (1988)
3) M. M. Maricq, PRB 25, 6622 (1982)

These methods are iterative and based on simultaneous expansion
of P(t)and Hp.

For example [3]: P(t) =Y P"™(t), Hp =) H™, HO =0, PO =

n=>_ re=>_0

Use Fourier transforms: I(t) = Z H,el%  p()(¢ Z p(n) giaft

rn—1

The formal solution is: oyt =Y "1 P Zn‘,’ e

n—1

l—npfw N L ) L— exp(iBQ) (k) 1y (n—k
2 n v ) (n—~R)
il Z Z (cx + 3)Q2 Ho s Z Z 30 P'T H,

v+ 450
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It's all about the right generating function!

Finding the right generating function is non-trivial.

1) S. Fishman et al. PRL 49, 509 (1982).

2) T. P. Grozdanov and M. J. Rakovic, PRA 38, 1739 (1988)
3) M. M. Maricq, PRB 25, 6622 (1982)

These methods are iterative and based on simultaneous expansion
of P(t)and Hp.

For example 3 P(1) = S P (1), Hr = S H, HY 0, pO)

r=>_ r=>_0

Use Fourier transforms: I(t) = Z H,ele%  p() (¢ Z p(n) giat

rn—1

The formal solution is: oy =% "1 pY Zn*,‘ H" =)

n—1

l—npfw DU L 1) L — exp(iBQ) k), (n—k
2 n n (&) gr(n—~r)
P Z Z (cx + 3)Q2 Halg Z Z 30 P'T H,

v+ 350 k=1 /350
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The first few terms are....

The I.C. are: HY — . p =

F
Z [[_“ )Dr[l(l -
First

corrections: 1 — explik€t]
(1) (4} —
PR =2 g

ol
H;, = _,-/ (H(r) — HY) dr
J ()

J‘lf:i(_'
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The first few terms are....

The |.C. are:

First
corrections: . 1 — expl|ik€t]
39

ol
Hy = _,'/ (H(t) — HY) dr
JA)

1

M)
A_l

Second _T (NI[ dto Hl| H (i )]
corrections: ! 0

([Hy, H_p] + [Ho, Hy) — [Ho, H_j))

It quickly becomes cumbersome...

Is there a better and convergent expansion?
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2. Long-time behavior of periodically driven
Isolated interacting quantum systems

LD, M. Rigol ArXiv:1402.5141
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Long-time depends only on Hp

1. P(t) is continuous and periodic — bounded

2. The stability/instability transition is solely determined by H
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Long-time depends only on Hp

1. P(t) is continuous and periodic — bounded

2. The stability/instability transition is solely determined by H

In “parametric resonance” (see S. Weigert J. Phys. A 35 (2002) 4669)

9
mwe= , s X

H(t) = 5— 1 @+ = (&p + i) Or(t), a€R, op(t)

2m 2
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Long-time depends only on Hp

1. P(t) is continuous and periodic — bounded

2. The stability/instability transition is solely determined by H

In “parametric resonance” (see S. Weigert J. Phys. A 35 (2002) 4669)

)

mw* 5 o, . i
H(t) = i T° 4 ;(.rp Fox)op(t), ae R, op(t) = Z ot

2m 2

n=—0o0

Classically the '\ . @ A+ = cosh a cos(wT)
-(m ) (]

Floquet map is: P

++/cosh a2 cos(wt)? — 1
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Long-time depends only on Hp
1. P(t) is continuous and periodic — bounded

2. The stability/instability transition is solely determined by H

In “parametric resonance” (see S. Weigert J. Phys. A 35 (2002) 4669)

mw o, o, .. . i
f re 4 —=(xp+pr)op(t), acR., oplt) = Z o(t

2m 2 2

Fa a—

n=—0o0

Classically the ( z’ ) _ ( V/ ) ( & ) Ay = cosh a cos(wT')
Floguet map is: P ’ P T \/('(JH}l a? cos(wt)? — 1

Quantum mecha_nica!ly | Hp 1 (,;3 + Qz.\-z)
the Floquet Hamiltonian is: 2
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Long-time depends only on Hp

1. P(t)i1s continuous and periodic — bounded

2. The stability/instability transition is solely determined by H

In “parametric resonance” (see S. Weigert J. Phys. A 35 (2002) 4669)

)

‘)
mwe< o Q

2m 2

H(t) = | @+ = (&p+ ) 0r(t), a€R, op(t) = > 6(t—nT)

Classically the ( x’ ) _ ( \/ ) ( x ) A+ = cosh acos(wT')
Floquet map Is: 2 i 4 ++/cosh a2 cos(wt)?

