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Abstract: <span>A topological phase is a phase of matter which cannot be characterized by a local order parameter. We first introduce nt
order parameters that can detect symmetry protected topological (SPT) phases in 1D systems and then show how to generalize the idea
symmetry enriched topological (SET) phases in 2D. SET phases are new structures that occur in topologically ordered systems in the pre:
symmetries. We introduce simple methods to detect the SET order directly from a complete set of topologically degenerate ground stat
functions. We first show how to directly determine the characteristic symmetry fractionalization of the quasiparticles from the reduced d
matrix of the minimally entangled states. Second, we show how a simple generalization of a non-local order parameter can be measured |
SETs. The usefulness of the proposed approached is demonstrated by examining two concrete model states which exhibit SET: (i) a spin-1r
the honeycomb lattice and (ii) the resonating valence bond state on a kagome lattice. We conclude that the spin-1 model and the RVB state ¢
same SET phases.</span>
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and symmetry enriched s
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Overview
® Topological phases in condensed matter
® Detection of topological phases

- Symmetry protected topological phases in ID -4-7
FP.and A. M. Turner, Phys. Rev. B 86, 125441 (2012)

- Symmetry enriched topological phases ﬁ
C.-Y. Huang, X. Chen, and FP (arXiv:1312.3093)

® Summary

Perimeter Institute, Feb. 25 2014
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Matter occurs in different phases

e Different phases of matter are usually understood using
spontaneous symmetry breaking

- Crystals: translation and 3 R

- bl "L

rotation symmetry broken v [PESRE

- Magnets: spin rotation = MY
and TR symmetry broken

[Landau]
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Matter occurs in different phases

e Different phases of matter are usually understood using
spontaneous symmetry breaking

- Crystals: translation and 3 RO
rotation symmetry broken v h,_xkfl_ e

- Magnets: spin rotation > Mt
and TR symmetry broken

[Landau]

® Local order parameters distinguish different phases

® [sing model: magnetization as order parameter

It N/ I~

S _
Ordered Disordered

>
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Matter occurs in different phases

® Fractional quantum Hall effect represents v [ U ’
new type of matter with unusual properties - | Ve
[Tsui, Stormer '82, Laughlin '83] r‘}ﬂ ¥
) - l"

- No symmetry breaking

]
- Fractional charges and fractional statistics b bl

- Degeneracies that depend on the topology
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Matter occurs in different phases

® Fractional quantum Hall effect represents o ,‘\ /]

new type of matter with unusual properties .. ., /"
[Tsui, Stormer '82, Laughlin '83] *'{;_Lu—\J ¥

. .I 7 %

- No symmetry breaking i p ll :

EF:| m'{l( '.

s sl

- Fractional charges and fractional statistics LAAJ[; anfl\

- Degeneracies that depend on the topology

® Quantum Hall states characterized by topological
properties: “Topological order™ weni

—

&

e ¥
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Matter occurs in different phases

® Distinguish two different kinds of topological order

Intrinsic: Cannot by transformed adiabatically
to a “trivial” phase by any path
- Fractional quantum Hall

- Spin liquids
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Matter occurs in different phases

® Distinguish two different kinds of topological order

Intrinsic: Cannot by transformed adiabatically
to a “trivial” phase by any path

- Fractional quantum Hall
- Spin liquids

k2

Symmetry protected: Cannot by transformed adiabatically
to a “trivial”’ phase by symmetry preserving paths

- Haldane phase -2 23 3
- Topological Insulators .
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|D symmetry protected topological phases

—
1

® Spin-1 Heisenberg chain H =) Si 8

- Haldane phase: Gapped in the bulk and no symmetry
breaking (Spin rotation, TR, Inversion, T1) (Haidane 83

. By )
® ®
AKLT: Each spin-| splits up Y St S = W

into two spin-|/2 (affeckecal. 97]
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|D symmetry protected topological phases

—
al

® Spin-1 Heisenberg chain H =) Si 81
- Haldane phase: Gapped in the bulk and no symmetry
breaking (Spin rotation, TR, Inversion, T1) (Haidane 83
- Characterized by S=1/2 excitations at the edges
o E N o O E“ ~

=g 2 3 3=

- . I N X‘l’)

AKLT: Each spin-| splits up .2 2 2 T

into two spin-|/2 (affeckecal. 7]
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|D symmetry protected topological phases

