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Abstract: <span>We present a method for determining the maximum possible violation of any linear Bell inequality per quantum mechanics.
Essentially this amounts to a constrained optimization problem for an observablead€™s eigenvalues, but the problem can be reformulated so as to be
analytically tractable. This opens the door for an arbitrarily precise characterization of quantum correlations, including allowing for non-random
marginal expectation values. Such a characterization is critical when contrasting QM to superficially similar general probabilistic theories. We use
such marginal-involving quantum bounds to estimate the volume of all possible quantum statistics in the complete 8-dimensional probability space
of the Bell-CHSH scenario, measured relative to both local hidden variable models as well as genera no-signaling theories. See <a
href="http://arxiv.org/abs/1106.2169">arXiv:1106.2169</a>. Time permitting, wed€™I| also discuss how one might go about trying to prove that a
given mixed state is, in fact, not entangled. (The converse problem of certifying non-zero entanglement has received extensive treatment already.)
Instead of directly asking if <em>any</em> separable representation exists for the state, we suggest simply checking to see if it &odits&€s some
particular known-separable form. We demonstrate how a surprisingly valuable sufficient separability criterion follows merely from considering a
highly-generic separable form. The criterion we generate for diagonally-symmetric mixed states is apparently completely tight, necessary and
sufficient. We use integration to quantify the &oevolumea€e of states captured by our criterion, and show that it is as large as the volume of states
associated with the PPT criterion; this simultaneously proves our criterion to be necessary as well as the PPT criterion to be sufficient, on this family
of states. The utility of a sufficient separability criterion is evidenced by categoricaly rejecting Dicke-model superradiance for entanglement
generation schema. See <a href="http://arxiv.org/abs/1307.5779">arXiv:1307.5779</a>.</span>
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show up
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margins.




What is the linear qguantum bound?

e.g. [Isirelson Bound
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What is the linear quantum bound?

e.g. [Isirelson Bound )
Probability 3 > LHVM

: P[Ao :B0]+P[Ao :B1]+P[A1 =BO]—P[A1 =B1]S< 2+-\/5—>QM Ul

correlated known

output 4 > NOSIG
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What is the linear quantum bound?

e.g. Isirelson Bound )
3 —»> LHVM

P[A,=B,]+P[A,=B,]+P[A, =B,]-P[A, =B,]<:2+v2 > QM
4 —> NOSIG

A)=P[A =+1]-P[A =+1]  P[A =+1]+p[A —+1]- 1 0
"Expected

Values”

switch

PI:Af=Bj:|=P|:A;'B‘/=+l:| P|:A,=BJ.:|:;><A".E23[>+1 ]E)Oertr:]vseen
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What is the linear quantum bound?

e.g. [Isirelson Bound

More

famniliar (Ag-By)+(A,-B)+(A -B,)—(A,-B,) <1

form

(2> LHVM .
2\/5 N QM explained

on slide 7
4 — NOSIG

(AY=P[A =+1]-P[A =+1] P[A =+1]+P[A =+1]=1

P|A =B, |=P[A ‘B, =+] P[A =B

irsa: 13110092

A, -BJ.>+1

J:|:><
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. What is the linear quantum bound?

e.g. [Isirelson Bound 5 S LHVM

(A, By)+{A, B )+ (A -B,)—(A B )<{2v2 > QM
4 — NOSIG

g/'e?f;_al ¢ <A0>+02 (A])+c3 (B0>+C4 <B1>+ <o
+e5 { o

CHSH
linear
inequality

Ay-By)+c(Ay-B)+¢, (A -By)+¢ (A B)

DESIDERATUM: To determine Quantum Bound for
any weighted marginal-involving linear inequality

irsa: 13110092

We want
to find
quantum
limit for all
weights
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Motivation: Quantum Elliptope

m > 4-d quantum elliptope solved (TLM: 87, 88, ‘03)
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Motivation: Quantum Elliptope

» 4-d quantum elliptope solved (TLM: ‘87, '88, ‘03) —

and also
10 Iy sufficient
Z(_l) 1) (A; ‘B f) ST assurning
i E marginals
e are 100%
random
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Motivation: Quantum Elliptope

E > 4-d quantum elliptope solved (TLM: ‘87, ‘88, ‘03)

ixj . _ |
Z(—l) S11 1 <A[ B]) <7 ;I:/énhjg
result.
» 8-d quantum elliptope open problem (NPA hierarchy) &L
back to
this point.

