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Abstract: <span>| will be discussing
relation between scale and conformal symmetry in unitary Lorentz invariant QFTsin four dimensions.</span>
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The Grand Scheme of Things

General Properties of (unitary, Lorentz invariant) QFT

@® General properties of renormalization group flow
® Irreversibility of the RG flow, a/c-theorem

e End points of the flow, scale vs conformal invariance

; : s . uv
@® Minkowskian vs. Euclidean language

e Unitarity and Reflection Positivity

e Properties of S-matrix

IR
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Zamolodchikov’s C-theorem

One function to rule them all

e key object: 2pt function of the S.E. tensors (Tuw (2)7,5(0))

e conscrvation 8,7, = 0 implies 2ptis governed by one function
(Tpr (P)Tpo (—P)) = (PuPr — P°Gur) (PpPs — P> Gpo) %

e in the conformal theory f(s) — ¢-s where s = n?

e positivity of Ac = f/(oc0) — f/(0) follows from the sum rule

Ac = / as I f(s) Ac = /d% x2 (T ()T (0))

52

® cxistence of C-function ¢(x) isa “miracle” (possibly atributed
to coordinate space and only one function at play)
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QFT1 1n 2d: nice and simple

Many equally good ways to see the same

@ many ways to prove C-theorem
2
ds D — s
Ac =
Ve

— S (s)
2
f(s) = (T(P)T'(—p))
e Minkowski language = Euclidean language

SF =0 e TS [2 e (T2 T(0)) =0

1O g <

Cuv

e Scale invariance => conformal invariance

Sf(s) ~s = Ac —> oo = (TT) — oo
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Effecuve acaon language 1in 2d

One of many ways to formulate the proof in 2d

O O
e generating functional of connected diagrams (effective action)
—2
L—>LA4+717T Wir] = Wlgur = nue™ 7]

e |locality of the effective action + form of the conformal anomaly
m» simplest case: CFT — mass gap

W = /(123; VI (&-RD—IQ +  aR+ O(R?)

—

CeEl

Polyakov’s action General local action
Wir] = /dz.'): Ac (01)2 + O(83)

82W

(T (x)T(0)) = 7 (2)57(0)

Pa o /(12:1: 2 (T (x)T(0))
: CFT
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Effecuve acuon language in 2d

One of many ways to formulate the proof in 2d

< <
e gencrating functional of connected diagrams (effective action)
—2
L — E -+ TT m'/[T] — VV[Q,W — T)p,uc T]

e |locality of the effective action + form of the conformal anomaly

m» simplest case: CFT — mass gap

W = /d% /g (QR O 'R + aR+ O(R2)>
Polyakov’s action General local action
Wilz] = /dz.'): Ac (8717)% + O(83)

82W
OT(x)o7(0)

@) 1 [}

(T (2)T(0)) =

Nipr=— /(12:1: 2 (T (x)T(0))
: CFT
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Polchinski theorem

Scale invariance = conformal invariance in 2d

e scale invariance: f(s) =k-s or f(s) =k - slog(s/u)
first option is in fact conformally invariant (T'(p)T'(—p)) ~ p?
second option is NOT scale invariant because of

f(s
(L) (P)Tpo (—P)) = (Pppr — P*91r) (PpPo — P Gpo) 154)

e role of unitarity is transparent in ST = CFT in 2d

e Polchinski mainly had to prove that scale invariance is what we
intuitively think it is i.e. correlators are ¢ independent

e C-thecorem and SFT = CFT both based on the 2pt function (777"
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C-theorem in (2n)d

Cardy conjecture

- - ‘ C
® conformal anomaly in 2d 7" = ER

7 - 2
® conformal anorna]y_w indd I"'=aFE4+ 3cW

@ conformal anomaly in (2n)d 71" = conEopn + . - .

made of Weyl tensors

e Cardy conjecture: (T") gz2n ~ ca2,, is decreasing from UV to IR
in4d ayv = arr

m rcasoning: NH7T')gsa/Or ~ — f (T(0)T (x))d*x <0
g4
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ad-theorem 1mm 4d

What we knew (or believed) before Komargodski-Schwimmer

® since 7" = a E4 + --- ~ R? the d-anomaly i1s not seen in the 2pt but
requires 3 or 4pt function of the S.E. tensors

e unitarity of the 3pt functuion (I'TT) does not imply positivity

e unitarity of (737 T, Tw) (somehow) implies positivity;
yet the 4pt function includes hundreds of functions and relate
Rk P e . e
positivity to a’ is a very difficult task

e no obvious advantage of Minkowski space over Euclidean or
momentum over coordinate space
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Umitarity in Euclidean space
An ode to Osterwalder and Schrader

< <

@ Unitarity in Minkowski = reflection positivity in Euclidean space

Minkowski: unitarity = positivity of norm | |<rb iy ¢>|

Euclidean: unitarity = reflection positivity (d’ e PP ¢> full = 0

® Other manifestations of unitarity in Minkowski spa(:c?