® Spin-1 Heisenberg chain H =) S; - S
- Haldane phase: Gapped in the bulk and no symmetry
breaking (Spin rotation, TR, Inversion, T1) (Haidane 83
- Characterized by S=1/2 excitations at the edges
- E " N E“ ~

D= T 3 3=

_ ) L X4

AKLT: Each spin-| splits up .2 2 2 T

into two spin- /2 (affleckecal. 7]
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|D symmetry protected topological phases

® Spin-1 Heisenberg chain H =) _. Si 81

- Haldane phase: Gapped in the bulk and no symmetry
breaking (Spin rotation, TR, Inversion, T1) (Haidane 83

- Characterized by S=1/2 excitations at the edges

i o N ( Eye— )
® — Se—
° ® — —
— =g 2 3 3=¢
[ ] ®
b - o )L EX_L
AKLT: Each spin-I splits up i Ger PP

into two spin-|/2 (affeckecal. 7]

® Edge spins have been observed in the NMR profile
C|OSE to the Chaln endS Of Mg'doped YZBaNIO [S.H. Glarum, et al.,]
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|D symmetry protected topological phases

® SPTP: Hamiltonian and ground state have the same
symmetry (G;[ = G‘t;‘f-‘) [Gu et al.'09]

FP, E. Berg,A.M.Turner, and M. Oshikawa, Phys. Rev. B 85, 075125 (2012).
FP.AM.Turner, E. Berg, and M. Oshikawa, Phys. Rev. B 81, 064439 (2010).
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|D symmetry protected topological phases

® SPTP: Hamiltonian and ground state have the same
symmetry (G g = G) (Guetao9)

FP, E. Berg, A.M.Turner, and M. Oshikawa, Phys. Rev. B 85,075125 (2012).
FP.A.M.Turner, E. Berg, and M. Oshikawa, Phys. Rev. B 81, 064439 (2010).
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|D symmetry protected topological phases

® SPTP: Hamiltonian and ground state have the same
symmetry (G g = G) (Guetao9)

® Fractionalization of symmetry operators g € G,

U'—> tg=3=3=-3ul) «— U

= Projective representations:
'(jh — Aj 4 U(IIJ/)- — ()-z.d),rfh U[.'.

FP E. Berg, A.M.Turner, and M. Oshikawa, Phys. Rev. B 85, 075125 (2012).
FP.AM.Turner, E. Berg, and M. Oshikawa, Phys. Rev. B 81, 064439 (2010).
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|D symmetry protected topological phases

® SPTP: Hamiltonian and ground state have the same
symmetry (G;/ = G‘(f’-‘) [Gu et al.'09]

® Fractionalization of symmetry operators g € G,

Ul'—> g=3=3=3ulh «— U

= Projective representations:
'(j}), =k : U‘IU/), — ()-{.{/)!H; U[.-.

® Co-homology H*[G;,U(1)]: SPTP are characterized by
cohomology classes (complete classification (chenecali1])

FP, E. Berg, A.M.Turner, and M. Oshikawa, Phys. Rev. B 85,075125 (2012).
FP.AM.Turner, E. Berg, and M. Oshikawa, Phys. Rev. B 81, 064439 (2010).
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|D symmetry protected topological phases

Which symmetries stabilize topological phases?

® Example 7, : Rotation about single axis G
R? =1 = UL = e'*1

- Redefining [/ = ¢~ '/"[/, removes the phase

FP, E. Berg,A.M.Turner, and M. Oshikawa, Phys. Rev. B 85, 075125 (2012).
FR.A.M.Turner, E. Berg, and M. Oshikawa, Phys. Rev. B 81, 064439 (2010).
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|D symmetry protected topological phases

Which symmetries stabilize topological phases?

® Example 7, : Rotation about single axis G
R‘n — ]1 = [];:) — (,z'_ff‘-f;]l

- Redefining [/, = ¢~ '%/"[/, removes the phase

FP, E. Berg, A.M.Turner, and M. Oshikawa, Phys. Rev. B 85, 075125 (2012).
FP,AM.Turner, E. Berg, and M. Oshikawa, Phys. Rev. B 81, 064439 (2010).
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|D symmetry protected topological phases

Which symmetries stabilize topological phases?

