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Abstract: <span>Twist defects are point-like objects that support robust non-local
storage of quantum information and non-abelian unitary operations.
Unlike quantum deconfined anyonic excitations, they rely on symmetry
rather than a non-abelian topological order. Zero energy Majorana bound
states can arise at |attice defects, such as disclinations and

dislocations, in atopological crystalline superconductor. More general
parafermion bound state can appear as twist defectsin atopological
phase with an anyonic symmetry, such as a bilayer fractional quantum
Hall state and the Kitaev toric code. They are however fundamentally
different from quantum anyonic excitations in a true topological phase.
Thisis demonstrated by their unconventional exchange and braiding
behavior, which is characterized by a modified spin statistics theorem
and modular invariance.</span>
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Outline

* Motivation: Ising quasiparticles
"= Whatare they? Why desirable? How to realize?

e Twist Defects in Topological Phases
[JT, A. Roy, X. Chen, arXiv:1306.1538; arXiv:1308.5984 (2013)]
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= Review on abelian topological phases

K-matrix, modular S, T transformation
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Outline

* Motivation: Ising quasiparticles
"= Whatare they? Why desirable? How to realize?

e Twist Defects in Topological Phases
[JT, A. Roy, X. Chen, arXiv:1306.1538; arXiv:1308.5984 (2013)]
= Review on abelian topological phases
K-matrix, modular S, T transformation
= Anyonic symmetry
anyonrelabeling, e.g. toric code, bilayer FQH, A-D-E Lie algebra
= Topological twist defect (theoretical examples)
®= Multi-channel fusion (i.e. non-abelian)
= Exchange and double twist

modified spin-statistics theorem
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Ising anyon
Non-local quantum state, Robust against local perturbations
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N. Read and D Green, Phys. Rev. B 61, 10267 (2000)
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Non-local quantum state,

Ising anyon
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Robust against local perturbations

oxXo=1+Y
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N. Read and D. Green, Phys. Rev. B 61, 10267 (2000)
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N. Read and D. Green, Phys. Rev. B 61, 10267 (2000)
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Majoranas at proximity interfaces

SC SOC-semiconductor

~ Dirac helical mode
QSHI

Fuand Kane, 09 Sau, Lutchyn, Tewari, Das Sarma, 10

hR2e

LCY. Teo and C.L. Kane,
Phys. Rev. Lett. 104, 046401 (2010)
Phys. Rev. B 82, 115120 (2010)
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Majoranas at proximity interfaces

SOC-semiconductor

B R —
SC
QSHI
Fu and Kane, 09 Sau, Lutchyn, Tewari, Das Sarma, 10
h/2e

J.CY. Teo and C.L. Kane,
Phys. Rev. Lett. 104, 046401 (2010)
Phys. Rev. B 82, 115120 (2010)
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Majoranas at proximity interfaces

SOC-semiconductor

B T —

SC

Fu and Kane, 09 Sau, Lutchyn, Tewari, Das Sarma, 10

h/2e

J.CY. Teo and C.L. Kane,
Phys. Rev. Lett. 104, 046401 (2010)
Phys. Rev. B 82, 115120 (2010)
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e Can we do better?

= Moore-Readv=5/2 FQH state requiresvery low temperature, high
mobility and high magnetic field

® |sSr2RuO4 chiral? (Raghu, Kapitulnik, Kivelson, 2010)
= TI-SC-FM heterostructures require smooth interface

®= |sing quasiparticles in non-chiral homogeneous materials in
reasonable temperature without external magnetic field?

= Non-abelian objects from abelian systems? Y ES

e Defect related topics
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* Can we do better?

Moore-Read v=5/2 FQH state requiresvery low temperature, high
mobility and high magnetic field

Is Sr2RuOa chiral? (Raghu, Kapitulnik, Kivelson, 2010)

TI-5C-FM heterostructures require smooth interface

Ising quasiparticles in non-chiral homogeneous materials in
reasonable temperature without external magnetic field?

