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Abstract: <span>There have been a number of attempts to achieve a localization of gravity on a braneworld hypersurface embedded in an infinite
spacetime, but these have all falen short of what might be desired, for various reasons. There have even been no-go theorems claimed for
constructions made using just accepted elements of string or M theory. The talk will present a proposed resolution of this problem based upon a
hyperbolic solution of type IIA theory with a superposed NS-5 brane. Gravity is bound to the brane surface owing to the existence of a single
normalizable bound state of the transverse space L aplacian.</span>
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Introduction: The universe as a flying carpet

The idea of formulating the cosmology of our universe on a brane
embedded in a higher-dimensional spacetime dates back, at least,
to Rubakov and Shaposhnikov. ¢ 1o

Pirsa: 14040064 Page 3/28



Pirsa: 14040064

Brane constructions with potential cosmological applications
followed from Heterotic M-theory in 5D, obtained via a
Ho¥ava-Witten construction in M-theory reduced on a Calabi-Yau
3-fold from D=11 supergravity. s Owue k55 & Waldam 1995 T his was,
accordingly, a “sandwich” universe picture, with a 5D bulk
bounded by two 4D branes on which the non-gravitational fields
were constrained.

Reduction in this way on a Ricci-flat space gave rise to a linear 4D
scale dependence as one traversed the 5D bulk. This was
generalized to an exponential scale dependence on 5D bulk depth
by Randall and Sundrum (RS |) by patching together segments of
AdSs | o Lew 83 (1900) 3370 5 this can be understood as a limit of the
3-brane solution of 10D type 1B theory reduced on S°

A key dlfference wuth respect to the earlier Heterotlc M theory
braneworld picture was the effect of the non-Ricci-flat reduction.
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Localizing gravity on a brane

It was clearly of interest also to try to formulate 4D physics on a
brane embedded in an infinite transverse space. An attempt in this
direction was made by Randall and Sundrum (RS II)

Rev. L patching together parity-reflected sections of
AdSs space with a delta-function source at the Minkowski-space
join. This produced a “volcano potential” for the effective
Schrodinger problem in the direction transverse to the brane, giving
rise to a bound state concentrating gravity in the 4D directions.
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The RS Il construction was criticized, however, on a number of
grounds. One was that, although it was advertised as giving a
cosmological scenario within an infinite transverse space, the
transverse direction in AdSs space was not really infinite because
the boundary can be reached in finite affine parameter along a
timelike or lightlike geodesic. Another complaint was that achieving
a flat 4D brane surface at the join amounted to fine-tuning.

Another problem was the difficulty in realizing either the RS | or
RS Il scenarios within a supergravity context. Although the slices
of AdSg can be viewed as dimensionally reduced limits of the
near-horizon geometry of 10D type II1B 3-branes, with a round S°
as the reduction space, fully incorporating the RS scenarios in type
IIB supergravity requires a parity flip on the S° space for the
parity-reflected AdSs slice, because type |IB supergravity does not
have a 10D parity symmetry, so one must use a det(A) = 1
symmetry in 10D. The combined 10D solution then has a
troublesome singularity arising from meshing the reflected S°
spaces at the joint; this also leads to supersymmetry breakdown
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An attempt at achieving a more natural localization of gravity on
non-fine-tuned branes was the Karch-Randall model
which joined AdS; slices within AdSs:

AdS, slices

0AdS, = AdS, U AdS, = S,xAdS,

For sufficiently small AdS4; cosmological constant, the warp factor
near the 4D brane is close to that of Minkowski space, and there is
a massive bound-state graviton that can give an approximation to

4D gravity.
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General problems with localization

Attempting to embed the Karch-Randall model into a full
supergravity /string-theory context continued to be problematic,
however. Splicing together AdSy slices, just like using reflected
sections, is clearly an artificial construction that does not make use
of the natural D-brane or NS-brane objects of string or
supergravity theory.