® Example 7, : Rotation about single axis G
R* =1 = UL =1

- Redefining [/ = ¢~ '%/"[/, removes the phase

® Example Z> x Zs: Phase for pairs CF%
R;:'R: — R, R;r = UI'IJ.: == (;f'(;"'»"_;-;U': U;r

- Phases ¢ = 0,7 cannot be gauged / |
away: Distinct topological phases

FP, E. Berg, A.M.Turner, and M. Oshikawa, Phys. Rev. B 85, 075125 (2012).
FP,AM.Turner, E. Berg, and M. Oshikawa, Phys. Rev. B 81, 064439 (2010).
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|D symmetry protected topological phases

Schmidt decomposition (SVD)

e Decompose a state |) into a

superposition of product states: @

Na Np

) = chijMAlj)B:Z/\'ylﬁbv)/lmfy)B

i=1 j=1
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|D symmetry protected topological phases

Schmidt decomposition (SVD)

® DECOITIPOSE a state ‘@’) Into a

imos G
superposition of product states:

Nas Np

ZZCZJl )alJ) B _Z/\'qub’y Alﬁbfy

1=1 j=1
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|D symmetry protected topological phases

Schmidt decomposition (SVD)

® Decompose a state |) into a 0
superposition of product states:
Na Np

ZZCWl Al] B _Z/\'qubw Alﬁbfy

1=1 5=l

e “Artificial” edges give access to the edge modes

€ 2T 2 £ 2T 9 BN S < :‘ 1; T 9

‘ Y) | N > A ‘ Dy > B
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|D symmetry protected topological phases

® Representation of a one-dimensional many-body
quantum state [¢) = >, Wi il -5 0N)
as matrix product state (MPS) in canonical form rviai oz

FTA\TATATATA 1

al L —
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|D symmetry protected topological phases

® Representation of a one-dimensional many-body
quantum state (¢) = >, i Wiy inlit, -5 0iN)
as matrix product state (MPS) in canonical form rviai oz

FTA\TATATATA 1

2/ v —
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|D symmetry protected topological phases

® Representation of a one-dimensional many-body
quantum state |¢) = >, Vi inlit, -5 0N)
as matrix product state (MPS) in canonical form rviai oz

FTA\TATATATA 1

'Uf-’ ] o = ? O—?—O—?—O—?—O—?—Of
ey 1372900
‘____,_._-——-‘ ].,.({

® Matrices are directly related to the

Schmidt decomposition

AT ATA

borliv v, = .. -esesseee-
[Palji,ge... ”’ﬁ}—o—?—o—j}—w ssecccce
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|D symmetry protected topological phases

® Transformation of an MPS under symmetry operations
[Perez-Garcia '07)

™ ufrue

@: e"’-”T“ (UnAl=0 &6 &@

FATATATATA

...wave function - - only changes by a phase

FP. E. Berg,A.M.Turner, and M. Oshikawa, Phys. Rev. B 85, 075125 (2012).
FP.A.M.Turner, E. Berg, and M. Oshikawa, Phys. Rev. B 81, 064439 (2010).
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|D symmetry protected topological phases

® Transformation of an MPS under symmetry operations
[Perez-Garcia '07]

) ufrue

¥ R AL R L

FATATATATA

...wave function - - only changes by a phase

® Time reversal (T, — ij) and inversion (I'; — 1“'}’.') have

a similar form

FP. E. Berg,A.M.Turner, and M. Oshikawa, Phys. Rev. B 85, 075125 (2012).
FP.A.M.Turner, E. Berg, and M. Oshikawa, Phys. Rev. B 81, 064439 (2010).
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|D Symmetry protected topological phases

® Get Uy from the dominant eigenvector X
of the generalized transfermatrix ( Uy = X7)

-~

[ A

*
”” (BB') § :Eu F;’ ol o, g AgApr %

™A

FP and A.M.Turner, Phys. Rev. B 86, 125441 (2012).
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|D Symmetry protected topological phases

® Get Uy from the dominant eigenvector X
of the generalized transfermatrix (Us = X

-~

[T A
—d — o -~ ) *
T(\n (BB") — E :E.}J!F,}I(l’ir\}(\z ,ngiA 3’
7.3’
A

: FrATATA
® Overlap of transformed Schmidt states

FP and A.M.Turner, Phys. Rev. B 86, 125441 (2012).
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|D Symmetry protected topological phases

® Get Uy from the dominant eigenvector X
of the generalized transfermatrix ( Uy = X7)

TT\(} (BB7) E E}} g f\”fF}(y ,i’A;iA 3’

U TATATA

< LLL e

A T*A THA

FP and A.M.Turner, Phys. Rev. B 86, 125441 (2012).
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|D Symmetry protected topological phases

