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Abstract: <span>The entanglement entropy associated with a spatial boundary in quantum field theory is ultraviolet divergent, its leading term being
proportional to the area of the boundary. Callan and Wilczek proposed a geometrical prescription for computing this entanglement entropy as the
response of the gravitational effective action to a conically singular metric perturbation. | argue that the Callan-Wilczek prescription is rigorously
justified at least for a particular class of quantum states each expressible as a Euclidean path integral. | then show that the entanglement entropy is
rendered ultraviolet finite by precisely the counterterms required to cancel the ultraviolet divergences in the gravitational effective action. In
particular, the leading contribution to the entanglement entropy is given by the renormalized Bekenstein-Hawking formula. These results apply to a
general quantum field theory coupled to a fixed background metric, holding for arbitrary entangling surfaces with vanishing extrinsic curvature in
any dimension, to all orders in perturbation theory in the quantum fields, and for all ultraviolet divergent terms in the entanglement entropy. | also
reconcile these results on the entanglement entropy with the existing literature, compare them to the Wald entropy, and speculate on their
interpretation and implication.</span>
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What is entanglement entropy?

Consider a svstem ¢ in the quantum state p.
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What is entanglement entropy?
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Black hole thermodynamics and entanglement entropy

The classical laws of black hole mechanics snggest that
v — 1Ty and Ao — Spn.

dardeen ¢f al I‘l.-ii“_ _1:1-k--:|-ll'm 1073
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Black hole thermodynamics and entanglement entropy

The classical laws of black hole mechanics suggest that
N ’I‘;;” and .11__; — .'*';;”.
.I'l.llllt'l'll ! al |‘1Tl?‘3_ _]:n-,l\--n-ll':n 1973
The dvnamics of quantum fields propagating on black hole spacetimes

demonstrates that
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Black hole thermodynamics and entanglement entropy

The classical laws of black hole mechanices suggest that
K+ Tpin and Ao — Spun.

Bardeen ¢! al 1973). [Bekenstein 1073

The dvnamics of quantum ficlds propagating on hlack hole spacetimes

demonstrates that
h i I 9 '
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[Hawking 1974

The entanglement entropy qssociated with guantum ficlds outside of the

horizon is 3
St [\] —Tr (pour 1M Pout \ = ¢A~Ag+
al 1986], [Srednick 1003], [Frolov and Novikov 1993

[Sorkin 1953] 4
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The entanglement entropy associated with quantum ficlds outside of the

horizon is
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The Susskind-Uglum conjecture

Susskind and Uelum conjectured that renormalization of the gravitational

offective action also results in renormalization of the entanglement entropy.

e Gravitational effective action

W =—=ilnZ for 7 = /mw IR

e Regularized W
[ -2 D=3p2. o ..
« f'n.\“-%*r‘j.\“ “R+ cqa I )
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The Susskind-Uglum conjecture

Susskind and Uelum conjectured that renormalization of the oravitational
effective action also results in renormalization of the entanglement entropy.
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The Susskind-Uglum conjecture
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The Susskind-Uglum conjecture

Susskind and Uglum conjectured that renormalization of the gravitational
offective action also results in renormalization of the entanglement entropy.
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Entanglement entropy in quantum field theory

Consider a quantum field @ propagating on a fixed hackeround spacetime g.
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The Callan-Wilczek formula for entanglement entropy

Callan and Wilezek proposed a formula
for the entanglement entropy:
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Justification of the Callan-Wilczek formula
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Calculation of the entanglement entropy [HC and Luty 2013]
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Calculation of the entanglement entropy [JHC and Luty 2013

Reenlarize the conical singularity by introdneing a scale [ K
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Calculation of the entanglement entropy (HC and Luty 2013
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Renormalization of entanglement entropy [JHC and Luty 2013

) . ¥ 1" g e s - . - X :
Renormalize the eravitational effective action by introducine connterterms
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Renormalization of entanglement entropy [JHC and Luty 2013

Renormalize the eravitational effective action by introducing
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Leading UV-divergent term in entanglement entropy

Finstein-Hilbert term in the eravitational effective action

g = /tl”.,-\ geaN"°R

Entanelement entropy from the Einstein-Hilbert term
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Leading UV-divergent term in entanglement entropy