Non-abelian objects from abelian systems? Y Es

* Defect related topics
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TWIST DEFECTS IN
TOPOLOGICAL PHASES

JT, A. Roy, X. Chen, arXiv:1306.1538; arXiv:1308.5984 (2013)
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(Reivew) Abelian Topological States

 (2+1)d Chern-Simons theory (wen and Zee, 92)

1
L = EKIJOJ N day K = (Krj)nxn~

. 1
Gapless edge Ledgge = EKIJ8$¢[8t¢)J
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(Reivew) Abelian Topological States
 (2+1)d Chern-Simons theory

1
E=4—K1Ja1/\daJ Kz(KIJ)NxN
7T
* Chiral gapless edge 1
gap g Ledge —_ 4_KIJ8$¢1815¢)J
7T
w Quasiparticle operator w?p — eza-qb

¢E‘: (¢13"'7¢N)

Anyon lattice 6 F* —_— ZN

e Fusion ngp < w;)p = ’gbgz;"b
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(Reivew) Abelian Topological States

Bulk boundary correspondence

W2 ()PP (w)) = (2 — w)> K 'P

z~NxT+ 1Yy
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(Reivew) Abelian Topological States
* Braiding phase 360-deg twist

2mial K~ 1b _ miaT K la
e 9a — €

—

* Local particles ), .0y = € 1l = Ka
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(Reivew) Abelian Topological States

* Braiding phase 360-deg twist
e
* Local particles 1)y, = e 1= Ka

2riaT K—1b an - ewiaTI\" la
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(Reivew) Abelian Topological States

* Braiding phase 360-deg twist
e2mial K~ 'b 0, — ema’ K la
* Local particles ;.01 = etlé 1l = Ka
® ® @ O
. (2 —1) e © o e O O
K =
—1 2
® ® ® ® @ O
(0,0) (1,0)
(a, b) = al’ K 'b ® o o o O O
® ® @& O
¢ = P,
' — 72 ' = KZ
\ )

Y
Bose condensed
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(Reivew) Abelian Topological States

* Braiding phase 360-deg twist
e2mial K~ 'b 0, — ema’ K la
* Local particles ;.01 = etlé 1l = Ka
® O e O
- ( 2 -1 ) O e ® O O O
K =
—1 2
® e O e e O
(0,0)  (1,0)
(a,b) =a’ K 'b © e e O O O
®e O e O
¢ - 2.
s — 72 I' = KZ
* Anyon content \ Y J
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. >k
A =1 /F Bose condensed
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(Reivew) Abelian Topological States
* Braiding phase 360-deg twist

aTK-1b mial K~1a
Sub = 2l Tab =€ ab

* Algebraic relations [proj. rep. of SL(2:Z)]
(ST)S _ eic_'rr/452 84 =51

* Modular transformation of a torus

G. Sagal, lecturw (1980); §. Verlinde, Nucl. Phys. B 300, 380 [19s8);
. Witten, Comm. Math, Phys. 121, 381 [19a9);

LG, Wen, Int. | Mod, Phys, B4, 229 (1990)
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Anyonic Symmetry

* Anyon relabeling operation

a— Aa AKAT = K
® O o ® O o
(0,1)

O @ @ O O e @ O
= ) ® e 0O 0 o ® © O o o
= 0,0 (1,0

0.10::0: Ollimired 0L @) ‘@ (@]
—————
@ O @ 60degrotation ®e O o

* Symmetry in fusion, braiding and spin

Shanb = Sab Thanp = Ty,
* Not necessarily a symmetry of Hamiltonian

1" dimension “weak” symmetry breaking (Kitaev, 08)
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Anyonic Symmetry

 Anyon relabeling operation

a— Aa AKAT = K
® O e ®e O e
(0,1)
O e e O O e e O
2 —1
1\’=(_12)ooooo ® © O e o
(0,0) (1,0)

