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Abstract: <span>We compute quantum corrections to the Raychaudhuri equation, by replacing classical geodesics with quantal (Bohmian)
trajectories, and show that they prevent focusing of geodesics, and the formation of conjugate points. We discuss implications for the
Hawking-Penrose singularity theorems, and for curvature singularities. <em>Reference: arXiv: 1311.6539</em></span>
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Plan

e Raychaudhuri equation - review and importance
e Quantum Ravchaudhuri equation

e [mplications for singularity theorems

e [mplications for curvature singularities

e Applications: Einstein equation of state, cosmology

S. Das. arXiv:1311.6539

)
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Rayvchaudhuri equation

Geodesic congruence

Expansion 0 = "rfl;f\‘ (< 0 in above figure) (a = affine parameter)
{/:;'/*\:h = Uy o U = ‘.H‘,;,‘;h + /:’,.;”;’u,,] u’ (1)
- (_u,,;,lu"):h — U . Uq:ie + /:’,.,,”"N"u,; (2)
\——
= () (geodesic equation)
= —UpUqg:c + Rebad uul (3)
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/ﬂ“/, — ab — Uy (induced 3-metric)
|

“,,:{j — ‘;(}/)‘.”‘, +’ (T”f, +’ Wabh = Trace 4+ Traceless symmetric anti-sy mmeaetric
expansion hean twist

du,. Aty
! i - a.h T » : l
/}” ) — / r — l r (—H‘ ._/’H”:r {' [‘)r-h(uf “‘ ”“ )

d A d\

f/() I 2 b b ) o
= ——f° — TahT + WapW — ll,.,!(! u" < 0
N

(//\ :))

() ()

hypersurface orthog. strong encrqy cond

If ) = 6(0) < 0 (initially converging)

Focus/caustic for A < (finite proper timel!)

U;:,J

Raychaudhuri equation (1955) (also, Landau & Lifshitz)
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/ﬂ”,‘, — ab — Uy (induced 3-metric)

|
“u:h — :;(}/3,”, Jr’ fT”h +’ Walh = Trace 4+ Traceless symmetric 4+ anti-symmetric

expansion hon twist

du,,. Aty
! a:h - (b Al ' oy
LY = T'p =Tr (_“‘ Bl 3 I‘)r'htu:’ utu )

d A\ d\

f/() I ‘) ab ab ) o
—— {}- - (Tr:.';(T 'Jf_ Wapw - llf'i!“’ t : ()
N— e’ A Y

(//\ :))

() ()

hypersurface orthog, strong energy cond

If ) = 6(0) < 0 (initially converging)

Focus/caustic for A < U;ii (finite proper time!)
! (8]

Raychaudhuri equation (1955) (also, Landau & Lifshitz)
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A
velocity field \ A
[ -
u(x) { |
a [ |
V ! Focu
hQ 3
| [ ] |
1 | v \
\ g \
A/ \
Caustic

Negative expansion

Geodesic congruence

‘ / Conjugate points
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Singularity theorems
e Conjugate points due to Raychaudhuri equation.

e (icodesics are no longer maximal length curves.

=

i h
{
( /B Y Wl ‘
/ \ \
i L ‘\ W |
Ia f |
N /. \ [
\ I\I ! (x
|
I~ | Gy gate powt
1 t 711 f
—_— }‘
Shortest distance 1 1+ dust
along paatcuncley - hemget diancy

e MNaximal geodesics predicted by global arguments, on the other

hand.
e Sufficiently long geodesics cannot exist. Geodesics are incomplete.
e Singularities! (Singularity theorems) - for most spacetimes

® R. Penrose, I’II_\':'. Rev, Lett, 14 (1965) 57-59; S, W. Hawking, R. Penrose, Proc, ]h:_\', Soc,

Lond, A314 (1970) 520-548,
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‘ Note

[ ] (rr!‘/)f‘l'((/f/_f/.' [.U]' El“ ]'l‘il.‘ﬁ'(illilhl(' .“\'I)Fl('('t.l“ll‘h' (gravity universal & attractive)
e Fluid picture: velocity field u“(x)

, )< @ .
® Also, from the geodesic equation: ! ',I) R uf' 1 ;;-f
dN= bfe

n® connecting neighboring geodesics » O for finite A

e DBut, classical — will get modified

e Lxpectation values, Ehrenfest type theorem, ...

e Find a ‘quantum velocity field’
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‘ Note

