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Abstract: <span>The principal chiral sigma model (PCSM) in 1+1 dimensions is asymptotically free and has as SU(N)-valued field with massive
excitations. We have found all the exact form factors and two-point function of the Noether-current operators at large N using the integrable
bootstrap program. At finite N, only the first non-trivial form factors are found, which give a good long distance approximation for the two-point
function. We show how to use these new exact results to study non-integrable deformations. One example is the PCSM coupled to a Yang-Mills
field. One can approximate the spectrum of the meson-like bound states using our form factors. We also examine an anisotropic version of
(2+1)-dimensional Y ang-Mills theory, which can be interpreted as an array of coupled PCSM&€E™s.</span>
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The Principal Chiral Sigma Model (PCSM)
N
Action : S = /dzi: Tro, U (z)0*U (z),
29°
U(z) € SU(N):

SU(N)xSU(N)symmetry : U(z) = V,U(z)Vg, Vi € SU(N).

Associated Noether currents:

L :
Ju (”C)EJ v

_ V
d t da
@) = 5 V@0l

Theory of asymptotically free massive particles, with left and right

color.
We work in the 'tHooft (planar) limit.
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Integrable Quantum Field Theory

Integrability: Equal number of conservation laws and degrees of
freedom (infinite in QFT)

In Quantum field Theory there is no particle production. Set of
momenta is conserved {p}in = {p}our. Scattering is factorizable.
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Yang-Baxter equation
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The S-Matrix

Particles and antiparticles have two color charges (color dipoles).
Two-particle S-matrix determined by Yang-Baxter equation, uni-
tarity and crossing symmetry.

nllt(Peais("lydl; P: 031 (!‘Jsdﬂ‘Puol:ulsbl; p! 0’2&“".3,-[)2)

in

f T cC1 SCo 271-2' cCo £ -y ¢dy 271.?’ =y ¢dy
=5 (0‘ ‘N) (éﬂllbff'} - ngéﬂ”]é”i}) . (éb]]éb'_: - Wrgébféb-_: <0’1|01><0f£|03>
6 = rapidity : E = mcosh, p = msinh6, E* = p* + m*

rapidity difference @ = 6, — 0,

N?

Particle-antiparticle related by crossing 8 — 6 = 7wt — 6.

1
Atlarge N : S(O,N) =1+ 0O ( ) :
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Particle-antiparticle scattering

S‘,UJ(O) = S}J;)(Tf?; — 0)
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(General Form Factors
% Short-hand notation: |A;) = |A, 61, b1,a1), |P) = |P,61,a1,b)

Form factor of operator O(z) :
(”‘O(IHAI' A21 e !A.‘H I)fﬁ+13 ey Rl} - 8_”‘):P‘F({()}){a}{b} -

We eventually want to calculate correlation functions

(00(2)0(0)[0) = S~ (010 ()| ¥)(¥|0(0)[0)

1]
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The current operator ansatz

((}Uﬁ(ifi)m,@,u.:|A12-- s A Puy;

.—u> P
= —€u(p1+ - +poum)” NV Z Fy (0

(T"'(—5]

M ¢ .
X H.f_” é”.-‘”r'\‘,ll M A_l éb b M

1 -
~N é“liflu,'.f

- - M e
én‘fﬂf{”:,“l H} l. f?éf OH i@y ‘M k=1 éb;‘b;:;‘w M

o takes {0, 1 M} to{o(0),0(1),0(2),...,0(M)}

1
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The current operator ansatz

((}Uﬁ(x)rq,ruu.;|Al;-- s An; Pry;

.—u> p
= —€u(p1+ - +pom)” NM-1 Z Fy (0

t’T"’(—5]

M ¢ .
)< ]‘_II_” é(l_,‘(‘,‘rl\“H M A—l éb b M

1 -
N é“li‘ﬂﬂ,‘.!

- - M e
éﬂ'f(rﬂ'”:,‘“ l—[) l. f?éf Ofi jQy ‘M k=1 ébﬁ‘b;:;‘w M

o takes {0, 1 M} to{c(0),0(1),0(2),...,0(M)}

1
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Smirnov’s form factor axioms

Scattering Axiom (Watson's theorem)

i

L I Y

(05| Py, A1) = S35(0|5| Ay, Po)

Periodicity axiom

(017|A1(61), P2(62)) = (07| P2(62 — 2mi), Ay(61))
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Smirnov’s form factor axioms

Annihilation pole axiom

1 J - -
oL R-!JG}H=_“;
t * My 7
Ab Ak ARAH AR

b

The antiparticle As and the particle P; can annihilate. The four
particle form factor needs to have an annihilation pole at oy = —i.
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Underlying Abelian Structure at Large N

The excitations in the incoming state of the form factor only in-
teract with each other if they have color indices contracted together.