Quantum mecha.nica?ly _ Hp o 1 (,;3 + Qz.\-z)
the Floquet Hamiltonian is: 2

STABLE I MARGINAL I UNSTABLE
A+ = exp|£i€2] A+ = *£1 A4 = explEp]

()* > 0,normalizable WF |2* = 0,planes waves |2 < 0,non-normalizable
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Stability-to-Instability transition

1. I does NOT need to be “physical” (for example unbounded from below)

2. Signature of transition both in eigenvalues and eigenvectors of

OUR GOAL:
Find signature of transition in U(T') for finite, interacting quantum systems
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Stability-to-Instability transition

1. H{r does NOT need to be “physical” (for example unbounded from below)

2. Signature of transition both in eigenvalues and eigenvectors of

OUR GOAL:
Find signature of transition in U(T") for finite, interacting quantum systems

Pirsa: 14050073 Page 36/62



Model: interacting spin chain

11{ (]:t()} un f ] ZJIU,’} 2 / — l,(’/:()_) ]!:[]c\'{

— L
Hyn=)_ {n‘;(r‘;l 5 (fr ol +olal, 1)] H,, H_, Hy.cETH

J
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Model: interacting spin chain

1[{ (l:l:()/ uu f b 4 Zﬂ (T ) 1.8 = 0.2. J!:(].H

I y Yy
S((T (T}_+_I+(T(T ) [[+ -[{n(*EETII

741

—

/ExactDiag
U(T) = e™iH-% ¢miH+F = miHeT Z“,,

Floquet Hamiltonian: Hy = Z |00 en(Onl, 6, = mod(e, T ‘_ _)ﬁ)

I

Evolution operator:

(O
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Model: interacting spin chain

We will study this model for fixed I
dJ and varying the period T

Hy = (Jx£0J)I ,,,,I/Zﬂﬁ J=1.6J=02J =0.

77 i+ J+1

: z _Z l T
Hnu — Z |:(T‘-(T“. ~ 3 ((T (TI+| +(71(7/ )] [[+ H_. [{;1\0 e ETH

—_

/ Exact Diag.

gHp —_ L 1 — i

U(T) = ¢~ iH-% ¢—iH+5 = —iHeT :Z|(_,>,,>( ~n
T

Floquet Hamiltonian: Hj = Z |00 )en(Onl, 60, = mod(e, T,27)

T

Same eigenvectors but different (folded) eigenvalues

J

Evolution operator:
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Parameter space
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Parameter space

1/A

In this talk we keep dJ fixed
while varying the period T

In Anatoli's talk A ~
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Parameter space
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In this talk we keep dJ fixed
while varying the period T

In Anatoli'stalk A ~
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Parameter space

In this talk we keep dJ fixed
while varying the period T

Cross-over

In Anatoli's talk A ~
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1) Eigenvectors statistics

Information entropy of the eigenvectors of Hr in the base of H,e
12

I(i;’rz_> - Z ml"” \\¢> Hm'c:l’”u\‘(:) - rl;\mi |”I ave Z |(”-’ ’ In ‘(m‘l

rrie= ] =1

_II:I1IIIITEIITI]IIIII'IIIIIII'TI11[!!1']111
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2) Phase repulsion

Let us assume fr = H,y. then:

(_f-"(_'l‘) = ¢~ Havel = Z M aye )€ By (Mave|, 02 = mod(Te2¢, 2m)
Irl
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2) Phase repulsion

Let us assume Hr = H,y. then:

+ F)ELV A BN T oave ¢
E |Mave) W0 ¢ =mod(Te,) ", 2w

Iri

What would be the statistics of #;"° ?

ave
(l (‘) (‘
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2) Phase repulsion

Let us assume fr = H,y. then:

LAV PR —_,AVEa
Z |Mave) o (Mave|, 037 = mod(Te, 2
Irl

What would be the statistics of #;"° ?

ave ave ave av

1) Short T (shorter than 1/bandwidth)

L] | |
LI L 1
(};11\'1‘ (};‘:\'l'
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2) Phase repulsion

Let us assume fr = H,y. then:

. . L AV avrd - AUVA
¢~ Havel — Z M aye )€ o (Mave|, 037 = mod(Te, 2m)
Trl

What would be the statistics of ¢, ?

1 1 1 1 1 ave
I I > ¢

ave ave ave ave ave
€1 ) €3 €4 €5

1) Short T (shorter than 1/bandwidth) == (*V¢ have same statistics of ¢*°

0 T . 2T
(}‘l“" ()_;{“'

>HEL\(’ . I f_!l\l‘
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2) Phase repulsion

Let us assume fr = H,y. then:

s ALV avre . AVO
Z M ave )€ o (Mave|, 037 = mod(TeX, 2m)
Irl

What would be the statistics of #;"° ?