These difficulties were studied more generally by Bachas and Estes
, who traced the difficulty in obtaining localization

within a string or supergravity context to the behavior of the AdS4
warp factor. In the Karch-Randall spliced model, one obtains a
peak in the warp factor at the join:
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Incorporating this peaked warp factor into the effective
Schrodinger problem for the transverse part of fluctuations on the
KR static solution, one finds a localizing potential similar to that

of the RS |l case:

-4 -3 2 a

de Sitter KR volcano potential
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The problem with string-theory attempts to localize gravity on a
brane subspace, as found by Bachas and Estes, e.g. , for a Janus
discontinuous-dilaton solution, is that there is no similar "bump” in
the warp factor for the 4D subgeometry:

Consequently, there is no localization (i.e. concentration) of gravity
on the 4D subspace in such a model. Bachas and Estes argued
that this difficulty would be generic for asymptotically maximally
symmetric geometries of the embedding spacetime.

Page 10/28



Another approach: Salam-Sezgin theory and its embedding

Abdus Salam and Ergin Sezgin constructed in 1984 a version of 6D
minimal (chiral, i.e. (1,0)) supergravity coupled to a 6D 2-form
tensor multiplet and a 6D super-Maxwell multiplet which gauges
the U(1) R-symmetry of the theory. v ie 147 (1984) 47 This
Einstein-tensor-Maxwell system has the bosonic Lagrangian

4g

Guvp = 30pByp) + 3FpuAy)

Note the positive potential term for the scalar field . This is a key
feature of all R-symmetry gauged models generalizing the
Salam-Sezgin model, leading to models with noncompact
symmetries. For example, upon coupling to yet more vector
multiplets, the sigma-model target space can have a structure

50(p, q)/(SO(p) x SO(q)).
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The Salam-Sezgin theory does not admit a maximally symmetric
6D solution, but it does admit a (Minkowski), x S solution with
the flux for a U(1) monopole turned on in the S? directions

= nudx*dx” + a*(d6? + sin? 0d¢?)
= (n/2g)(cosf F1)d¢
= 0o = const , B., =0
e?0
@ y =l
Requiring the flux quantum number to be n = £1 amounts to
constructing the Hopf fibration of S3.

This construction has been used essentially in the SLED <«
Supersymmetry in Large Extra Dimensions proposal for dilution of
the cosmological constant in the extra S2 dimensions, leaving a
naturally small residue in the four x* dimensions.
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H(>2) embedding of the Salam-Sezgin theory

A way to obtain the Salam-Sezgin theory from M theory was found
by Cveti&, Gibbons & Pope. /s. B )16+ This employed a
reduction from 10D type |IA supergravity on the space H(2:2), or,
equivalently, from 11D supergravity on St x H(22), The #(2:2)
space is a cohomogeneity-one 3D hyperbolic space which can be
obtained by embedding into R* via the condition

p2 + p3 — p3 — p2 = 1. This embedding condition is SO(2, 2)
invariant, but the embedding R* space has SO(4) symmetry, so the
isometries of this space are just SO(2,2) N SO(4) = SO(2) x SO(2).
The cohomogeneity-one H(%:2) metric is

ds? = cosh 2pdp? 4 cosh?pda? + sinh?pd32.

Since H(22) admits a natural SO(2,2) group action, the resulting
7D supergravity theory has maximal (32 supercharge)
supersymmetry and a gauged SO(2,2) symmetry, linearly realized
on SO(2) x SO(2). Note how this fits neatly into the general
scheme of extended Salam-Sezgin gauged models.
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The reduced D = 7 bosonic Lagrangian is given by

= Rxl— 5 O 2xd® A dd — xpog A p*P — 2071 xHpyy A H,
5 . ocp 1
—%d)_l/z . 7rgﬁ me® ’II‘D‘B *F(?)B A ,_-(2C)D — E Q- Vxl
where m;% (A & o = 1...4) are scalar vielbeins describing
9 = 16 - 1 (det) - 6 (gauge) degrees of freedom.

