Title: Curvature in Noncommutative Geometry
Date: May 09, 2014 02:00 PM
URL.: http://pirsa.org/14050064

Abstract: <span>After the seminal work of Connes and Tretkoff on the Gauss-Bonnet theorem for the noncommutative 2-torus and its extension by
Fathizadeh and myself, there have been significant developments in understanding the local differential geometry of these noncommutative spaces
equipped with curved metrics. In thistalk, | will review a series of joint works with Farzad Fathizadeh in which we compute the scalar curvature for
curved noncommutative tori and prove the analogue of Weyl's law and Connes' trace theorem. Our final formulafor the curvature matches precisely
with the one computed independently by A. Connes and H. Moscovici. | will then report on our recent work on the computation of scalar curvature
for noncommutative 4-tori (which involves intricacies due to violation of the KAshler condition). We show that metrics with constant curvature are
extrema of the analogue of the Einstein&€*Hilbert action. A purely noncommutative feature in these works is the appearance of the modular
automorphism from Tomita&€" Takesaki theory of KMS states in the final formulas for the curvature.</span>
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What is curvature?

Classical geometry: ')_j‘A-!- K, K.
Einstein-Hilbert action: [, R dvol.
Einstein field equation R, — %_f};”, R+ g, = l""‘—'j'f—"'l‘,,,,

Chern-Weil theory:  Tr(e'?) Qj. = Rjjmda® A dat.
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Curvature in NCG

Connection-Curvature formalism of Connes in 1981 (NC Chern-Weil

gtheory):

V:E S E®sQA, V € Endc(E @4 QA)

V? € Endoa(E ®4 QA) = End4(F) ®4 QA.

Any cyclic cocycle ¢ : A®2n+1) 5 C defines a closed graded trace

[ QA — C. Can define [ Tr(e*?), etc. But won't discuss it here.
Jo Ji
In particular in his 1981 paper Connes shows how to define the
curvature of vector bundles over NC tori using this idea.
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How to define the scalar curvature of a spectral triple (A, H.D)?
This is also answered by Connes since late 1980's and is based on

@ideas of spectral geometry. But computing it in concrete examples
is only acheived in the last few years!

A spectral triple is a NC Riemannian manifold. It is tempting to
think that one might be able to define a Levi-Civita type connection
for a spectral triple and then define the curvature of this connection.
For many reasons this does not work in NCG in general.
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Spectral geometry

» (M. g) = closed Riemannian manifold. Laplacian on forms
A= (d+d*)?:QP(M) — QP(M).
has pure point spectrum:

(]S,\lgx\ggﬂ'—)x’.

» Fact: Dimension, volume, total scalar curvature, Betti
numbers, and hence the Euler characteristic of Al are fully
determined by the spectrum of A (on all p-forms).
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Spectral geometry

» (M. g) = closed Riemannian manifold. Laplacian on forms

,-11'.
W/
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Heat trace asymptotics
@ » Heat equation for functions: 0, + A =0

» k(t.xr.y) = kernel of ¢e~t4. Asymptotic expansion near t = (:

1 5
k(t.x.x) ~ - (ag(x. N)+ay(x, A)t+ag(x, A)t“+--+)

( lﬁf')m/'.?

> a;(x. D), Seeley-De Witt-Gilkey coefficients.
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» Theorem: a;(x./\) are universal polynomials in the curvature
tensor ! = H:H and its covariant derivatives:

Ay
W/

ap(r,. ) = 1

[
ay(x.N) = F.H'(.r) scalar curvature

)

| . . .
ag(z,A) = _;(.“(2\1:(.:'”-’ — 2|Ric(x)|? + 5|S(z)]?)
""Ii(-"-&) — S
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» Theorem: a;(x./\) are universal polynomials in the curvature
tensor ! = l‘}:m and its covariant derivatives:

ap(r. ) = 1

I
a(x,N) = F.H'(.r) scalar curvature

)

| . . .
as(z,\) = _;(,“('_)u:(.r)|~’ — 2|Ric(x)|? + 5|S(x)]?)
!‘f:;(.l'.A) — S
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» Theorem: a;(x./\) are universal polynomials in the curvature
tensor ! = H:H and its covariant derivatives:

,-'11'.
W/

ap(r, ) = 1

I
ay(x,N) = F.H'(.r) scalar curvature

)

| . : .
as(x, ) = _;(,“('_)u:(.;-n-’ — 2|Ric(x)|? + 5|S(x)[?)
"".'i(-"-A) = ceeeas
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Spectral Triples

Noncommutative geometric spaces are described by spectral triples:

(A.H. D).

m: A— L(H) (*-representation).
D=D":Dom(D)cH—H.

