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Abstract: <span>We compute the exact two-sphere, disk and real projective plane partition functions of two-dimensional supersymmetric theories
using the localization technique. From these new results, we will attack old and new important problems in the string theory on Calabi-Y au spaces,
and D-branes and Orientifold planes therein.</span>
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Recent Developments

Sphere-Partition Function Superconformal Index
8¢ $3 x §1;
$3: $2x S
S.L

AGT correspondence, F-theorem, Test of Dualities and so on

S2: S.L S'x S

D,:
RP2: S.L

Attack some basic questions in 2D (SUSY) theories
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String Compactification

lIAon CY, 4d N=2 SUSY Theories ~ “NLSM on CY, (CFT)”
Kaehler &
Massless Scalars Space of
in VM & Marginal Couplings
Moduli
Quantum Metricon ~ Quantum Prepotential Zamolodchikov Metric
Moduli Space = Kinetic + Interactions World-Sheet Instanton
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String Compactification

[IAon CY;

4d N=2 SUSY Theories

“NLSM on CY; (CFT)”

Kaehler &
Complex Structure
Moduli

Quantum Metric on
Moduli Space

D-branes

Massless Scalars
in VM & HM

Quantum Prepotential
= Kinetic + Interactiong

BPS states &

/

Space of
Marginal Couplings

¥ Zamolodchikov Metric

World-Sheet Instanton

Boundary state
Cross-cap state
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New Exact Results

2D SUSY gauge theories (GLSM) flowing to CY; sigma models are useful

f
- Kahler moduli of CY: complexified Fl parameters 7= 5- + ¢

-

- Complex structure moduli of CY,: parameters in superpotential W

New Exact Results: Using the localization technique,

Kahler potential for

7 (CLS _ —=K(r7) .
7 ¢2(GLSM) = ¢ Kahler moduli space
in @’-corrections

including the
effects

_ , , Central charge of
Zp,(GLSM) = Zpyprane ety
Central charge of

7 AGLSM) = Zovotons
Z;'_.."(( LS:\I) ()—i)'dl]t O-plane
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New Exact Results
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Motivation

Does the conventional expression of the RR-charge need a modification ?

Topological Coupling: minimal coupling to RR gauge fields C
Swz = / C' A QrR
JM
- Long history to find the correct RR-charge:

f'(”-f’l—/ Qrr(Fa, R) A Qrr(=Fp, —R)
J N
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Motivation
Does the conventional expression of the RR-charge need a modification ?

Central Charge (Tension) of D-brane & O-plane in Calabi-Yau space

In large volume limit

/ ;-lt/’
Qin = Ch(F)y | = )
. | \ ARy)
7 = / p (B+iJ) A le
JNM |

) L R '/--H

(J(H_'rl — ::-”l | I‘/ ‘( [.f
' \ L(By/4)

Recently, many mathematicians point out that this formula needs to be modified

A / e eHu.l}{,h(}-) -l r.-([U )
M l‘r'(_H.\')
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What about Orientifolds ?

Need a similar modification ?
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N=(2,2) SUSY on S?

SUSY on Two-Sphere: SU(2|1)
Subalgebra of N=(2,2) SCA

Bosonic subalgebra:

- SU(2): rotational symmetry of S2
- U(1): vector U(1) R-symmetry
axial U(1) R-symmetry is broken unless the theory is conformal
Parametrized by Killing spinors (¢, €) satisfying
3

\V, L \V, L3
/€ ._—I—Q_/” ) € /€ = _'2_/” ) €
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Localization

Start with a following path-integral

. Q.50 =0
Z[/] — / D(I) € H(I) !()‘(l}] ()._’ _ ]
- S|®| : action of a theory we want to study
- The term V is invariant under J, J.V |®| = ()
Supersymmetry tells us
Z 0] = AL
S| Saet = Q.V[P]
Quantum
Hard to evaluate Easy to evaluate
( )
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Localization

Start with a following path-integral
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Quantum
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( )

Pirsa: 14040081 Page 15/56



Exact S2 Partition Function

Localization Scheme / \
\J

+ Choice of supercharge : Q* = .J 4 ( i
. N S
Nl

*C’V.Il]. — Q‘r\'.m. ﬁ('.m. - Qlcm ﬁl.('.lll. = Qlt C.m, L‘H’ = Q‘H

o | =

« Q-exact deformation : Given the above choice,

L

I

Kinetic Lagrangians: Q-exact deformations

S? partition function is independent of
(1) gauge coupling constant

(2) parameters in superpotential W(o)
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Exact S2 Partition Function