® (rr!‘/)f‘l'({/f/_f/.' [.Ur El“ ]'(‘FlH(JI]Fl')I(' .“\'I)Fl('('t.l“ll‘h' (gravity universal & attractive)
e Fluid picture: velocity field «“(x)

p2,a .
® Also, from the geodesic equation: ',;) R u" u“i‘r-"
dN= bfe

n® connecting neighboring geodesicse — 0 for finite A

e DBut, classical — will get modified

e Lxpectation values, Ehrenfest type theorem, ...

e Iind a ‘quantum velocity field’

Pirsa: 14020130 Page 10/38



Non-relativistic limit

u(x) = v(T,t) =123, wW=1. N>t
[?’miNF'N'/%V")" ""-Iﬂ—(r'ﬂz (0.
47 _ R

046

46 = 7__'{(}2 — 00" = V2V < 0 « (focusing in finite time)
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‘ Quantum fluid picture

(T, t) = Re'®

(Normalizable, single-valued, R, S Real,
N . 2 1
complete set of H-atom bound states and scattering wavefunctions, e< /dreg — GMm)

!'T (.-’T./) = dF — f:" If“ (Tr‘:“) - h v.s.(..’?./) e quantum velocity field!

ot m

12 =2 - L O
S vA Vi = u’f"

2m i
Real and imaginary parts —

) = -
Ze + T ¢ {/)l"} — l} (Probability conservation)

ot
. - /;: - |
fi" y
SV : (
m mV + \ >

ot 2m
A
"

)
v R) (Newton's law quantum potential Viyl)
v
S/

Vg

. . . . . )
I“”]rl”\ ])Fl]'1|{'l(‘H {Il.“\'lllll}”l(":l s l)(l}) — |(‘(l)} - (‘quantum cquilibrinm’)
. . . . )
Prob. conservation = they remain distributed as p(t) = |(t)]”
[oach particle follows individual trajectories, subjected to V4 Vi

quantal/Bohmian trajectories

Make measurement: no need for collapse of wave-function
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‘ Quantum fluid picture

(T, 1) = Re'®

(Normalizable, single-valued, R, S Real,
N . 2 1
E.g. complete set of H-atom bound states and scattering wavefunctions, e< /dmwey — GMm)

377 (.F./) — az — r‘r:" IIN (T{.:“) — i V_‘-S'(.F./) <— quantum velocity field!

ot m

52 R Pl g O
7‘_’mv Y +\ W= ,r/;‘”

Real and imaginary parts —
= N

] - "
Ze + T + {/)l"} — l} (Probability conservation)
0

(&

f{l’

R

W

1 = h- - | v
Ha'f Y = —val‘ {' v ( v R (Newton's law quantum potential Viy!)
v

2m
A

Vg
‘)

l]l“i?l”_\'. ])r‘l]'1i('ll‘H (li."«"]'i])l”(‘(l as ‘{)(”} — |('(”} - (‘quantum equilibrium’)
. . . . )

Prob. conservation = they remain distributed as p(t) = |»(t)]”

[oach particle follows individual trajectories, subjected to V4 Vi

quantal/Bohmian trajectorie:

Make measurement: no need for collapse of wave-function
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Quantal (Bohnuan)

= [tajectones

‘\_, - Dark and light fringes
A

Double shit experiment No crossing
(C. Phillipides, C. Dewdney, B. J. Hiley, Quantum Interference and the Quantum Potential,

il nuovo cimento B, 52, no.1 (1970) 15-28)

e Stern-Gerlach, hydrogen atom, Aharonov-Bohm, harmonic
oscillator, and all others — correct predictions

e Only dynamical input — Schrodinger equation

e Classical limit: 11':1]{‘('101'1{‘5‘ — with h — 0 (interference disappears)

o L. de Broglie (192 . Bohm (1952), superconductivity,

superfluidity, B ‘m--l instein condensates (Gross-Pitaevskii equation)

Valid picture!
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Quantal (Bohnuan)

S [Tajectones

V
‘} - Dark and light fringes
i

Double shit expernment No crossing
(C. Phillipides, C. Dewdney, B. J. Hiley, Quantum Interference and the Quantum Potential,

il nuovo cimento B, 52, no.1 (19790) 15-28)

e Stern-Gerlach, hydrogen atom, Aharonov-Bohm, harmonic
oscillator, and all others — correct predictions

e Only dynamical input — Schrodinger equation

e Classical limit: 11':1]{‘('101'1{‘5‘ — with i — 0 (interference disappears)

e [.. de Broglie (192 . Bohm (1952), superconductivity,

superfluidity, B ‘m--l instein condensates (Gross-Pitaevskii equation)