Therefore I,
this is an
Interesting
problem!
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Linear
bounds =
facets.
Can “fake”
a curved
boundary.
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Motivation: Quantum Elliptope

> 4-d quantum elliptope solved (TLM: ‘87, ‘88, ‘03)
Y

%:( 1) sin <A[. Bj> <7

» 8-d quantum elliptope open problem (NPA hierarchy)

PROPOSAL: Generate very many Tsirelson inequalties to
circumscribe the quantum elliptope with a collection of facets Coe

Supporting
Hyperplane
Theorem

Page 11/66



Every
corner
square
sums to 1.
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Why an 8 dimensional space?

Drop four
more by
equivalent
ways to
get the
marginals.
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Here's a
general
formula
for the
dimension
of the
elliptope
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Why an 8 dimensional space?

AB,

A,B,

A,B,

A B,

AgB,

A,B,

AB,

A, B,

A,B,

A,B,

A, B,

A,B,

AyB,

A, B,

AB,

A,B,

k parties, m

settings

party

outputs
d p

setting

- Dimension = ((d—l)m +1)k —1

4

Derived
yesterday.
Ask me
later for a
proof.
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Recall that
this is
what we
are tying
to solve

Pirsa: 13110092

Primary Source

Lo

¢, (AO>+02 <A1)+c3 (BO>+C4 <B1>+
Ay-By)+cg(Ay-B)+c, (A By)+c (A B))

Js

For now
we are
only
Interesting
in the QM
limit.
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Primary Source

Pl
{%5( ¢ (A +e, (A +¢; (B +c, (B))+ JS?

Ay-Bo)+c(Ay-B)+c, (A By )+c (A B))
Citations

MAGANE ALREADY

existing

1980 B.S. Cirel'son Cited by 753...
“Quantum generalizations of Bell's inequality.”
Letters in Mathematical Physics 4, 93-100.

result in SOLVED?

the
literature

Pirsa: 13110092

"Theorem
2" has a
formula
for the
general
CHSH
quantum
bound
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Primary Source

( cl(A0>+02<A1)+c3(B0>+c4<B1>+ JS?
+Cs (AO-B0>+C'6(A0-B1>+c;'7 (A1 -BO)+C8 (A] 'B1>

1980 B.S. Cirel'son Cited by 753...
“Quantum generalizations of Bell's inequality.”
Letters in Mathematical Physics 4, 93-100.

ALREADY
SOLVED?

From: Elie Wolfe <elupus@gmail.com> To: Tsirelson Boris <tsirel@post.tau.ac.il> Feb 22 2011

Dr. Tsirelson, ...I am having difficulty understanding and
couldn't implementing the condition that you expressed... Could point me EESErTe

..but |

get it to
work.

to other papers discussing this work, in particular the paper\ RS
which contains your proof of this theorem? ~Elie

5
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Tsirelson’s Story

From: Tsirelson Boris <tsirel@post.tau.ac.il> Feb 23 2011
to: Elie Wolfe <elupus@gmail.com>

Dear Elie, ...my formulas appear to be wrong. It means,
some computational error was made by me many years ago. Now,
if you want to, you can try to retrace the calculations, find the error
and fix it. Unfortunately, the proof was never published (by me),
and the calculations are lost. Why did not I publish it? Well, T was
very discouraged that no one was interested at all in these
results. Nowadays it seems strange, but check the literature
of 1980-1990: quite few related works (only L. Landau, and
Summers, Werner). And in addition, that time I was in Alia refusal
in Soviet Union; it was difficult to me to publish anything at all, the
more so, something "strange, neither mathematics nor physics, of
very little interest". Best wishes, --Boris

6
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This is the
recipe for
determine
linear
quantum
bounds.
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Measures=0Observables, Limit=Eigenvalue

» Define only local quantum measurements with +1 -
eigenvalues. why we

use

» The joint observations are composed operators. BErEEc:
Hence the joy of values.