We can order incoming particle such that they only interact with
their two nearest neighbors. Particles now have the simple commu-
tation relation

O, — Oj' + me
0,&,- — 0.,, — e

Behaves like colorless Abelian particles at large V.

AT(6,)A7(0r) =

AT (0p)A'(0;), if k=741

This is not related to integrability, but to the large N limit.
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Solution from Smirnov’s axioms
From scattering and periodicity:

9or{0}
FUT({{)}) - M . M )
H_;fl.‘;’ﬂ,. (0; — 90:_;1“1 + 7a) [ [=1 (0 — 97(k3+.x1 + i)

where g,,({0}) is periodic under 6, — 6; — 2mi.
From the annihilation pole axiom:

H.’r: *Hn:_i ) +M

2mi(4m)M -1 tan} ( 5 ) , foro(3) # 7(3), forally

QU*({{)}) o

else
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The two-point function
We can calculate exactly the two-current correlator,

L, :
W;w( )“( eofo = N <0|Jf:($)fluf'r_;Ja%({])f'ufn‘[n

1 _ .
B j\r Z((}]jfﬁ-’(‘r)fluf’u|w> (“Ij jf{‘((])(lfl‘{])

/]
(0175(2) ageo|¥) are the form factors we know

2M

10
m:u mr eofo — Z/ ( —.':> ]Jl -(17,)2\1 -2

M=1
Xf;m-ﬁu.a’(l)l + e+ PQ.HJQ(PI + et P‘J_U).i

2M -1
. e & 1 o ((Oom — 6,
OagenOco fo— 50a0cnOcp , = | tanh*
X( apep e fo N @ \‘fu) H {(0} — 9},1)‘) n 7r—’] arni ( 9 )

Jj=1
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What do we know about finite N7
The S-matrix is known:

sinh(3 —

1) [T(i0)/2m + 1)T(—i6/21 — 1)

Spp({), ;'V) = XS;J[}((), N - C)O)

sinh(5 + %) [T(i0/2m + 1 - ;)T (—i8/2m)

There are r-particle bound states with mass

¥ mr
S1I1 ( N )

v ()
sin ()

The presence of bound states makes it impossible to calculate the

m, =m =1,...,N —

form factors. The possibility of incoming particles fusing must be
accounted.
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N=:
Form factors of this model have been known for a long time, solved
by virtue of

SU(2) x SU(2) ~ O(4),

or explicitly:

U(z) = n’(z)1 +7i(z) - 4.

The SU(2) theory can be mapped into a vector model (instead of

a matrix model). The first form factors for the O(/N) sigma model
were found long ago by Karowski and Weisz (1978).

Input: ~ DVI- 1820x1080p@58 98Hz
Output:  SDI - 1920x1080I@60Hz
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Our less ambitious result for finite N
For arbitrary N , only the two-particle form factors

can be found. This is possible essentially because there is only one
particle and one antiparticle, with no possibility of bound states.

<()|j;j:(0)ﬂu:1!'r:-|‘4! 01, b1,a1; P, 0, ay, bz}

-
— (Pl - p?);z (érzl-,a;)()('.-,ul - \T()rz.r',érziu_;éb-‘b_:)

271 /x dz | —2sinh (%) - de=" (e*/ — 1) | sin®(z(mi — ) /27
0

X — exp , — _
( T sinh z ] — e~ sinh z

0 + mi)
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Input:  DVI- 1820x1080p@58 98Hz
Output:  SDI - 1920x1080I@60Hz

Anisotropic QCD

Longitudinal Rescaling: %1 — Az¥1 223 — g2+

Ap1 = A 'Agy, Arg — Agg

!

H = Hy+ /\2H1 -+ /\2H3

3, g° p | p 3 ,92 2 2 a1 5o
= [/d.c(QE*-I—ngBL)]%—)\ [/d12E1}+)‘ [/d‘EQQ‘BBl}

no Hs in 241 dimensions
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Anisotropic QCD

Longitudinal Rescaling: %1 — Az¥1 223 — g2+

Ag1 = A 1Agy, Agg — Agg

!