Valid picture!
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Quantal (Bohuuan)

3 " = [tajectones

‘} - Dark and light fringes
i

Double shit expermment No crossing
(C. Phillipides, C. Dewdney, B. J. Hiley, Quantum Interference and the Quantum Potential,

il nuovo cimento B, 52, no.1 (1979) 15-28)

e Stern-Gerlach, hydrogen atom, Aharonov-Bohm, harmonic
oscillator, and all others — correct predictions

e Only dynamical input — Schrodinger equation

e (lassical limit: 11':1]{‘('101'1{‘5‘ — with i — 0 (interference disappears)

e L. de Broglie (192 . Bohm (1952), superconductivity,

superfluidity, B ‘m--l instein condensates (Gross-Pitaevskii equation)

Valid [l'\l‘l ure!
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Quantum Raychaudhuri equation

V — V + Vi /m in Raychaudhuri equation

9 9y 5
= —1 6% — 0,40" - V2V + V2R
\

2m= R

quantuim correction
attractive or repulsive?

focusing or defocusing?

9
h= 2 | 727 I
] T ( R T R) ~ {_ i i — Repulsive at short distances

2m#

2 . O . . . .
b ogly | 1 vh oY (Gross-Pitacvskii equation)
L
interaction

Y tanh(r/LV2) (g > 0) , ¢ V2 i sech(r/L) (g < 0)

)
< 9 9,
i 2] V' ( ]'_\‘ V' R) ~ '{_ [II — R pulsive at short distances

2m=

Repulsion may prevent focussing/conjugate points. But it gets better!
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Quantum Raychaudhuri equation

V — V + Vi /m in Raychaudhuri equation

h? a l .
V- VR

- *'ls 02 — 040" — V2V + — :
: 21 = R

|‘|1\||\||||\ correction
attractive or repulsive?

3
h= 2 | 727 I
] T ( R T R) ~ ‘i‘ i i — Repulsive at short distances

2m#

) e O
-‘r;' vh L

b og |y T’ (Gross-Pitacvskii equation)

interaction

Y tanh(r/LV2) (g > 0) , ¢ V2 i sech(r/L) (g < 0)

)
< 9 9,
i 2] V' ( ]'_\‘ V' R) ~ '{_ [II — R pulsive at short distances

2m=

Repulsion may prevent focussing/conjugate points. But it gets better!
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Singularity theorems
e Conjugate points due to Raychaudhuri equation.

e (icodesics are no longer maximal length curves.

S

¥ i
J;:.‘ \ .\:u
| D4 L
". / - |
| [A / |
\ I‘I "/
]‘I v P ‘.'( ) Ly gate pownt

Longest distance
slonp peat cuvle

e MNaximal geodesics predicted by global arguments, on the other
hand.

e Sufficiently long geodesics cannot exist. Geodesics are incomplete.

e Singularities! (Singularity theorems) - for most spacetimes

® R. Penrose, Phys, Rev., Lett, 14 (1965) 57-50; 5. W, Hawking, R.

Lond, A314 (1970) 520-548,

Penrose,

Proc.

Roy.

Soc,
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Rayvchaudhuri equation

Expansion 0 = 'ffl;f\‘ (< 0 in above figure) (a = affine parameter)
dtasy = Ug:bie U = ‘u”;,‘;/, + /r’{.,m'!u,,] u (1)
d\
= (Uqiett” )., — U pUq;e + /:’,.,,”"N"u,; (2)
— om—
= () (geodesic equation)
= —U",pUq:c + Rebad uut (3)
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Non-relativistic limit

u(x) = v(rt) =123, wW=1. )\t
Requ‘u® — V2V = dnGp > 0,

At — NV (7. t)

ot

!
ot

= *;lg(}! — 00" — V2V < 0 « (focusing in finite time)
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‘ Note

[ ] (r&‘”f‘l”h!!/f [.U]' Fl“ ]'l‘FlH(JI]Fl')l(' HI)FI('('I“][(‘H (gravity universal & attractive)
e Fluid picture: velocity field u“(x)

)

) )2, a . g

® Also, from the geodesic equation: ! ',I) R u" 1 ;‘r-f
dM= bfe

n® connecting neighboring geodesics — 0 for finite A

e DBut, classical — will get modified

e Lxpectation values, Ehrenfest type theorem, ...

e Iind a ‘quantum velocity field’
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Quantum Raychaudhuri equation

V — V + Vi /m in Raychaudhuri equation
L o ) B e o[ 5,
= —= 0 — 0,0 = VV + ~V* VR
2 2m= R

quantum correction
attractive or ropulsive?

focusing or defocusing?