(A, ‘B, >

Page 18/66



Measures=0Observables, Limit=Eigenvalue

> Define only local quantum measurements with =+1
eigenvalues.

» The joint observations are composed operators.

(A, ‘B, >

Hence the joy of

_ . For qubits we draw from the Pauli Matrices

tensor » Measurements for different parties must commute.

product Variation

S (- (hon  (3)o(98)  (AB)o(res) N

Spaces
measurem
may not

AW > For dichotomic scenarios, one it
ok. See: degree of freedom is sufficient.

. ; matters.
Tsirelson'’s
Problem

irsa: 13110092 Page 19/66



We use X
and Y
bases b/c
empty
along the
diagonals

Measures=0Observables, Limit=Eigenvalue

Ay

U
cos(0, )y +(~1) sin(6,)

y

Oy

et

Reflection
symmetry
makes is
easier, but
IS not
needed.

» For dichotomic scenarios, one
degree of freedom is sufficient.

—_—

irsa: 13110092 Page 20/66



Find the Largest Eigenvalue

e

_——

We must
maximize
this

Key point:
Translate

(A) (A ®1)

(B,)—>(1®B,)

J

(A,-B,)>(A ®B,)

the linear
inequality
Into a
quantum
operator

irsa: 13110092

2)-(

A, ®1+c,A ®1+¢,10B;+¢, 1B, +
csA,®B,+cA, B, +c,A ®B, +c,A, @B,

>

operator
over all
possible
quantum
states
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. Find the Largest Eigenvalue

(AY—>(A®1) (B)>(1®B)) (A B)—>(A®B)

(7) <clA0®1+czA,®1+c31®B0+c41®B1+ >

csA,®B,+cA, B, +c,A ®B, +c,A, @B,

Express the matrix — obtain characteristic polynomial
Roots are — solve for the roots — find largest root — Wl

solve for
just the

the
eigenvals roots??

Right...
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. Find the Largest Eigenvalue

(AYy—>(A®1) (B)>(1®B)) (A B)—>(A®B)

(7) <clA0®1+czA,®1+c31®B0+c41®B1+ >

csA,®B,+cA, B, +c,A ®B, +c,A, @B,

Express the matrix — obtain characteristic polynomial
Roots are — solve for the roots — find largest root — Wl

solve for
just the

AR oy over B, & B; (to span all polynomial coefficients). [

roots??
Right...
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A Better Way / An Analytic Approach

> Solving for the many (# 4 ginat-observables=4) roots of
the polynomial is HARD.

» Simultaneous maximization over multiple degrees of
freedom (6,,6;...=2) is HARD.

irsa: 13110092 Page 24/66
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A Better Way / An Analytic Approach

> Solving for the many (# 4 ginat-observables=4) roots of
the polynomial is HARD.

» Simultaneous maximization over multiple degrees of
freedom (6,,65...=2) is HARD.

> Advantage: Hyperbolic Polynomial (all roots real)

» Use Intermediate Value Theorem to tightly define the
region larger than the largest root.
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Intermediate Value Theorem

f(m)=m*—m’—4m* +3m+2
3 We can
always set
the
leading
coefficient
to one.

Just a
random
quartic
with four
real roots.
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Intermediate Value Theorem

m f(m)=m"—m’—4m* +3m+2

irsa: 13110092 Page 27/66



All sign
changes
in the
function
and in its
derivatives
happen
BEFORE
largest
root

Pirsa: 13110092

Intermediate Value Theorem

f(m)=m*—m’—4m* +3m+2

Look at
behavior
near
+infinity.
Must be
the same!!
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Intermediate Value Theorem

E f(m)=m*—m’—4m* +3m+2

-3
From et
maximize ) MINiIimize
over over just

un el Holds for any Hermitian Eigenvalue Problem! one!
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| l “ForAll” Constrained Optimization | |

e o o
weights_to| <A0>+<A0 BO>+<AO B1>+<Al B0>_<Al B1> =9 together
a margina NOW.
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“ForAll” Constrained Optimization

(A,)+(A, B+ (A, -B)+ (A, -B,)~ (A, -B,)< ?