Dr(a)—m(a)D € L(H).

Examples.

(('\ (M).L*(M.S). D = Dirac operator).

(("(SH.I)’(S‘) li).

i Jr
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Noncommutative 2-Torus A, = ('(Tﬁl

It is the universal ("*-algebra generated by {/ and V' s.t.

Ty

U*=U"1,
Ve=v-1
VU = 20UV,

where 6 € R is fixed.

The geometry of the Kronecker foliation dy = #dx on the ordinary
torus R?/Z? is closely related to the structure of this algebra.

A representation of Ay:

Ut(x) = e*™%¢(x), Vé(x) = &(x +6), ¢ e L*(R).
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Action of T? = (5%-)2 on Ay and Smooth Elements

i

=

e

L
2
g Ag = Ag, s e€R”,
O -({_'m"u ) — ¢ i.«.(m.n)("m"n m.n € Z
L
. D)
AZ = {a € Ay: s+ ag(a) is smooth from R“to Ay}
* r -~ |)
- { E ”m.n('m‘ e -'lf): (”m.n) € b(Z“)}
mne’
L
0 R
0j = ) o= s + Ag — Ay
s -
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Action of T? = (5%-)2 on Ay and Smooth Elements

i

=

®
2
N aq . Ag = A, s € R,
&
0 ({_'m"u) — r!.«.(m.u){"ru"u m.n € Z
®
. 9
AP = {a € Ap; s+ ag(a) is smooth from R*to Ay}
- - - 9
— { E ”m-”(,m‘ " e -'lf): (”m.n) € b(Z“)}
m.nez
®
] ‘) - e
()} — - ) flh- . 2 7] “"} .l” .
N f)."a'" s=0
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Conformal Structure on A4y (Connes)

“The Dolbeault operators associated with 7 € C,3(7) > 0 are

() = 0'1 —— Tﬁ-g . ?{() — 7‘[(1'[]).

() = f‘J‘l ~+ Tﬁ--‘z . /}'{“ —_ H(“'l).
The conformal structure represented by 7 is encoded in

U(a. b, c) = _\;“(u (')(f))f')(r'))_ a.b.c € l,}

which is a positive Hochschild cocycle.
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A Spectral Triple (A H. D)

4y
.SJI,

H:=H,dH?,
a 0
rir-—>(“ rl):?{“—}%.
D:= ( (,()) ‘[);' ) H — H.

Dp:=0 =01 +70: H, — 24(1,0).
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A Spectral Triple (A H. D)

4y
"?h"

H:=H,dH"Y,
a 0
”'_><n u>:%“‘>%
1)—((,‘)’ 'l’f‘):%—z»%

Dpi=0 =01 +70: H, — H(1,0).
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A Spectral Triple (A H. D)

Aoy
.SJI’

§)
H!——,‘-<;; )?‘[—‘,H
(

)"
1)::((,()) [';’ ):?—[—;»?—[.

Dp i =0 =01+ T0g: ’H; — H(1,O),
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A Spectral Triple (A H. D)

4y
.SJI’

Dp i =0 =01 +T0g: ’H; — H(1O),
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Conformal Geometry of T? with 7 =
(Cohen-Connes, late 80's)

Let |
A1 < /{\3 < A3 <o be the eigenvalues of 070,
and
((s) = ,\;‘“. R(s) > 1.
Then
C0)+1=

] . | re B
flu) = f”_1/2“§+£1(11)“2(l*H]-")')ﬁz(u)wL(l+H”'))')ﬁ:;(u).