O 6] @ O mirror @) €] @ O
@ O ) 60-deg rotation @ O -

 Symmetry in fusion, braiding and spin

SAaAb — Sab TAaAb — Tab
* Not necessarily a symmetry of Hamiltonian

1stdimension “weak” symmetry breaking (Kitaev, 06)
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Anyonic Symmetry (Examples)
e Anyonic symmetry AKA?T = K

Kitaev toric code (Z: gauge theory) electric-magnetic duality
K =20, A= o0, e <> m
Bilayer fractional quantum Hall (mmn)-state
m n O 1
k= m) 2=(3 )

A-D-FE level 1 Lie algebra state outer automorphisms

K = Cartan matrix A= symmetry of Dynkin diagrams

A, = su(r + 1) D, so(8)

OoO—-~CO— ...... —O—-—O0
Eg
D, so(2r) I Y
oO— O O—O0—O—O0——O

...... S3 triality
Mirror symmetry symmetry
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Non-abelian Defects in abelian systems

e Semiclassical topological point defect

JT, A. Roy, X. Chen, arXiv:1306.1538; arXiv:1308.5984 (2013)
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Non-abelian Defects in abelian systems

e “Dislocations” in
Kitaev toric code

H. Bombin, PRL 105, 030403 (2010)
A. Kitaev and L. Kong,

Comm. Math. Phys. 313, 351 (2012)
You and Wen, PRB 86, 161107(R) (2012)
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Non-abelian Defects in abelian systems

* “Dislocations” in * Majorana zero mode
Kitaev toric code at QSHI-AFM-SC
Quasi-2D m = flux vortex
s-superconductor v = fermion

e=m =<y

Fermion parity pump

® hc/2e

H. Bombin, PRL 105, 030403 (2010)
A. Kitaev and L. Kong,

Comm. Math. Phys. 313, 351 (2012)
You and Wen, PRB 86, 161107(R) (2012)

L. Fuand C.L. Kane, 09
JTandC.L. Kane, 10
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Non-abelian Defects in abelian systems

* “Dislocations” in bilayer FQH states

M. Barkeshli and X.-L. Qi,
Phys. Rev. X 2, 031013 (2012)

M. Barkeshli and X..L. @, arXiv:1302.2673 (2013)

45
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Non-abelian Defects in abelian systems

e “Dislocations” in bilayer FQH states
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M. Barkeshli and X.-L. Qj,
Phys. Rev. X 2, 031013 (2012)

M. Barkeshliand X.-L. Qi, arXiv:1302.2673 (2013)
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Defect — anyon composite

e Defect species
—oxa=0 X (a+ (A —1)b)

O_A - @) a+ (A —1)b

JT, A. Roy, X. Chen, arXiv:1306.1538; arXiv:1308.5984 (2013)

Pirsa: 13110078 Page 30/45




Pirsa: 13110078

Defect —anyon composite

* Defect species

oy=o0xa=0x(a+(A—-1)b)

=T*/T = ZV/KZ
_a+(A-1)b A &

O.A - = - A
A-1A

A

T, A, Roy, X. Chen, arXiv:1306.1538; arXiv:1308.5984 (2013)
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Ising Defects in Toric Code

(33 1-(18) =) () ==(2) =(})

JT, A.Roy, X. Chen, arXiv:1306.1538; arXiv:1308.5984 (2013)
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Ising Defects in Toric Code
(38 2210 -(6) () () o)

X
|
3

JT, A. Roy, X. Chen, arXiv:1306.1538; arXiv:1308.5984 (2013)
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Ising Defects in Toric Code
) 2250 =) (@) (1) )

e O1 = 0g X € = gg X M

X
|
3

O'():O'()X’lp

T

JT, A. Roy, X. Chen, arXiv:1306.1538; arXiv:1308.5984 (2013)
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Non-Abelian Fusion