\

First step: cos {6, )+ sin(9,) cos (0, + 0y )+isin(0, —0,) | EEEESS
convert to _ 2 ' ' form is
an ’ 0 sin( 0 not
operator. cos (0, —0,)+isin(0, +0,) 0s(%1) -;I sin(0,) important.
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“ForAll” Constrained Optimization

<A()>+<Ao 'B()>+<A0 'B1>+<A1 'B()>_<A1 'B1>

S m' ~10m* +9—64(4cos’ 6, —1)(sin” 6, ) (cos* &, ) (sin* 6, )
and all ) m’ —Sm

derivatives )
must be
positive.

This is
what is
Im’ -5 Important!

) sin( ¢/
COS((\);ISIH({‘) COS((),\ "'()n)"' iSin(O-- _()13)

0,)+isin(0
cos(0, —0,)+isin(0, +6,) cos \)-; isin(0,)
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\

“ForAll” Constrained Optimization

We drop Only these
i V, o im' =10m" +9>64(4cos’ 0, —1)(sin’ 6, )(cos’ 0, )(sin® 0, ) and m>/5 | AN

S matter
conditions
now

(m" —10m* +9—64(4cos” 6, ~1)(sin? 6, )(cos® &, ) (sin* &, )
< m’ —5m
3m* -5

|m

Pirsa: 13110092 Page 33/66



“ForAll” Constrained Optimization

V, o im' =10m" +9>64(4cos’ 0, —1)(sin’ 6, )(cos’ 0, )(sin> 0, ) and m=+5

We want
We want

- setting cos¢, =sin¢/, =1/v2  makes 64(cos” 0, )(sin* 0, ) > 16 worst-

maximize b
: U scenario,
the right

. needing
hand side Y, im'=10m’ +9216(4cos’ 0, ~1)(sin’6,)  and  m=+5 largest m

Pirsa: 13110092 Page 34/66



Easier to
maximize
of Cosine
squared

than ©

Pirsa: 13110092

“ForAll” Constrained Optimization

V, o im' =10m" +9>64(4cos’ 0, —1)(sin’ 6, )(cos’ 0, )(sin> 0, ) and m=+5

v, :m'=10m* +9=16(4cos’ 6, —1)(sin’ 0, ) m=+/5
J
:m' —10m* +9>16(4cos’ 6, —1)(1-cos’ 4, )
y
8(4cos26’B—1)(1—00326’B)_0 . COSZQB%%

Ocos’ O, . 6(4cos2 6’]3—1)(1—cos2 0y) 9

v

X
cos” &y

Right
hand side
Is at-most
9. Easy!
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“ForAll” Constrained Optimization

Which
condition
IS
stronger?

Back- m'=10m*+9>9 and m=-5

subsitute

v, m'=10m* +9=16(4cos’ 6, —1)(sin’ 0, ) m=>/5
J
Viooeg it =10m* +9216(4cos’ 0, ~1)(1-cos’ 0, )
J

8(40032 6,13_1)(1_0032 6’3) , . Cos’ 0, — %
dcos’ 0, B .

6(4cos2 0, —1)(1—(:052 0y) > 9

Pirsa: 13110092 Page 36/66



. “ForAll” Constrained Optimization

m' —10m>+9>9 and m=+5

U

And
hence we

have his is a
T (A )+ (A, B,) (A, B)+ (A By) (A B,) <10 EEER
quantum

bound!
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Results: New Quantum Bounds

3 — LHVM

This top \/fal s (2“4

inequality

is the one 4 —  NOSIG

we just
derived.

<43 —> QM
4 — NOSIG

((A(,)+(A,)—(B0)+ 3 5 LHVM

(A, By)+(A,-B)Y+(A -B,)—(A ‘B))

TAKE
HOME
MESSAGE

Simple
marginal-
involving
bounds

irsa: 13110092
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. Upgrade: Nonlinear Quantum Bounds

\Y |x|s2:

X(A,)+ J

L (A, B,)+(A,-B))+ (A, -B,)—(A,-B,)

<4

Analytic
technique
SURPRISE! work for
non-
numbers
as well!

