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Abstract: <span>In the twentieth century, many problems across all of physics were solved by perturbative methods which reduced them to
harmonic oscillators. Black holes are poised to play asimilar role for the problems of twenty-first century physics. They are at once the smplest and
most complex objects in the physical universe. They are maximally complex in that the number of possible microstates, or entropy, of a black hole
is believed to saturate a universal bound. They are maximally simple in that, according to Einstein's theory, they are featureless holes in space
characterized only by their mass, charge and angular momentum. This dual relation between simplicity and complexity, as expressed in black holes,

has recently been successfully applied to problemsin a disparate variety of physical systems. | will give an introduction to the subject intended for a
general audience.</span>
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Db masintaatbst B 17, 1 C'qu?‘h)
No. 2, 1974 PERTURBATIONS OF A ROTATING BLACK HOLI X
is the fractional gain (or loss) of energy in a scattered wave, Starobinsky and Churilov find (in our notation)

(/= { + s)!

; k g
Z ¢ [olre = r.)] GOHTE + Dt

> (1+2:) (6.2)
= iy
which shows the amplification (Z positive) in the superradiant regime (kw negative),

For w = ma,, the radial equations can be solved in terms of confluent hypergeometric functions in the special
case @ = M (maximally rotating hole). Starobinsky and Churilov perturbed away from this solution to find
solutions for £ in a neighborhood w = mw,, but with @ = M exactly, Here their calculation is generalized to a
neighborhood a = M

'hen @ = M, there are two distinct cases for the behavior of Z, depending on the value of

P mamM* - A=+ (6.3

(Note that our definition of A differs from that used by Starobinsky and Churilov by —2amew.) When §* < 0,
Z passes through smoothly through zero as w passes through me . When 8 > 0, however (which occurs for all
modes with | = m and for other modes with Fn.'ﬂuc enough to m), Z oscillates an infinite number of times between
two positive values when w —» mw , from below, while Z oscillates an infinite number of times between a negative
value and — | when w = m from above. The magnitude of the oscillations is generally too small to be seen in
numerical work, with one exception: for s = [ = m w |, Z,\./Z,,, = 1,44, (For comparison, the value for s

{ = m = 2is 1.00002.) However, the numerical work of the next section shows no hint of an oscillation, even for
g | mme=]and a = 099999M. The reason for this is seen in studying the behavior of Z in the double limit
a-» M, w-—>mw,

Appendix A extends the calculation of Z to the case where

— -——-——"‘l""‘-"l‘-m""_lt' 1, ym(l - /M)« | (6.4)
Iyﬂm’f\-( —
Z = sinh? 2n8 sinh v« exp (20d)/[e " cosh® w(24 ~ 8) cosh #(2d + § + »)
/ + ¢ cosh® m(24 + &) cosh w(2d — & + »)

2 cos f cosh m(2& + 8) cosh m(24 ~ &) cosh'™® w(2é + 8 + ) cosh'® w24 ~ § + &), (85)

e K maa/(yM), & = wr,, and ¢ is defined in equation (A16). The result of Starobinsky and Chugile¥ is
re.u\’fﬂtb} letting y =+ 0 (x == a0). For a positive, this gives

Z = sinh? Ind[[CORN™ (20" < ¥y coshim{dad - b) =D oospoosh w20 = §) cosh m(2d + 8)],  (6.6)
eonglant llln[!‘r‘n’--). As a 0, this exhibits an mfw:c *lm:l\cl of oscillations betwgen
d ¥

Zga = costlnMainh' o ¥ L} \ L (6

- Zpis = sinh? #8/cosh? 2mdly s k (6.8)
ril-wm'g,. ; 0 for fixed (amall) y inequaion (&5), wefind . § ljne;rly with @ Thus xedgmall y there
v

b¢ & finite Mumber of oscillitions Before Z —» 07n the favorable case of s = [ = m = |, ¥ isThot positive

i.e., eq. [6.5] sho
$) ghows thy o
s

ing oscillations gs not valid) until @ > 0.995M. Even then, numerical evaluation of equation
must have @ Mthin 10-" of M before an oscillation becoriks visible. Thus for all practical

:‘:m be c;n ‘“\en | 't“r -~Ia n:ir{ “'l'« t“—u a-» M,

el *t O
Il HUMERICAL RESULTS: WAVRABSORPTION AND \E‘JRIAIJM\! SCATTERING
»

y o

‘ “:IHH.I[) nt‘ ale q.46, Rtr [rr&;mn of loss of energy in a scattered wave. Z is a
funttidh of the n fr pcy o L A le"silotation a/ M, the mode numbers / and m,
and of course |s| which tellfWhat perfirbing field we are looking at. Using the results of the preceding sections,
the calculation of Z is a straight/Otw choose a form of the radial perturbation equation (§ I1) which makes
the inward boundary condition easy tdTmpose and (importantly!) numerically stable against contamination with the
other solution when integrated outward. At some moderate radius, say r ~ 3M, use the relations between the
solutions (§ I11) to switch to a different form of the radial equation, one which makes the ingoing wave solution
stable to numerical integration out to radial infinity, and the coefficient of this wave easy to determine there
Completing the integration, use the results of § IV 1o read off the ingoing energy Mluxes at the horizon and at
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String Theory

Was discovered forty years ago as a highly
nontrivial perturbative solution to the problem
of reconciling quantum mechanics and
general relativity. Later it was understood to
also include matter and gauge interactions
and became a promising candidate for a
unified theory of all the forces and particles of
nature. Over the decades it has grown into a
large and highly cohesive web incorporating
many ideas from disparate investigations.
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