® Get Uy from the dominant eigenvector X
of the generalized transfermatrix ( Uy = X1)

[ A
3 L N - . *
T((\«rf’_):(_,fi,"i’) — Z E.'}J’ [ 7B F.j.(v’;"'i’A_.ﬂ"iAf‘"ff
7.3"
A
: FrATATA
® Overlap of transformed Schmidt states
[ATATA
&  Us=X!
A T'A T*A
~— N, et
TEX=X T1=1

FP and A.M.Turner, Phys. Rev. B 86, 125441 (2012).
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|D Symmetry protected topological phases

® Get Uy from the dominant eigenvector X
of the generalized transfermatrix ( Uy = X1)

A
3 _ = "
T(mw):(_,-mf) - Z 25 L'yt ap F.j.(v’j'ﬂ’A,.ﬁ"'fA.f‘"f’
7.3’
A
‘ Fr'ATATA
® Overlap of transformed Schmidt states
FTATATA
&  Us=X!
[*A T*A T*A
~—— ey, et
TEX=X T1=1

FP and A.M.Turner, Phys. Rev. B 86, 125441 (2012).
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|D Symmetry protected topological phases

® S=l chain H=Y,5;-Sj1+DY,(5)

® /. X 7o stabilizes Haldane phase

O 0 if symmetry broken
Hana l"t' (U U.UIUT) if symmetry not broken -

FP and A.M.Turner, Phys. Rev. B 86, 125441 (2012).
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|D Symmetry protected topological phases

® S=| chain

H=), S; - i1 + DY .(S7)°

® /. X 7o stabilizes Haldane phase

1.0

0.5

0.0

Oz,x2,

0 if symn

B'=0.0

netry broken

\ l—-lt' (U, U.UIUT) if symmetry not broken

YV Oz

rl, i s B U 8

VVYVVVVVVVYVYYYYY
Haldane

VYVYVYVYYYY

. lLarge D

-0.5

0.0 0.5

D

1.0 1:D
FP and A.M.Turner,

iMPS obtained
using the iTEBD /
iDRMG method

Phys. Rev. B 86, 125441 (2012).

Page 37/67



irsa: 14020140 Page 38/67




irsa: 14020140 Page 39/67




Pirsa: 14020140 Page 40/67




irsa: 14020140 Page 41/67




Pirsa: 14020140 Page 42/67




|D Symmetry protected topological phases

® Non-local order parameter “detects” cohomology
class from ground state wave function

FP and A.M.Turner, Phys. Rev. B 86, 125441 (2012).
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|D Symmetry protected topological phases

® Non-local order parameter “detects” cohomology
class from ground state wave function

® String order in the case of a Zsy X Zi; symmetric phase

(-E-(0-@- (V- o

FP and A.M.Turner, Phys. Rev. B 86, 125441 (2012).
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|D Symmetry protected topological phases

® Non-local order parameter “detects” cohomology
class from ground state wave function

® String order in the case of a Zy X Zi; symmetric phase

035202025220~ I
® |nversion symmetry B Z}_ ;. 5',,4-1 + D Z;(Sf)z
based order parameter R T T S
distinguishes Haldane & ‘
and trivial Phase
| v T
O ] = \~<Z ’ osf ¥ »
| <l i e
1.0k o SRR - 0% s o e —
0 5 10 15 20 25 30

FP and A.M.Turner, Phys. Rev. B 86, 125441 (2012).
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Symmetry enriched topological order

® Intrinsic topological order is characterized by its
anyonic quasi particles (QP) (no symmetry required) wens1)

Trivial

Topological
orderY

Pirsa: 14020140 Page 47/67



Symmetry enriched topological order

® Intrinsic topological order is characterized by its
anyonic quasi particles (QP) (no symmetry required) wen s

® Topologically ordered systems have a richer structure
when symmetries are present wangandwen'12.Wen'13]

Trivial

Topological
orderY

With symmetry

Topological
order Xp
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Symmetry enriched topological order

® Hamiltonian and ground state g€ H,
have the same symmetry S : ) '

(GH — G'f/f’) ©
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Symmetry enriched topological order

® Hamiltonian and ground state g€ H,
have the same symmetry S : ) d

® Fractionalization of symmetry
operations in terms of the anionic
quasiparticles (QP)

= QP induce projective representations:

(]]'t — A: : U(}Uh_ — (,[.(;’)!Ih Ul,
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