J2-XP)(4-3x7) - X
' 1-x?
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Sample Contrast with NPA

(A)+(A)—(By)+(A, By)+{A,-B)+(A -B))—(A -B)<3

| Alinear quantum
§ bound, deemed QB;




Sample Contrast with NPA

(A)+(A)—(By)+(A, By)+(A,-B)+(A -B))—(A -B)<3

Jix = sin”’ ‘ ' ; ‘fm + Jou T i _f1,1‘ /1

NPA,, criterion for
| first level of hierarchy




Sample Contrast with NPA

(A)+(A)—(By)+(A, By)+{A,-B)+(A -B))—(A -B)<3

Here is a
elal\%
biased
scenario, a
test point
In 8-space

Pirsa: 13110092

‘ﬁ),l tJoa T Jig _fu‘ <7t

Question
Is, IS It
quantum?
Could this
ever
happen?




Sample Contrast with NPA

(A)+(A)—(By)+(A, By)+{A,-B)+(A -B))—(A -B)<3

’ ‘fo1 +f0,1 t 1o _fl,l‘sﬂ.

Pirsa: 13110092
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EXTENSION #1

“Recovering part of the
quantum boundary
from information

causality “

PRA 80, 040103 (2009)

Jonathan Allcock
Nicolas Brunner
Marcin Pawlowski
Valerio Scarani

The authors sought to compare their
IC bound to the true QM bound.
They used NPA;.

3.8¢

CHSH =40+2
w
0

-
-
= -
-

0 0.5 1.5 2

1
CHSH, = Eyy~Ep *Eo*E,=2B
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Cabello solved for the fraction of
EXTENSION #2 statistics compatible with QM in the
4-dimensional correlations subspace

NOSIG® | TLM® LHVM®

“How much larger are 5
quantum correlations 1 3z ~ (0.925 g ~ (0. 667
than classical ones?” 32 ) .

~/

PRA 72,012113 (2005)
Adan Cabello

16
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EXTENSION #2

“How much larger are
quantum correlations
than classical ones?”

PRA 72,012113 (2005)
Adan Cabello

Cabello solved for the fraction of
statistics compatible with QM in the
4-dimensional correlations subspace

NOSIG® | TLM" LHVM®

)
3 0.925 % ~0.667

1

But the 8-dimensional volume for the
total quantum elliptope...

NOSIG® | NPA®  ~QM® | LHVM™
=1088 | ~1086 | <1084 | =1024

16
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SUMMARY

SLIDE

* Quantum Linear Inequalities
are (again) State of the Art

* Quantum Linear Inequalities
are Readily Derived

« Hermitian-Matrix  Eigenvalue-
Maximization can always be
reformulated as single-variable
constrained-optimization due
to the Intermediate Value
Theorem

(i),

(A, B)+({A ‘B, )—(A, -B))
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Certifying Separability
of Mixed States

Two Easy ldeas
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Appearances can be deceiving

‘®+>=|oo>i\11)

J2

Here are some highly
entangled Bell
states.._____
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Appearances can be deceiving

they can be
expressed
as product states...
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Appearances can be deceiving

00) (00| +|11) (00| +[00) (11| +]11){11
00) (00| —[11)(00[—[00) (11| + [11}(11

@)@, [+]®_){®_|=]00) {0o] +[11){11]

 and when mixed are
} seen to be separable!

Page 51/66



We want to certify full separability

PPT WEAK

PPT along a bipartition Separable over that bipartition
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We want to certify full separability

PPT
PPT along a bipartition

MEDIUM

Separable over all bipartitions

WEAK

Separable over that bipartition

STRONG
Completely Separable
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We want to certify full separability

PPT WEAK

PPT along a bipartition Separable over that bipartition

MEDIUM STRONG

Separable over all bipartitions Completely Separable

Last resort:
Try to find an explicitly separable decomposition

20
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Easy Idea #1: Build 8& Check

Does the mixed state fit the form of some family of
separable states?