» The global “composite” group structure is revealed in the
covariant derivative

Pap =" (" [05° d + 8 Aa 175" Oy,
whose «, 3 indices are always raised and lowered with d,p,
showing that there are no scalar ghosts. i
The local gauge symmetry (gauge field A(I)AB) acts on the A,

B indices, preserving a metric 1155. If 155 = 645, then one
has the standard local SO(4) symmetry.

If nzg = diag(+ + ——), then one has a local SO(2,2)
symmetry. 2 Pop
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The Kaluza-Klein spectrum

Reduction on the non-compact H(%2) space from ten to seven
dimensions, despite its mathematical consistency, does not provide
a full physical basis for compactification to 4D. The chief problem
is that the truncated Kaluza-Klein modes form a continuum
instead of a discrete set with mass gaps. Moreover, the
wavefunction of “reduced” 4D states when viewed from 10D or
11D includes a non-normalizable factor owing to the infinite #(2:2)
directions. Accordingly, the higher-dimensional supergravity theory
does not naturally localize gravity in the lower-dimensional
subspace when handled by ordinary Kaluza-Klein methods.
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Bound states and mass gaps

An approach to solving the non-localization problem of gravity on
the 4D subspace of the ground-state Salam-Sezgin (SS) solution is
to look for a normalizable transverse-space wavefunction with a
mass gap before the onset of the continuous massive Kaluza-Klein
spectrum. This could be viewed as analogous to an effective field
theory for a system confined to a metal by a nonzero work
function.

General study of the fluctuation spectra about brane solutions
shows that the mass spectrum of the spin-two fluctuations about a
brane background is given by the spectrum of the scalar Laplacian
in the embedding space of the brane

1
v/ — det g(10)
1
Hs(Oay + 82 L20,6,y,0,x + 8°Lkk)
9?2 + 2 g
dp?  tanh(2p) dp

om (\/— det g(lo)g(ﬂfé\)’(')NF)

(cosh p)~! warp factor; Ak =
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The directions 0, ¢, & x are all compact, and one can employ
ordinary Kaluza-Klein methods for reduction on them, truncating
to the invariant sector for these coordinates.

To handle the noncompact direction p, one needs to expand in
eigenmodes of Akk:

o(x", p) = Zfb)\ (x*)Ex (p / dApA(X")Ex(p)

where the ¢, are discrete eigenmodes and the ¢, are the
continuous Kaluza-Klein eigenmodes; their eigenvalues give the
Kaluza-Klein masses in 4D from A1)y = 0 using

Do.pypxPxr = 0

Akkér = =X
Awdr = (8°N)éa
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The SS Schrodinger equation potential V(p) asymptotes to the
value 1 for large p. In this limit, the Schrodinger equation becomes
d,2 +4e U N+ (A—-1)V), =0

giving scattering-state solutions for A > 1:

Vy(p) ~ e (A)\e"‘/)‘__l-p - BAe_i‘/)‘_—lp) for large p

while for \ < %-g, one can have L? normalizable bound states.
Recalling the p dependence of the measure

v/ —8(10) ~ (cosh(2p))«l1 sinh(2p), one finds for large p

15
(p)|2dp < 00 = Wy ~ Byre e V1M for A < 16

Soitisfor A< % that we have candidates for bound states.
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The zero-mode bound state

The SS Schrodinger potential V(p) = 2 — coth?(2p) diverges as

p — 0; this is a regular singular point of the Schrodinger equation.
Near p = 0, solutions have a structure given by a Frobenius
expansion

Wy~ /p(Cx+ Dylogp)

This behavior at the origin does not affect L? normalizability, but it

does indicate that we have a family of candidate bound states
characterized by 6 = arctan(%). Indeed, numerical study shows
that there is a 1 <> 1 relationship between # and A\. Moreover, the
limit of such a candidate wavefunction is singular as p — 0.