6
T

o (u—1)7
— (_1\m o (m+1) o0 U — _1\+1
L., (u) (—=1)"(uw—=1)" (ln,_,u E (—1) —j )

1=1
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Conformal Geometry of T2 with 7 =i
(Cohen-Connes, late 80’s)
Let |
A1 < /{\_) < A3 <o be the eigenvalues of 070,
and
((s) = ,\;‘“. R(s) > 1.
Then
C(0)+1=
o (F(A)(01(e"7%)) 61(e"2)) + @ (f(A)(82(e"/2)) d2("/2))
where
. l _1/“) l 1 /0 lf') 9
flu) = Fu --"‘TE"'r‘EI(H)“—g(l—-—H IV Lo(u)+(14+u'"2)"La(u),
Lon(u)=(-1)"(u-— 1)‘{"’+1](ltif'u - i(—ll‘j*l = l).’.).
m g }

i=1
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Conformal Geometry of T2 with 7 =i
(Cohen-Connes, late 80's)
Let |
A < /{\3 < ANy < v be the eigenvalues of 0,0y,
and
((s) = ,\J““. R(s) > 1.
Then
C(0)+1=
o (F(A)(81("2)) 61(e"2)) + o (f(A)(S2(e"/?)) 5a(e"/?))
where
. l —-1/2 I 1/2, 1/2,2
f(u) = Fu '_q+£1(u)~—2(la-u PV Lo(u)+(14+u"4)La(u),
Lo(u)=(=1)"(u— l)#(”’+1](ltl"l! — i(—ll‘j*l e l).’.).
m ) f

J=1
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The Gauss-Bonnet theorem for T2

Theorem. (Connes-Tretkoff; Fathizadeh-Kh.) For any # € R,
complex parameter 7 € C\ R and Weyl conformal factor ¢". h =
h* € Ag°, we have

C(0)+1=0.
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Scalar Curvature for (A7.H. D)

Ay
.SJI‘

It is the unique element I? € AZ° such that
L.u(“) — yqll(” [')]- ac "lf)\‘
where

Cal(s) := Trace(a U)|""j”). Re(s) > 0.

Equivalently, consider small-time heat kernel expansions:

n—2

Trace(ur‘”):] ~ Z B, (a. f):‘)]f 2, a € .-1(}.
>0
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Scalar Curvature for (A7.H. D)

Aoy
.SJI‘

It is the unique element I? € AZ° such that
Ca(0) = ppla R), a€ Ag°,
where

Col(s) := Trace(a \1)|"2'“). Re(s) > 0.

Equivalently, consider small-time heat kernel expansions:

n—2

Trace(ur”’”:)mZ/f,,(u.f')z]f T, a€ Ay,
>0
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Scalar Curvature for (A7.H. D)

4
\‘J !

It is the unique element I € AZ° such that
L.u(“) — yql](” [')]- e 'IIH\‘
where

Cals) := Trace(a \1)]“2'“'). Re(s) > 0.

Equivalently, consider small-time heat kernel expansions:

n—2

Trace(m“”):) ~ Z B, (a.D?)t 2
>()
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Final Formula for the Scalar Curvature of T
&

Theorem. (Connes-Moscovici; Fathizadeh-Kh.) Up to an overall
factor of ‘—‘(;—) I is equal to

o h h 9 .9 h
Ry(V)(03(5) + 271 0102(5) + [T 63(5))

- 2 9 . / 9 ] ]
H*’ziv-v)(f’n(%)“ + T|“0'_)($)" + R(7) {n,(g]_ng(%)})

— -

| ho ]
+W(V.9)(S(7) [31(5):2(5)])
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Final Formula for the Scalar Curvature of T

sy
.S‘lij

Theorem. (Connes-Moscovici; Fathizadeh-Kh.) Up to an overall
factor of T“(;—) R is equal to

o h h 9 .9 h
Ry (V)(03(5) + 271 0102(5) + [T 63(5))

. ho, 5 = M0 Y, Y,
+[},'~3(v'v)(”l($)u‘“‘T|“02($)~*\h\(7]{rﬁl(%]_rﬁg(é)})

- -

| ho ]
+HW (V. V)(3(7) [31(5). 82(5)]).
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Final Formula for the Scalar Curvature of T

s,
.SJI’

Theorem. (Connes-Moscovici; Fathizadeh-Kh.) Up to an overall
factor of 575, I? is equal to