Localization Scheme

=

» Choice of supercharge : Q* =7+

« Q-exact deformation : Given the above choice,

*C’V.Il]. — Q‘r\'.m. ﬁ('.ln. - Q‘cm ﬁl.c-.m. - Qll C.m, ‘CH' = Q‘H

L

1

Kinetic Lagrangians: Q-exact deformations

S? partition function is independent of
(1) gauge coupling constant

(2) parameters in superpotential W(o)
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Exact S2 Partition Function

S? Partition Function S.L

&:Flparameter  0:theta angle

W' Weyl group r:rank of G
|(j ”f;i-ﬁ =) ;nl.-]

4 +il(p-o+m) - EE) B : Flux on S? q:U(1) R charge

- Central charge (scale anomaly)

'% - Z‘““‘[R;J(l — ¢;) — dim[G] = ’l‘r.f'“‘)}

chiral multiplets
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Exact S2 Partition Function

What does S? Partition Function compute ?

- Exact (in @) Kahler potential for the quantum Kahler moduli space of CY
- Do not need to rely on mirror symmetry

- Conjectured by
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Exact S? Partition Function

Z g2 = A = r(0[0)R = KFD

[1] Partition function on S; : independent of squashing parameter b

Infinite squashing limit;

| Q
| \
| § !
A-SUSY B-SUSY A-SUSY
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SUSY Theories on D,
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Boundary Data

SUSY Theorieson D, = SUSY Theories on $? + Boundary Data

[1] Boundary Condition: Neumann (N) or Dirichlet (D)

to preserve 2 supercharges

- Chan-Paton Vector Space (V).

- Tachyon Profile Q Matrix Factorization:

=Wl NOT UNIQUE

- Boundary Interaction ( )
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D-Branes

. T
Tangential: Neumann \
I)”(f)l [H = ;”TJ,‘;..B. \‘,_f‘) = ()
- N
Normal: two equivalent descriptions V)
[1] Dirichlet 3
(N e DA — U /
0" (0=7/2,0) =0 / D,

2] +

Via(d™ =0) =0
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D-Branes

. T
Tangential: Neumann \
I)”f,")l [H = ;”TJ,‘;..B. \‘,f) = ()
- N
Normal: two equivalent descriptions )
)
N ;o /,
[1] Dirichlet O
N e [ A ¢ / ;
¢ (0=7/2,0) =0 / D,

2] +

Via(o™ =0) =0
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D-Branes

. T
Tangential: Neumann \
I)”(,")l [H = F.—Jf”:g. 7_',‘) = ()
- N
Normal: two equivalent descriptions V.,
)
[1] Dirichlet o .
Nipg— /09 N ¢ )
¢ (0=7/2,0) =0 / D,

2] +

Via(d™ =0) =0
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D-Branes

. T
Tangential: Neumann \
I)”f,")l [H = f.’/:”:_).. “.':) = ()
- N
Normal: two equivalent descriptions )
[1] Dirichlet .
(N e [ A — ‘ / 1
0 (0 =7/2,0) =0 / D,

2] +

Via(d™ =0) =0
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Exact D? Partition Function

0
Hemi-Sphere Partition Function i
7 _ ‘B 1 . /1' ‘_‘rrrrrml-_ l"p (r)+tmr., /
<y ( } “‘ | T Iy | l]nn[](

ARN () H g-osinha .o \H H W” — jwy, rr~

acAt a w,

L J
||

Vector multiplets

What does it compute ?

central charge
of D-branes

- H<[_]‘VB::} R -
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Exact D? Partition Function

Hemi-Sphere Partition Function T= 5o+

; 1 . r 2rrtrom 2rp. (o) +iTr,
Zp,(7.°B) = m| /”’ oe I"L[ il }/1 loop(7)

A-1oop(0) H g osinha o> H H W”iu; rr~

acAt a w,

L J
||

Vector multiplets

What does it compute ?

central charge

" — J"J_ ) I —
i r(0[B) of D-branes
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Exact D? Partition Function

0
Hemi-Sphere Partition Function T=oo TR
7 _ ‘B 1 . li’ ‘_‘rrrrrml-, l*‘p (r)+tmr., /
4{_}( } “‘l T Iy | € 1]1:(.[](

ARN () H g-osinha o x H H W” — Wy rr~

acAt a w,

L J
T

Vector multiplets

What does it compute ?

central charge

- /(N \ -
= rR(0B)r = of D-branes

Pirsa: 14040081 Page 29/56



Canonical Example

CY,., Hypersurface in CPN-"