We need some way to select a bound state, hopefully
corresponding to massless 4D gravitons, and at the same time to
justify the p — 0 behavior.
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The general behavior of candidate W) eigenfunctions can't be
given in terms of standard functions, but for A = 0 (corresponding
to massless 4D gravitons) the Schrodinger equation can be solved
exactly. One then has a link between behavior near the origin and
at infinity, and one can then implement also the requirement of L2
normalizability. The result, corresponding to # = 0, is

Wo(p) = /sinh(2p)&o(p) = zﬁx/sinh(%) log(tanh p)

1.0

PR LA )
2 3 4

H(2:2) Schrédinger equation potential (orange) and zero-mode &, (purple)
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The Salam-Sezgin background with an NS-5 brane

Inclusion
Justifying the singularity of the bound state as p — 0 requires
introduction of some other element into the solution. It turns out
that what can be included nicely is an NS-5 brane.

NS-5 brane
smeared on §2

H(22) space with an NS-5 brane source smeared on S2
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In the Einstein frame, the 10D nonsingular SS solution has the
metric (with = 0,1,2,3 corresponding to the 4D subspace)

g% = (cosh2p) (dx‘“dx‘u—i—dyz

i
4g2 {4dp + (d + sech2p (dx + cos Bdc,o))

+ tanh®2p (dx + cos0dy)? + d6? + sin’ 0 d<p2})

accompanied by flux from the 2-form gauge field

A 1
Ay = s [dx+sech2p dw} A (dx + cos 6 dy)

and the dilaton
26 _ cosh 2p
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The key to generalizing the SS solution by the inclusion of an NS-5
brane is first to dimensionally reduce it to 9D on z = é?,b and
then to recognize its structure as a “brane resolved through
transgression”.

It is convenient to pass first to the string frame in 10D,
1~
A2 . _¢ A2
dSjostr = €27 A8 ain:

- a2 42
simple form ds7, i, = dSyet,

after which the reduction ansatz takes the
+eV2%2 (dz + Ayy)? and the 10D

dilaton is given by gﬁ — —\/ngl -+ \}g P2 .

One then recognizes the SS solution as a special 9D case of a
4-brane solution

2 1 =2 —\/T(,bl
dsg str = dX"dX,, + Hss dsj e V2" = Hgg

r?(d6? + sin® 0 dp?)

r? (dx + cosf dy)?
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Reconsidering the fluctuation problem for the deformed SS + NS-5
brane metric, one finds that the transverse wavefunction with
eigenvalue A\ must satisfy

AgHE + AHE = NS-5 source terms

in which Agy = (sinh 2p cosh 2p) 1 2 (sinh 2;%) is the
Eguchi-Hansen Laplacian.
Since the modified function H has factorized out in front, the zero

mode turns out to be exactly the same as in the original SS
ground-state solution prior to the NS-5 brane inclusion:

o ~ log(tanh p).

» Another aspect of the NS-5 modified SS solution that remains
unchanged is supersymmetry: the modified solution has 8
unbroken supersymmetries, just like the original SS solution.
This can be seen already in a probe-brane analysis: the extra
gamma-matrix projections arising from the NS-5 brane are
fully consistent with the original 8 SS supersymmetries.
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Conclusions

e Braneworld gravity on a subsurface of the Salam-Sezgin
hyperbolic space can successfully be localized within an
infinite transverse space. This is in contrast to the situation
with asymptotically maximally symmetric spacetimes where
localization fails.

Inclusion of an NS-5 brane deforms the Salam-Sezgin solution
but preserves all eight supersymmetries. Fluctuations about
this background preserve the transverse zero mode giving
massless 4D gravity; this mode also arises naturally from the
field equation including the NS-5 brane source.

Non-zero modes with small A either fail to obey the p — 0
conditions required by the NS-5 brane source, or fail the L2
normalizability condition as p — 0o. Hence, there is a mass
gap between the zero mode and the edge of the continuous
massive spectrum: gravity is localized on the 6D brane
worldvolume. Further standard Kaluza-Klein compactification
to 4D then gives localized 4D braneworld gravity.
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