Assume twofold defect A2 —_ 1

a=(1-A)b

a€(l1-A)A

JT, A. Roy, X. Chen, arXiv-1306. WrXiv:1308.5984 (2013)
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Exchange

Assume twofold defect A2 — 1

JT, A. Roy, X. Chen, arXiv:1306.1538; arXiv:1308.5984 (2013)
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Exchange

Assume twofold defect A2 — ]_

JT, A. Roy, X. Chen, arXiv:1306.1538; arXiv:1308.5984 (2013)
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Exchange

Assume twofold defect A2 — ]_

‘b D © Egi
a . a
Ccrossin

@ Ab
s \)
double loop

b

a
JT, A. Roy, X. Chen, arXiv:1306.1538; arXiv:1308.5984 (2013)
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Exchange

Assume twofold defect A2 — ]_

‘b D © Egi
a . a
crossin

N;@ Ab
s \
double loop

b

a
JT, A. Roy, X. Chen, arXiv:1306.1538; arXiv:1308.5984 (2013)
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Exchange

Assume twofold defect A2 P 1
RZ° = (crossing) X (double loop)
O )\ o)

A
P = LS R2T =0,
\ o a

360 rotation— not a closed cycle

é 27
_—

JT, A. Roy, X. Chen, arXiv:1306.1538; arXiv:1308.5984 (2013)
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Modified Spin-Statistics Theorem

Assume twofold defect A2 e 1

RZ° = (crossing) X (double loop)
O )\ O )\

I b\ S 1 ,RO')\O'A A 9

_ d a T T\
\ 9 a
41

a >

C C

JT, A. Roy, X. Chen, arXiv:1306.1538; arXiv:1308.5984 (2013)
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S1L.(2:7Z.)) Modular Transformation?

Ox1 92Xz O\, O X\

\ 1
SO‘)\ (215N / 20A10')~2 — 50A10A2
1 2 \
h

« Algebraic relations [proj. rep. of SL(2:;7Z.)]
(ST)B _ ez’c_ﬂ'/452 84 — 1

JT, A. Roy, X. Chen, arXiv:1306.1538; arXiv:1308.5984 (2013)
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SL(2:;7Z.) Modular Transformation?

IXq I\

N
SO‘,\ T\ - Ta)\la;\z - 50'A10'A2 K
1 2 \
Y

e Algebraic relations [proj. rep. of SL(2:;7Z.)]
(ST)3 _ eic_'zr/452 84 — 1

60-deg rotation
Dehn twist

[
-

a T oA /_:m
e——" -

3 Lol
S
~ 4

90-deg rotation
JT, A. Roy, X. Chen, arXiv:1306.1538; arXiv:1308.5984 (2013)
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Pi

I'o(2) Congruent Transformation

O\, T2 O )\

\ 1
So')\lo')\Q - é T0A10A2 — 0',\10)\2 /\
\

* Algebraic relations

(ST—1)2 — C 02 — 1 [S, C] [ JC] — O
(a) g b >
T = double x-Dehn twist C" E} T " J
> vj} h T T
v —

A
£ >
/ c > >
> >

JT, A. Roy, X. Chen, arXiv:1306.1538; arXiv:1308.5984 (2013)
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Conclusion
* Non-Abelian Twist Defects in Abelian Topological Phases

* Anyonrelabeling symmetry

toriccode, bilayerFQH, A-D-E Lie algebra
* Multi-channel fusion

* Modified spin-statistics theoram
defect exchange = 720-deg twist
" Algebraic relation of braiding S and exchange T

congruent transformation I'e(2), subgroup in SL(2:2)

* Outlook

* Twist defects in higher dimensional topological phases
" "Me

Iting” an anyonicsymmetry and make twist defects quantum dynamical

IT, A. Roy, X. Chen, arXiv:1306.1538; arXiv:1308.5984 (2013)
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