All Seperable States

V

Seperable
States of a N
Given Form |

21
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Diagonally Symmetric States l ‘

N
GDS are p(}l)S — Z H"o Dleen0 ><chken0 Just an

(HYELLY)

1y =0 example.
entangled. 0 P




Diagonally Symmetric States

N
o= I1 ' <chke
e Pacps Z "y

(usually) 1ty =0

entangled.

1ax

N
no 0) . .
Psps = 2 D oxy (= ><chke s
SDS are (N no ' om0 o1 i Mo My Does it fit?

made to
be

separable
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Diagonally Symmetric States

Pacps = i Hno . ny ><DiCken0

Psvs = — - ZZ v, ¥ Dicke, ><Dicke,,,0

. a tailor-made sufficient separability criterion:
The
by N x, v (=)

might fit

. ) _ Jj=1
the Paps € Psps iff Ele,y;vﬂo ) H”o B
ad Hy: (N ”o)

such that ; 0 0<x, <1 /\ O0<y <1

Illll"(
_no

separable
form!

Pirsa: 13110092

Convexity
conditions
are

Important.
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Four-Qubit Explicit Example

For
diagonally - n (4=ny) Derived
symmetric 4'2 ‘xjyj 0 (1 a y/) on
states, this j=1 | revi

n = previous

system of " : _
equations 0 1, 1(4 -1, )l slide.

checks fit
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Five
equations
for a
system of
four
qubits.

irsa: 13110092

Four-Qubit Explicit Example

n =

Hy

) (y1)4+x2 (y2)4

3
A x, " (1-y
j=1

ny!(4-n,)!

) (yl)3(1—yl)+x2(y2)3 (1-,)

X, (y1)2 (1_y1)2 t X, (yz)z (1_y2)2

X, (yl)(l_yl)3 +x2(y2)(l—y2)3

X, (1—)/1)4+x2 (1—y2)4+x}

Always
N+1
equations.
Should be
same # of
degrees of
freedom!
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Our form
gives

X &Yy in
pairs.

Pirsa: 13110092

Four-Qubit Explicit Example

) (y1)4+x2 (y2)4

Il

Hy

3
A x, " (1-y
j=1

) (yl)3(1—yl)+x2(yz)3 (1
X (y1)2 (1_y1)2 t X, (yz)z (1_y2)2

_yz)

X, (yl)(l_yl)3 +x2(y2)(l—y2)3

X, (1—)/1)4+x2 (1—y2)4+x

So when
odd # of
equations
we set last
y to zero.
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Dicke Model Superradiance

E I, '[7]==(n, +1)(N =ny)TI, [z']+f¢0 (N -n, +1)H("0_1)[2']

A

Decay Rate Refill Rate

Nl [0] _ 1 ny = ¢ Superradiance Population Time Evolution for N=4
o 0 n,>C |,

0.8

Does £
superradiances
time evolution
lead to 02
entangled sta!

0.4

0.0
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Dicke Model Superradiance

E I, '[7]==(n, +1)(N =ny)TI, [z']+f¢0 (N -n, +1)H("0_1)[2']

A

Decay Rate Refill Rate

1 [0] _ I ny = ¢ Superradiance Population Time Evolution for N=4
« 0 n,>C |,

0.8

Does £ .6
superradiances
time evolution
lead to 02
entangled sta!

0.4

0.0
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Dicke Model Superradiance

E I, '[7]==(n, +1)(N = ny)TI, [z']+f¢0 (N -n, +1)H("0_1)[2']

A

Decay Rate Refill Rate

Decomposition Elements for N=4
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Easy Idea #2: Equality by Integration

. p . . Trying to
So we have a sufficient separability criterion... ballpark
Did we do the

2 good How “good” is it? Could it be tight? Compare to PPT fraction of

job? separable
states it
certifies...
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Easy Idea #2: Equality by Integration

So we have a sufficient separability criterion...
How “good” is it? Could it be tight? Compare to PPT

INTEGRATE THE VOLUME OF STATES PER CRITERION
» PPT: We define a 0/1 indicator function on the state

el > SDS: We use a Jacobian transform to determine a o

volume element one stone:
ALL PPT also

separable proven

states Volume SDS = Volume PPT .. Necessary & Sufficient! e
certified on this
by build- family of
&-check! states.
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