2d N=(2,2) SUSY gauge theory with G=U(1) gauge group, coupled to
(@=1,2,..,N) of electric charge
of electric charge
with superpotential W = P - Gy(X) Gy (x) : homogeneous polynomial

of degree N

e.g. N=5: Quintic Threefold
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CY\., Hypersurface in CPN-

D-brane Wrapping Entire CY, ,

()T i r/e . r\{()
7 2mle—ille e |
oD = ) - ch[F] -
! ./m joe ‘_’Trf( ] ['(Ne) -4 -3 e /

E>0

de NI 4N o perturbative
o N1 T(1+ Ne)
-‘: > O0 X 8 r_9
N / e~ B= AT (Ry) / HY=? = N H: Toric divisor
JX JX J=¢H of CPN-1
. . T
Lower-Dim’l D-brane in CY,
N
S . [.(Rp) )
Z; x/ e B A ch[F) A ——=L D
} Jl o I‘,-':—H‘\ ) ’; ‘
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CY\., Hypersurface in CPN-

D-brane Wrapping Entire CY,,

()7 X fl( . r\{()
4 .3,'.'1%——"“r— T
“p = - ch|F] -
o ./(H ioc 27 ‘ l ' I(\,} -4 -3 e /

> ()

Sy

f. de omepe N T+ 0( '::5) perturbative
Jy — ¢ ' > . T U €
2mi N1 T(1+ Ne)
E—= 0 , r -
~ / e B= AT, (Ry) / HY=2 =N H: Toric divisor
JX JX [ E” of CPN-I
: : T
Lower-Dim’l D-brane in CY,,
N
| . T.(Ry) )
3’ \./ e B—1.d !_~,_.(,h-}c‘ A A D
L M - Te(—=RnN) -
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CY\., Hypersurface in CPN-

D-brane Wrapping Entire CY, ,

()7 ik l . . ‘ r\
2, ~ / (e p2mée—ibe ch[F) - I(\{r)

0t —inc 2m

E>0

) | Vo OT(1 4N perturbative
f —_— 2rle—ife " . e 9] (f‘ 2m€
i eVl T(1+ Ne)
E—00 , i -
N / e B AT (Ry) / HY=2 =N  H: Toric divisor
JX JX J=¢H of CPN-1
. . !
Lower-Dim’l D-brane in CY,,
N
Zp ~ / e~ B~ A ch[F] A ellir) ' D
0 - T'e(—RN) g -
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CY\., Hypersurface in CPN-1

D-brane Wrapping Entire CY,,

0 i \
N Hioe dre—ife . I'Y(e)
ip = o ¢ -ch|[F] - == 4 3 2 1
Jot—ico 271 - T(Ne) : : - '

E>0

) . Vo T(14 )N perturbative
h — ¢ 2re—ife " . "‘C.) =2
%;’m‘ N1 T(1+ Ne) (f
E—00 , ( ' 8
N / e B AT (Ry) / HY=? = N H: Toric divisor
JX JX J =¢H of CPN-1
. : !
Lower-Dim’l D-brane in CYy,
N
- . Te(Rr) )
Z; x/ e~ B A ch[Fl A =L D
} J - TW(—=RN) y :

Page 34/56



D-Branes

: T
Tangential: Neumann \
I)”fle [H = F.—Jf”:_).. “.':) = ()
- N
Normal: two equivalent descriptions V)
)
[1] Dirichlet 3
N — /0 N — /i
¢ (0=7m/2,0) =0 / D,

2] +

Via(d™ =0) =0
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D-Branes

, T
Tangential: Neumann \
l)”ff)l [H = F.—Jf”.l. 7:) = ()
- N
Normal: two equivalent descriptions V)
1/ "
. .
[1] Dirichlet o .
N U
O (0=7/2,0)=0 / D,

2] +

Via(d™ =0) =0
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CY\., Hypersurface in CPN-

D-brane Wrapping Entire CY,,

0F i v

- “x f,f 3:1*_',“‘-? o r {()

p = o ¢ +¢h[F] - == 4 3 2 1
Jot—ioe 2 CT(Ng s

E>0

» N T(4oV perturbative
— 2re—ife “ . + C‘) =€
%;’m‘ N1 T(1+ Ne) ({
{‘ > O0 \ i r 9
N / e B= AT (Ry) / HY=2 =N  H: Toric divisor
JX JX J =¢H of CPN-1
. . !
Lower-Dim’l D-brane in CY,,
N
' . [.(Rp) )
Z; x/ e BN eh[F) A ——= 1 D
} Jl o I‘,-':—/l)‘\ ) ’; ‘
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CY\., Hypersurface in CPN-