3
h= 2 | 727 I
] T ( R v R) ~ {_ 74 — Repulsive at short distances

2m*

2 ' Fhal . - .
“ly “i: (Gross-Pitacvskii equation)
[

Foaly
interaction
\_.." ' .‘('l'll[f"/‘f.j (g < 0)

Yo tanh(r/LV2) (g > 0)

)
< 9 9,
i 2] V' ( ]'_\‘ T- R) ~J '{_ [II — J pulsive at short distances

2m=

Repulsion may prevent focussing/conjugate points. But it gets better!
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aark andhJight fringes

Double Wit expenimen: rouing

No-crossing of quantal (Bohmian) trajectories

df — b - Vi 3 o = -
i — f”’ Im( ff ) = f”’ VS(Z. t) = single valued

0 (F,t) = 4
v
i
|
|
A
y |
Y. / |
.. .‘ . 'I
I { No two particles i the same plac
at same tune

Integral curves (streamlines)

DO NOT CROSS OR MEET |

Trajectories do not end in a caustic/focus. They go on forever.
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‘ Relativistic generalization

0 2.2 . _cd
{r)' {— ”;.} —f|l})—l’:fJ Irrfﬂrj|(l’ — ()
32 J.
L S
(tl} — R,I"f . Normalizable, single valued)
a o lx h ke - dr 2 VS
L, = S = c&ta — 4 ) = = —
ko = 0aS . ua = 7 m dt S

IR T2 U [} g cday 2
Imaginary part: I')r (R.'I’),,.H) - = ‘/,.J(T {R,-

)

) ,
2 (rme)=< ) <R
Real part: /-' — 52 — € l} |- oA
l n* I T AN
) 1 € ! ). 0 1= )= K
u ., u' = — L ) l) + D] R )
) = = ¢
i) D}
: ' . h= 0O0<R
i.e. geodesic equation 4V ; 5 )
( « J'HJ R

‘ Quantum Raychaudhuri equation ‘

r“-I | 2 lfh ) o d
N =—3 0° = 0,0"" — Requ'u
n? g al h? pab [ 0°R
€1 ! / i PI) ] / (e L8 L
—_ 4N Tog:h — — I .
e yash me R
I guantum corrections 1 rah
2
Null geodesics: ;’\‘ :I‘ 62 — a,,0%% — R_yucu? — e n2pab R, n2ab (4:}?1\ ) }
@,0

(e '."r'[l'“:hl
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‘ Relativistic generalization ‘

02 2.2 _ed
f)- +- ”;fﬁ — €] l}) — €2 'lil ,/r'rfﬂ y ] (I) - {'
E S
{t!} — R’(_r . Normalizable, single valued)
, o 1 o daey . hky - di __ 2 T‘-‘
ko =08, Ua=cpt==2, T==—c"555

301 T2 U [} g cigy .
Imaginary part: ) (R.'f),,."’) = = ‘/,.,;(T {R,-

a .
2 (o)< =R
Real part: /-' m_— 72 — €1 /)’ {- ! T'\
I h2 i n2 (02r\"
J Q €en M 1< ()<'R
.1 - — - 1 - :
{ el { HFJ l} + ,”2 R )
)
i i r < O0=R
i.e. geodesic equation 4 1 ! . )
( @ me R

‘ Quantum Raychaudhuri equation ‘

10 | 2 1h o
e = =2 0° —o,0°° — R.qu‘u'
d A ]
h? g al he pab [ 0°R
€1 ! i ) ] (e 4 L
— : ) - ~h
me ! I.""!J m:/ R )
* guanturn cor tion 4 vah
Null geodesics: :;’\‘ jli H“') ”uia””h H““,ur'u”r € |h"’h”"’ H,.";h hjh”h (“}?R ) o

(=] '."r'[ﬂ"“:hl
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‘ Relativistic generalization

2 -"-' 3 r!."
{r)' + u'} .- —f|/}’_;zl#] fuf"" ] ¢ =
Ul 2.
E S
{th - R’(-f . Normalizable, single valued)
9 —_— 1 . .n‘l'.r‘r, . f:}'."' . rfa' 3 -) Y_L‘
/l.'l - l‘),f.H . ”” —3 | “f\ — - . 1 — {” - —¢ ll’:]hl