T I I e
M | M 1 !
ave ave ave ave i_l\'(—‘

€y ) €3 €4 €5

1) Short T (shorter than 1/bandwidth) = (>V¢ have same statistics of "

0 T L 2m
(}‘l“" ()_;{“'

2) Long T (longer than ~1/bandwidth)

1 1 1
Hill\'(' (_).,I,\( H;‘)’:\'(‘

- ()Ve T cave
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2) Phase repulsion

Let us assume Hr = H,y. then:

s ALV avre . AVO
2£:|fn“yp>c o (Mave|, 077 = mod(Te), 2
Irl

What would be the statistics of #;"° ?

ave ave ave ave ave

€y ) €3 €4 €5

1) Short T (shorter than 1/bandwidth) = (*v¢ have same statistics of ™

- >HEL\(‘ — ’I' ave
()l | DI:D Izw ‘

o7 O+

2) Long T (longer than ~1/bandwidth) =mp #>v¢ are always Poisson-like

- AVe TFu\'u
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2) Phase repulsion

Let us assume U(T) is “COE™

Y lon)e P ldn| = U(T) € COE

T

3) The phases are NATURALLY defined into (0, 27) and repeal
(see F. Haake “Quantum Signatures of Chaos”, (Springer,Berlin, 3rd ed. 2010) )

Pirsa: 14050073 Page 52/62



2) Phase repulsion

min(d,. 6,41 ) V. Oganesyan at al. PRB 75, 155111(2007).
— e (0.1) G. Biroli at al. arXiv:1211.7334v2.
max(0p, On+41) Y. Y. Atas et al. PRL 110, 084101 (2013).

where 4, = 6, — 0,,,1 are the “spacing” in the folded, i.e. (0, 27), spectrum.
9}
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2) Phase repulsion

min(d,. 6,41 ) V. Oganesyan at al. PRB 75, 155111(2007).
— e (0.1) G. Biroli at al. arXiv:1211.7334v2.
mMax(0p, On+41) Y. Y. Atas et al. PRL 110, 084101 (2013).

where ¢, = 6,, — 0,,,1 are the “spacing” in the folded, i.e. (0, 27), spectrum.

Lack of
phase
repulsion
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Full distribution W(r)

b 02 04 0.6 08
2

Ho.

[.5

U(T) € “COE”
0.2 04 06 08
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3) <()u |Hn\-'("(a‘;)n> vs Oy

1. It measures eigenstate-to-eigenstate variation (similar to ETH-plot)

1 gn gl

'

1‘
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3) <(.b'n.|H;'l.\-'("’(y‘bn> VS HH.

1. It measures eigenstate-to-eigenstate variation (similar to ETH-plot)

AO, _
O ’J-:igﬂl

2.If Hp = H,. there is a simple relation: (¢, |H,.|é,) = (0n|Hp|én) = €,

0,, = mod(Te,,2m)
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3) <(.b'n.|H;'l.\-'("’(;‘bu> VS 9”.

1. It measures eigenstate-to-eigenstate variation (similar to ETH-plot)

AO, _
O ’J-:igﬂl

2.If Hp = H,. there is a simple relation: (¢, |H,.|é,) = (0n|Hp|on) = €,

0, = mod(Te,,2m)
3. If U(T) is “COE” then |¢,) are random vectors

— <()N ‘ H}l\’(‘|(_"b!!> VS HH is flat
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3) <(35-rz.|Ha1\-'e +‘ > VS O-n.

U1 ) = “(‘()h
w2 0
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Energy absorption

Infinite energy at infinite time independently on initial conditions
. - N . A / 9 3
</1-‘I\l‘>(f - ‘\l) — <l-'.‘“‘ ( ;P(T\:lw) II"“‘ ((.:‘i"l\'("l('):\ |{"'”> ~ Z ‘<{§'llll‘(:‘;)rf>|- <(:')H ‘ llilx':-‘(-‘")ri>

T I . T I T T T T T T T I T T T T

2 000050TGITITIVTEOTIOTEVIOT
oobooqooooooooooooooo
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© o
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0.8 $oa” o Huwe)(t = 20) = (Huve) o
C %o 00 (Have)3=0 — (Have)(t = 0) -
-1 :n-ummmuﬁﬁﬁa
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0 TI 1 T, 3
Period, T
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Conclusions

1. Periodically driven systems are “exciting”

2. The periodic envelope, P(t), is a generating
function of canonical transformations. It can be important.

3. Long-time behavior depends only on H_ which
can display phase transitions or crossovers

4. In our model there is a crossover: H,,. < “COE” 4.
In the thermodynamic limit always “COE”. Huge

Outlook

How are the Floquet eigenstates occupied?
1. coupling to leads, see T. Kitagawa et al. , PRB 84 235108 (2011)
2. GGE, A. Lazarides et al. PRL 112, 150401 (2014)
3. dynamical ramps, LD, M. Rigol (in preparation)
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