9 h o ]} a .9 /I
Ri(V)(03(5) + 271 6102(5) + 712 05(5))

- — -

- ho, o . h o , .
+[},'~3(v'v)<"l($)u""T|“0;2($)~*\H‘(T){r\l(g]_hg(%)})

-

| Choo )
HW(V.V)(3(7) [31(5). 82(5)]).
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Final Formula for the Scalar Curvature of T

&

Theorem. (Connes-Moscovici; Fathizadeh-Kh.) Up to an overall
factor of 575, I is equal to

. ) h - /) a .9 /)
[l’l(V)(”I(j‘)‘) + 27 ﬂlr"g(;] -+ ‘7‘205(:])

. ho, 5 . h o . .
+/*’2(V-V)<M$)“*rl“n;z(g)"*‘h‘(r){nl(g]_ng(g)})

— - - —

| Choo )
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H-z(.'-.'_ t) =

| l4cosh((s+t)/2))(—t(s+t) cosh s+s(s+t) cosht—(s—t)(s+t+sinh s4sinh t—sinh(s+t
st(s+t)sinh(s/2) sinh(t/2) sinh?((s+t)/2)

W

5§
- b ~
iy
i "f(
E S
b ] I.‘ r'j
- K
lE- rl
k. )y
— ) _‘.' i
-.‘:___ . I,u
§ e A
-
-_-.- ,‘J
T /
H..__-i ""i
S
-
0 e 7
-‘“-l._ ' -
Te— | y )
| /
S -.:_- ] .( ¥
g =, | A
= Iy
= },

Pirsa: 14050064 Page 44/55



W(s.t) =

(—s —t+tcoshs+ scosht + sinh s + sinht — sinh(s +t))

st sinh(s/2)sinh(#/2)sinh((s +1)/2)

@

i

Pirsa: 14050064 Page 45/55



Pirsa: 14050064

Final Formula for the Scalar Curvature of T

Aoy,
"?h"

Theorem. (Connes-Moscovici; Fathizadeh-Kh.) Up to an overall
factor of 575, I? is equal to

9 h o /} a .9 /)
Ri(V)(03(5) + 271 0102(5) + 712 05(5))

. ho, 5 . h o , .
+H2{v-v)(”l($)“*T|“02($)~*\H‘(7){r\l(%]_hg(.—))})

— — — —

| ho ]
+HW (V. V)(3(7) [31(5). 82(5)]).
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Noncommutative 4-Torus T}

sy,
.S‘lij

('(T}) is the universal ("*-algebra generated by 4 unitaries

Uy Us. Us, Uy,

satisfying
['f,—( 'vl _— 2Tl [ '1 [ -f\--
for a skew symmetric matrix

0 = (Ore) € My(R).
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Noncommutative 4-Torus T}

Aoy
.S‘lij

('(T}) is the universal ("*-algebra generated by 4 unitaries
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Action of T* = (R/27Z)* on C'(T})

RYs s a4 € Aut(('('ﬁ‘j)).

“H(('m} Ty 181 ['m' ['m e {f;’:” ('éng [':;n_-a, ('l;n.;. f”‘j = Z

. C°(T3) = C=(T3).
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Aoy
"?h"

Scalar Curvature for T}

It is the unique element I € C"*°(T4) such that

Ress—1 Ca(s) = po(aR),  ae C®(T).

where
C,(8) := Trace(a A;”). R(s) > 0.
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Einstein-Hilbert Action for 'ﬂ“,ﬁ

Aoy,
.SJI’

Theorem. (Fathizadeh-Kh.) We have the local expression (up to
a factor of 72)

[
20/ R) = 5

0 (f'*hf‘?(h ))

;u((:(V)(r "’n‘,-(/»)m‘,-(h)).

“.

1

-~

—

-

1

(4
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Einstein-Hilbert Action for 'ﬂ“(ﬁ

Aoy
.SJI’

Theorem. (Fathizadeh-Kh.) We have the local expression (up to
a factor of 72)

po(R) =

ﬂ](f"hfﬁ(/'))

;u((:(V)(c _”n‘,-(h)m‘,-(h)).

Y| =
M;—

1

-~

—

-

1

(4
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