301 T2 U [} g oy .
Imaginary part: ) (R.'I’),,.H) - 5 ‘/,,[(T [R,-

" o
2 (o)< ) <R
Real part: f-' — 52 — € l} F oA
l T I T Y A
) o __ c1h ). 0 1= )= K
.1 - — 7 T 7 ;
Lot .2 /} + me R )
i )
: ' . h= 0O0<R
i.e. geodesic equation 4V : 5 )
( « MrJ R

‘ Quantum Raychaudhuri equation ‘

10 | 2 ab ) c d
:1’.\ —— 9 ” — TaubT = l‘wrl’” i
h? g al h2 pab [ 0°R
LS | ! / (& ’I} ! / a0 L8 L
— r ! Vo h = 5 I -
oy jaih me R
¢t quantum corrections 1 vah
Null geodesics: ;’\‘ :I( 62 — 0% — R yucud — e n2pab R.,. n2ab (;;}QR ) ,
a0

o '."r'[l'“:hl
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Curvature singularities ‘

P a . (1
D<n% )il b ¢ f h= IR (
o = RN peuiutnt — R U

T quantum

But 77 # 0 anymore

|
Tntegral curve suline
DO NOT CROSS OR MEET

- . bed . .
['herefore, R pcqa R — 0o regions are not accessible!
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‘ Relativistic generalization ‘

2 2 . ed
{r)' + By — 1R — €25 feao ] ¢ =10

h= 2
E 1 S
{th — R,l" . Normalizable, single valued)
/ \ Lr hk - dr D] T“‘
' — (). S = ot — 4 ) = = —"
ko =0aS . ua = ¢ m dt RTINS

[R14) T2 U [} g cday 2
Imaginary part: ) (R.'I’),,.H) - =5 ‘/,.J(T iR,-

a a
2 (rmc)= ) <R
¥ art: K - 7 — ¢ ;
Real part fl }.’3 | l} '{‘ R
; B2 b, 12 (02R)V
) o __ 1 ). 0 e =K
.1 = - 7 - 7 ;
Lot .2 l} + me R )
9 )
: ' . h= 0O0<R
i.e. geodesic equation 4V - 5 )
( @ me R

‘ Quantum Raychaudhuri equation ‘

r“-I | 2 lfh ) o d
d\ - - 9 () . rrcrhﬂ - /}!'H’” t
h? g al n? pab [ 0°R
c1h / ( rl) 1 / i ( k¢
— 7 ! Vearh — 5 I :
- vah N & R
t quantum corrections 4 vash
2
Null geodesics: :;’\‘ :I( 6? ”f,.i."”h H““;ur'u"r ¢ |h')h”"' R n2pab (”}?R )

o '."r'[l'“:hl
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Application

Einstein Equation of State
(S, Braunstein {‘u'nlk] and SD, in progress)
Reference: T, Jacobson, Phys, Rev., Lett, 78 1260 (1995).

560
5QQ I Topx*ds? " { AT,k kP dxd.A
x @ Ak | dB9 k@ dNdA
(\“ ‘ ’ Ul”/\f!‘A (d.A horizon area element)
de | {).’ . l) /.u/..ﬁ 1 .
I — 5 Tabl A {— I <— correction

g = */\/})”{,/i'”/l',’ {“ /\I‘ (small X\)
0A = — [ ARk Kk dldA + [ A\[d\dA

S S(A), s/ dS/dA \L"l{h y, T Fow /2w
8Q =TdS = "% S'(A) 6 A |
4al b hSq(k) ap,b 1
lr;i./\'”/\' — . .,li_r" : ‘ I])uf-/\' J/Il - I ‘

'I;,f, — ll’”h + _/..ffufn - |.H”H|’J (n%n, 0 and k% n, 1)
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A pplication

Einstein Equation of State
(S. Braunstein [York] and SD, in progress)
Reference: T, Jacobson, Phys, Rev., Lett, 756 1260 (19095).