D-brane Wrapping Entire CY,,

0F fing ! N A
3”:/ (le f"'\*_mr'('hlf,'l (€)

57 (Ne) -4 B .2 /

0t —inc

E>0

) - Vo T(14 6N perturbative
H — ¢ 2re—ibe “ . + C‘) =€
%;’m‘ N1 T(1+ Ne) ({
E—00 , i -
N / e B AT (Ry) / HY=? =N  H: Toric divisor
J X JX J=¢H of CPN-1
. . T
Lower-Dim’l D-brane in CYy,
N
' . Te(Rr) )
} Jl o I‘,-':—/l)‘\i ’; D2
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SUSY Theories on RP?
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Parity Projection

+ Parity Projection

T
[1] SUSY: 2 supercharges \
Ee(m—0,7+ ) =i=(0,¢) ‘
Ex(m—0,7+ ) i=(6. ) | - N
2
A . R \
or(r -0, 74 Q) o7 (6, 0)
1
OnN(T — 0,7+ ) on(b, ) !
/
2 RP2
#=0orm

otherwise, the topological term breaks the parity

two values distinguish O* and O" planes
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Parity Projection

+ Parity Projection

T
[1] SUSY: 2 supercharges ‘
{x(m—0,m+¢)=i1z(0,p)
Ex(m—0,7+ ) i€+ (0, ) - N
<
. — -~ " J ) \
or(m—0, 7+ @) = +or(8,9)
\
U-\(,r_‘ UT | ‘rﬂ) z_)\-(”_;] |
I
< RP?

d=0orm

otherwise, the topological term breaks the parity

two values distinguish O* and O planes
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Exact RP? Partition Function

RP? Partition Function S.L -
= or T

1/ -
’ e\ — v =2miftro | reven | zodd
A’Rp“’ (t) o - r’ g [ “1-loop /!-[m:[)}

— [ g : .
Z o | | a-otan |- - o - | | | ‘j i« | cos {
GHIII .-]. 2 | 5

weR

(X A

[_) " - o)

T

vector multiplets
A

I ]
zode [ (v (] T _ ] [T, ( _ W al
/,'|II Hﬂ-ﬁl:m‘ T -Hl ! iw - | cos | ([ n o) i
it L2 2 | 2 J 122 2 ]
acAT weR
~ RP2
\
(ir: (I_-f(..l |
l
C /
v
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Exact RPZ Partition Function

What does RP2 partition function compute ?

%
_ central charge

I' -
( I = r{0Or = of O-planes

; [Ooguri,0z,Yin]

[NB] EXACT in the corrections @’ including worid-sheat siEanion effects

Pirsa: 14040081
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CY\., Hypersurface in CPN-

O-plane Wrapping Entire CY,,

o 2 >
/ o amd N T(1+ Ne) €/2 N sin mNe/2
K " 2mi N1 T(1-e)N  \sinme/2 Ne/2
- / it ) ARx/2) / HN-2= N H: Toric divisor
X [.(=Ry) JAX J=¢H of CPN-1

Lower-Dim’l O-plane in CYy,

-4 -3 -2 /’
oy A(Rp/2) To(Ry)

2o = +20 ( A = .
= ./_\; A(RN/2)T.(=Ry) perturbatwe

Pirsa: 14040081 Page 44/56



Gamma Class

. - ['.(Rp)
Zp = / y B—iJ A [']l_f‘ PLASLCN
JM

[‘r'(i H,\ )
LA | To(I
/ g oW A ch[F| A ( ”) ,—.‘ (fx) [.(x)T.(—2) = Ax)
Ju \ u/m \ F(~Ryx)
O-planes \
- THE SAME FACTOR !
Zn. =12 : / e A AlRr/2) [ (Ry)
" J M 1(11\’) ‘—1111
’L It /l )
P~ e A 4l ,' . 8 JA(x) - L(x/4) = A(x/2)
-/.H \ L(H,\; . \-‘ I‘,.( Ry) \ ‘
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Gamma Class

['e(=Ry)
| [ [.(Ry)
/ B-1J ch[F] A/ (”) c(fx [.(x).(—2x) {(x)
Vi \ 1(1{\} Ry)
O-planes \
THE SAME FACTOR !
Zn. = +2F l/l e~ A A{Rr/2) [ (Ry)
= JM 1(11\’) ‘—1111
/ .
or—i / e A L(Rr/ ,' : h X) \,'J.I(J'] L(x/4) = A(x/2)
Ju \Lt!f.\; | \ o~ Rx)
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Gamma Class

D-branes
Ju—/ e B A ch[F L\ Fiy)
Sl [o(—Ry)
' . 'A(R | T'o(Rx)
/ e B-i.J A |f~| (fp ) , & I“f.{_r)lﬂ,.[‘ ) “”
I \ u/m ¥ E=Rx)
O-planes \
- THE SAME FACTOR !
Z, = 49 l/l o=iJ A A(Rp/2) [ (Ry)
" JM 1(/1\ 2 ‘—1111
' !'
9P | / p i) A L R,’ g /l \J \,'J.I[J'] ) L.I(Jl) ,1(.17‘2)
i \u!f,\, | \ X Ry)
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Gamma Class

What are these corrections ?