Einstein-Hilbert term in the gravitational effective action
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Entanelement entropy from the Einstein-Hilbert term
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Previous research on the Susskind-Uglum conjecture

e ('hecks of the Susskind-Uglunm conjecture for leading UV-divergent term
at one loop )
Spin 0 (minimally conupled) [Susskind and Ughun 19910 et
Spin 0 (nomminimally coupled) [Fursacy 1995, cte
Spin 3 [Kabat 1995]. cfc.
.‘*])i‘ll 1 [IKabat 1905, c¢le.
Spin 5 |[Fursaey and Micle 1997]
Helliei and \oretti 1096], [Fursaey and Micle 1997)

K]
-
9

Spin
e ('hoecks of the Susskind-Uglum conjecture for subleading UV-divergent
terms at one loop
e Spin U (minimally coupled) for [-lerivative terms [Fursacy and Solodukhin
1005, 1996]
e Spin | lor J-clerivative terms [de Nardo e al 1997

o Novel results [JHC and Luty 2013]

e Check of the Susskind-Uglmm conjecture
[ement entropy
I-Uglum conjecture 10 all

for all subleading UV-divergent

terms in the entanlg

e Check of the Susskin orders in perturbation

theory

o Resolution of the onminimally coupled ficlds

jssuce of n
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Comparison to the Wald entropy

Wald defined an entropy for a classical metrie theory of eravity with
agrangl MVl = e _
Lagrangian density £ = L(Gy+ Ruvpo- Ve Buppa----). [Wald 1093

v : : 9 = f)[ t)C
Sy =27 / (1‘“ 'rr\f-. e = V- + oo | €uvbpo
( Ol ONZRiivpa ’

CAY
e Applicable to asviptotically flat spacetines possessing a bifurcate Killing

horizon
e (lassical thermodynamic entropy

Relation of Wald entropy to renormalized entanglement entropy computed
via the Callan-Wilczek formula

e Equivalent for £ = L(guv- Buvpe) |

1!1!1:".]

o Check of equivalence

Jacobson et al 1995], [Fursaey and Solodukhin

for AL = Vr ]i';.,.,m'\-r]':"”""' THC and Luty 2013

Relation of Wald entropy to renormalized entanglement entropy computed
directly
e Not equivalent for entangling
Hung. Myers, and Smolkin 2011]
( Jacobson=Myt
Myers, and Smolkin 2011]

surfaces that are not bifurcate Killing horizons

e Check of cquivalence for 1s generalization of Wald entropy
' Jacobson and Nyvers 1093], [Hung,
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Beyond the Callan-Wilczek formula

How do we give a completely general ceometric definition of entanglement
entropy in quantwn field theory on a fixed background spacetime:
e How do we treat entangling surfaces that are not hifurcate Killing

hhorizons’

e Expectation from dimensional analysis

ASent|A] = / &asa [f:.;.\“ﬂ'l]n’rr 2+ f'-l.l-\j)hlf\': - !’-l..'l\“w ‘KiyK" -
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Beyond the Callan-Wilczek formula
How do we eive a completely general geometric definition of entanglement
entropy in guantwmn field theory on a fixed hackground spacetime?

e How do we treat entangling surfaces that are not bifurcate Killing
horizons?

e Expectation from dimensional analysis

..3-5.-;1([.\.! = / l“_'zﬁ [H.].\“ﬂ.l.’l)]'l £y g fl,l_l_\“ﬁJI\-: — fl_"_n_\“ ' !1\'”[\ S e ‘

e Conjecture for conformal field theory on \inkowski spacetime with seneral

entangling surface Solodukhin 2008], [Iursacy, Patrushev, and Solodukhin 2015
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AT B s :

yevond the Callan-Wilezek formula
How do f‘\r give a completely general geometrie definition of entanglement
entropy in guantum ficld theory on i fixed hackgromnd spacetime?

e How do we treat entangling surfaces that are not bifureate INilling

horizons!

- l':“1"" tation from dimensional Ay sis

-\'g-'nll\l / ‘|" ‘0 ‘”l\“ ll'"!' d f'l.l\!| ]f\" t "1‘;\"I lf\-,f\"
J {2

| theory on Minkowski spacetime with general

(‘onjecture for conformal fiel
aned Solodukhin 2013

entangling surtace Solodulchin 2008, [Fursaey, utrushey,
senceral ficld theory on \inkowskl spacetinme W ith spherical

Computation for
[Casini, Huertay and Myers 2011, «te

or eviimdrical entangling surface

Treatment ol pert nrhations of the entangling surlaee (Rosenhaus and Smolkin

20141)
Holographic entanglement entropy [Ryu and Takavanagi 2006], [Hubeny.
&

md Takayanagl 2007, cte.
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