560
5Q I T, x®dsb ” { AT, k@ kb dxd.A
x @ AT A8 k@ dNdA
f“‘ ‘ ’ Uf’/\f!‘A (d.A horizon area element)
:;f\} = —l’ U-’ — ll’,,f,/-'dln'h ‘i— | <— correction

g = */\/})”(,/i'”/llh {“ /\I‘ (small X\)
0A = — [ ARk Kk dldA + [ A[d\dA

S S(A), s/ dS/dA \L"l{h Yy, T B /2m
6Q =TdS =15 S'(A) 6 A ,
s 1’1 !-""I (+) f: Al
lr;i,/l'”/\' - : Ijl_" - ‘I"uf-/\'”/l' - I ]

=\

'I.,;f; — ll’”h + _/.."/,u’n - I.H”HL (n%n, 0 and k% n, 1)
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el a
'f‘r"j‘ (I‘.uh E If,‘”.[,ill) (8]
» | ) 27 \
.I.(/ul'! + -J,{J‘ur’r/;' - '\,U:H'J % ;”’.It_‘-lt,,l‘)l ”H”(i
Tracing f [," - A
) | ~ 2T 27 1
Bap — 5 89ab + Aav = 557Gy Lab + 7y L att

(i) 27 /0S| (k) = 871G = constant

Sx A

) e L
. I) II) \ \;—( ’_l. f\lk(l I'
{“) Tab — 9 Vab + 4 Haty = T Ly, -+ P gty
Al
“c—_—

2
Qi BTG ab [ O*R
Sinee " ngnph ( I ) 0,

e

No corrections to Entropy law. or Einstein equations
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L

']r‘:" (”uh .I) .’llan“) 0

ab

' | ) 2m \
./.(l,ul'r F -_:,(Iur’r/;' - '\,U:H’J F fu:.‘-\'|(,‘.‘)l gy

Tracing f .l‘;' - A

TR .J\
lr.‘h + }PIL‘*I|{].')

| 27 \
II),,J, — 5 H.(j,,;, + .\.(j,,;, 7oy () | Nag Ny .
(i) 27 /hS (k) = 87(G = constant

Sx A

) e L
i) Ry, — SR \gup = STGTy + T
{“) Yab — 5404 q1 + 4 Haty =— T Ly, + g 1y,
= K
N’

2
3 S s ab <R
Since ! 0,
&l " Mgy h hnd

No corrections to Entropy law. or Einstein equations
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No-crossing of quantal (Bohmian) trajectories

o — f”’ Im (\—f') — f’” V".S'(.r'./)

- single valued

v (. t) = =y
v
I
|
|
A
y |
/ |
Y / |
/ l, / |
I { No two particles i the same plac
at same tune

Integral curves (streamlines)

DO NOT CROSS OR MEET |

Trajectories do not end in a caustic/focus. They go on forever.
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For wavefunctions considered earlier

Yo tanh(r/LV2) (g > 0) , V2 g sech(r/ L) (g < 0))

| e\ 2
= ( h )

]
(Compton wavelength)”

26 " "
1026 (8ize of observable universe)

f.‘nr'nr-) r /I

> B i

-

10432 v, F
123 2
|“ (LII Planck llIIll:') — l{“ (Observed, alzo coincidence problem)

m = graviton (or photon) mass?

References with same/similar graviton/photon mass:
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171-181 [arXiv:1005.2214]. €. de Rham, G, Gabadadze, L, Heisenberg, D, Pirtskhalava, Phys,
Rev, D83 (2011) 103516 [arXiv:1010,1780]. S, Majid, arXiv:1401,0673,
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For wavefunctions considered earlier

wo tanh(r/LV2) (g > 0) , V2 g sech(r/ L) (g < 0))
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(Compton wavelength)®
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m = graviton (or photon) mass?
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C, M., Will, Phys, Rev, D56T (1008) 2061, L. S, Finn, P, J. Sutton Phys, Rev, D65 (2002) 044022,
A. 5. Goldhaber, M. M. Nieto, Rev. Mod. Phys. 82 (2010) 939, E. Berti, J, Gair, A. Sesana,
Phys, Rev, D84 (2011) 1016501(R). J. R, Mureika, R. B, Mann, Mod. Phys. Lett, A26 (2011
171-181 [arXiv:1005.2214]. €. de Rham, G, Gabadadze, L., Heisenberg, D, Pirtskhalava, Phys,
Rev, D83 (2011) 103516 [arXiv:1010,1780], 8, Majid, arXiv:1401.0673,
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Summary and open problems

Classical — quantal (Bohmian) trajectories

= Classical = quantum Raychaudhuri equation
No conjugate points, no geodesic incompleteness, no singularities

Applications: No change of Einstein equation of state,

cosmology (DE/DNI)

Also: corrections to geometrical optics (astrophysics?)
C'onnection to path integrals

Violation of the Equivalence principle? Signatures?

Fermions: further de-focusing?

Numerically plotting quantal trajectories in curved spacetimes

Classical — quantum spacetime: results still expected to hold
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