—
| T.(Ry) i [! _ L (2R

[ —— =Exp|=—ch|(Ry) +1 E (=1)* —=—C(2k + 1)chop4+ 1 (Rx)
\/ [.(-=Ry) 2T (27

-

[1] Purely imaginary terms, starting from 6-form ch(Ry) terms in CY

Depend on the entire target space X, BUT do not care of the sub-manifolds

that D-branes or O-planes wrap on

Should be identified as the to the volume of X, not RR-charge

i T+ s (= 1)F =25 —((2k+1)chor4 1 (Rx)

¢ — ¢ [2-’.’3:‘”

Pirsa: 14040081 Page 48/56



Gamma Class

What are these corrections ?

I

| T.(Ry) i [! _ v (2R)!
[ = — = Exp|—chi(Rx)+:¢) (-1)'——=
\ To(~Ry) 2 ; (2m)2h+!

C(2F + 1)chopy 1 (Rx)

[1] Purely imaginary terms, starting from 6-form ch(Ry) terms in CY

Depend on the entire target space X, BUT do not care of the sub-manifolds

that D-branes or O-planes wrap on

Should be identified as the to the volume of X, not RR-charge

i iJHi Y s (= 1)F =25 —((2k+1)chor 1 (Rx)

D=\ &l

4 — ¢ (<
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Gamma Class

' o Tu(Ryp)
Zp = / e~ B-iJ ,-'-\t'll_f‘ N\ e
J M

['.(=Ry)
AR | To(Ry)

/ e B A (h|f| Ay ( vr } i & I‘({,)I‘I[ .f'} “I)

Ja \ u/m V Fe(~Rx)
O-planes \

THE SAME FACTOR !
Zn. = +2° : / e~ A A{Rr/2) [ (£y)
" J 1(11\ 2 ‘—ll[]
’l J
pop—4 / e A L fr/ _,' . h X) \,'1.1(_1'] L(x/4) = A(x/2)
JM \ L(H,\; ) \ I‘,.( Ry)
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Gamma Class

What are these corrections ?

','A

o(Ry) _ oo [ | @K
" LA — }“\|)|i —-'—('ll|([1"\.) 1 ( I)!L i ;—k(-”‘ | l){_ll%.+ ](H.\ )
\/ ['.(=Ryx) 2m ; (277)2k+1

[1] Purely imaginary terms, starting from 6-form ch(Ry) terms in CY

Depend on the entire target space X, BUT do not care of the sub-manifolds

that D-branes or O-planes wrap on

Should be identified as the to the volume of X, not RR-charge

i T+ s (= 1)F =25 —((2k+1)chor 1 (Rx)

{ — ¢ [2-’."33,
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Gamma Class

Yet another support : in the large-volume limit,

7 K(r.7) / [l":H\ '
Q2 = € \ ~ . L.
' J X [o(—Rx)
\ world-sheet instanton
B corrections
Gla)
= —— = Y(X) 4
CY,
Classical volume of CY,
[2] Four-loop correction in NLSM on CY,
Prediction on the perturbative to the volume of any CY)
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Gamma Class

Yet another support : in the large-volume limit,

Tz = ¢ K(1,7) ~ / _ ['.(Rx) Lo
' JX [.(-Rx)
\ world-sheet instanton
corrections
((9) ‘

= ( ! |,:'.\['\:+'”

CY,
Classical volume of CY

[2] Four-loop correction in NLSM on CY/,

Prediction on the perturbative to the volume of any CY)
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Summary

Exact S2,D,,RP? partition function of GLSM

«’- exact metric for Kahler moduli of CY
«’- exact central charge for D/O wrapped on holomorphic (B) cycles

Gamma class & Quantum volume
New and direct method of computing stringy correction to L,

Issues associated with Spin¢ world-volume resolved partially

Consistent to the Hori-Vafa mirror symmetry
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CY\., Hypersurface in CPN-

D-brane Wrapping Entire CY,,
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Exact RP? Partition Function

RP?2 Partition Function S.L -
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