= (08)" + = (84)" -+

positivity of €
Dubovsky et al. 2008

Az _,2(s) = €A4 + O(s?) = / = \S-Az—»z(" )

= =05 jion== il
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Unitarity in Euchidean space

An ode to Osterwalder and Schrader

@ Unitarity in Minkowski = reflection positivity in Euclidean space

P)* >0

Euclidean: unitarity = reflection positivity <(r'9 QP (f)>[‘ull > 0

® Other manifestations of unitarity in Minkowski space?
positivity of ¢ D €

Dubovsky et al. 2008 L=(0¢)" + A4 (8g)" +.

8* : ls’
o .0(8) = €— <+ ')s’l — (7\ 2.9
Agoas) = e +0(6h) = [ =S Aaa(s)

Pl = —P3 P2'= —P4
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Unitarity in Euclidean spacell
' We do not know how to formulate certain things in the Euclidean space

(o) o>

® Is reflection positivity all unitarity implies in Euclidean space?

e yes
there is a way to prove € = () using reflection positivity

e NO
O.-Sch. is necessary but not sufficient

e yes, but..
low energies in Minkowski <= all energies in Euclidean description

In practical sense Minkowski space turns out to be
much more powerful
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a-theorem 1n 4d

highlights of Komargodski-Schwimmer approach
® Effective action for dilaton
T r 1 —2
L—L+TT Wir] = Wlgu = nue "]
@ Promoting dilaton to a dynamical particle

scattering of 2 — 2

e Covariance of W|r]

e On-shell condition for dilaton Di-= =—pPg. pPoi= =4
Op=0f(1—e"")=0

e On-shell action (scattering) depends only on Aa = ayy — arg

Wirl = [ (0 +28a(07)" + 0@")
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Scale vs Conformal in 4d

perturbative prove near CFT, Luty, Polchinski, Rattazzi

® Scale invariance implies 2 — 2 scattering is trivial

ik e ds
otherwise the dispersion 1 ,(0) = / — S Az,2(s) =0
0

relation diverges 8°
@ In the vicinity of CET (T = 0) 2ptis a leading contribution
TTT TTTT
i <TT> 3 .do 3 AH ~ B2 ||<9>|

e connection with Hugh Osborn’s work on a-thecorem?
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Scale vs Conformal in 4d

perturbative prove near CFT, Luty, Polchinski, Rattazzi

@ Scale invariance implies 2 — 2 scattering is trivial

o PO ds
otherwise the dispersion " _,(0) = / — S Az,2(s) > 0
0

relation diverges 8°
@ In the vicinity of CET (T = 0) 2ptis a leading contribution
TTT TTTT
o <TT> 3 .do 3 AH ~ B2 ||<9>|

e connection with Hugh Osborn’s work on a-thcorem?
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Scale vs Conformal in 4d

AD, Komargodski, Schwimmer, Theisen

e sum rule for A, —n

i or

, da
@ pOS]“Vlty of S A” ),,(H) Aa = /( T An >H(5)

: : 2
e scale invariance An—n(s) ~ s

®@ in Sk all n = n dilaton scattering amplitudes are trivial!
CFT

@ all cuts arc trivial (anything|p... @) =0

@ all scattering of p—particles is trivial

e SFT

S-matrix of dilaton is trivial!

CFT
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Scale vs Conformal in 4d

AD, Komargodski, Schwimmer, Theisen

¢ all amplitudes ¥ of vanish on-shell = coupling /'&:'l‘ vanishes
on-shell: /gf_ll, '

e S-matrix of ¥ is trivial = after a change of variables ¥ is a

R | 0 3 "1 :
trivial field / ;((’)a,:‘)" + T+ .- = / 5(0(p + L))?-LOL+...

@ if 1" = [JL there is an improvement such that S.E. tensor is
traceless and the theory is CFT
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Scale vs Conformal in 4d
AD, Komargodski, Schwimmer, Theisen

< —CD»0O

¢ all amplitudes ¥ of vanish on-shell = coupling / @ T vanishes

on-shell: / e OL

e S-matrix of ¥ is trivial = after a change of variables ¥ is a

e : 9 ) il .
trivial field / —(0p) 4+ T + - -- = / 5(0(p + L))?-LOL+...

@ if T = OL thereis an improvement such that S.E. tensor is
traceless and the theory is CFT
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Counterexample

SFT + unitarity is NOT CFT

® lree gauge 2-form in 4d 1s dual to a free massless scalar with a

shift symmetry ¢ = ¢ + const

e all dilaton scattering amplitudes are trivial (our main
assertion holds)

e there is L = ¢ such that 7' = OL but this operator is not
present in the original theory

There is no local traceless S.E. tensor in this theory!

This theory is not a CFT (no primary for D)
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Outhne

What have we learned!?

@ an argument: SE T+unitarity in 4d imply CF'T
our “proof” is based on the properties of S-matrix which are intuitive
but not completely understood on formal level (interplay of two languages)

® a-thecorem is related to “SKT = CFT”
in 2d and 4d both C-theorem and “SFT=> CFT" rely on the same
technique (but this technique is dimension-specific)

@ we still might be missing the underline picture!

how to prove d-theorem in 6d? scattering of 6 T or other known

tricks do not help with (T"TTTTT)

® new ways Lo use unitarity?
scattering amplitudes, energy correlators, etc.
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