H = Hy+ /\2H1 -+ /\2H2

3, g° P | p 3,,92 2 9 a1 5o
= [/d.c(QE*-I—ngBL)w%—A [/dL2E1]+)\ [/ddfgngljl

no Hs in 241 dimensions

Pirsa: 13120068 Page 18/29



Longitudinal rescaling on the lattice
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Anisotropic Lattice, 2+1 dimensions

Gauge choice: Ag = 0, A;(t = 0) = 0, make z? direction discrete.

- Z Hpesu(z?), with SU(N) field U(z) = e**42(*)

Z/d:z,/dy/lg |:L

[Jn(»@l JJ) Jo (1/ - *“)] [Jn(y 1') Jfllf(yl.-xzful)]

We compute corrections from (¥'|H;|¥) with our form factors

N
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F, is not 0

NONLOCAL “Gauss’s law” is left.

The electric field in the 1 direction is not zero, but determined
from Gauss’s law:

DEH@)¥ =0 Ei@) = - [ dy'Daly', 2 Buly, )

with the remaining condition

]d$lDQEQ(I1,I2)\D =0
which in the anisotropic lattice becomes
[ it ) - a2 - a)w =0,

The left and right color of the chiral model particles are contracted
into singlet bubbles
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Form factor perturbation theory
We can define a ‘transfer matrix” to evolve the system in the z*
direction:

T 2 9 .J*‘I)HH(J‘E:I*‘L,H(;‘[.!’-"Uru]fh' (.1’2._:’I‘3'+(1)
Tz pl4q = € < -

Truncated spectrum approach: Organize states of Hy by energy

1), 12), 13), ..., |n).

E,, is the truncation energy.

The ( ) matrix Tjx = (j|T}2 ;24,|k) can be diagonalized
numerically.

Real space renormalization group: we can study the dependence
of physical quantities ( ) on the truncation
energy E,.
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Massive Yang Mills in 141 dimensions

1 "
—TrD,U'D*U
295

o 1
S/-d*:z:— 4T1‘EIJ,F’1” +

r AL
D,=0,+ ieA)
The left SU(N) symmetry is now a local gauge symmetry.

There is a “Gauss Law” that requires the left color indices of
sigma-model particles to contract into singlets.
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Unitary gauge U = 1

In unitary gauge, the PCSM works as a Higgs field, giving mass
to the gluon.

,2
S = / dz — STeF, P — £ Tra, Ar
4 295

90

This action has one massive particle (gluon) with two SU(N)
color indices, with mass e/gg.
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Axial gauge Ay =0

f 1 ", 1 n -] ,12 p
S = /dzx Tr A[)(')fAU+ 51T f),Jf'f?“U— € Tr j(‘;"A[)— € =Ir A(")]
2 295 90 205

90

No propagating gluons. There are sigma model particles and an-
tiparticles confined into “mesons” by a linear potential, with string
tension

22

o= 2-’—l(]_\- + quantum corrections
g

This action has massive particles (mesons) with two SU(N) color
indices, with masses M,, = 2m + FE,,.
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The particle-antiparticle wave function
For a free sigma model particle and antiparticle, the wave function
is
ef;f)l.r[+f'p:y]A”_‘q__’b]b:(srww for ! < ,yl
lp(ml:yl)blht =
tf’/‘ﬂ"']“""?”lé( )d'””d‘A odydy0ajay  fOT z! >y

ayby;boag

The wave function for particles confined by the potential V' (z?, y')
o|lz' — y'| = o|z| satisfy the Schroedinger equation

1 d°

m dx?

‘I’(I)mbz + U|$|lp($)b1b: - E\D('Jj)bﬂw
with solution

CAi [(moj (z + )} Appyy, forz >0
"IJ(I)b:b'J -

C'Ai [(mo)’g (—;L' - i)] App,, forz <0,
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The particle-antiparticle wave function
For a free sigma model particle and antiparticle, the wave function
is
efm.rl+f'p:y]A”_‘q__’b]bﬁ”mw for ! < ,yl
lp(-'l:l:yl)blhf =
tf”’L""]*”"-”lé( )d’””d‘A odydy0ajay  fOT ! >y

ayby;boag

The wave function for particles confined by the potential V' (z?, y')
o|lz' — y'| = o|z| satisfy the Schroedinger equation

1 d°

m dx?

q"(z)bﬂ): + U|$|lp(-'1")b1b: - E\IJ(I)blb:
with solution

CAi [(moj (z + )} Appy,y, forz >0
Lp(r)b:bu -

C'Ai [(mo)’g (—;L' + i)] App,, forz <0,
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The meson spectrum
The quantization condition comes from requiring that the two
wave functions agree at £ — 0. The mesons masses are

x'l/[”. =2m

N3 ¢
Jho?
2mm

27
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