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Abstract: <span>The modelling of gravitational wave sources is of timely interest given the exciting prospect of a first detection of gravita
waves by the new generation of detectors.&nbsp; The motion of a small compact object around a massive black hole deviates from a geod
to the action of its own field, giving rise to a self-force and the emission of gravitational waves. The self-force program has recently acl
important results using well-established methods. In this talk, we will present a different, novel method, where the self-force is calculated
Green function of the wave equation that the field perturbation satisfies. We will present a calculation of the global Green functio
Schwarzschild black hole spacetime. The calculation is carried out via a spectroscopy analysis of the Green function, which includes quas
modes and a branch cut in the complex-frequency plane. We will apply this analysis to calculate the self-force on a scalar charge and t
geometrical properties of wave propagation on a Schwarzschild background.</span>
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Supermassive Black Holes

Supermassive (~4 million Solar masses) black hole
at the centre of the Milky Way

P T i IO (- dit: UCLA
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Gravitational Waves

e (Gravitational waves (ripples in spacetime) emitted during inspiral
carry away energy and angular momentum

e Evidence of their existence from binary pulsar (Nobel prize, 1993)
¢ Interferometers (VIRGO, LIGO, LISA) expected to detect GWs

e GWs are important for:
- Mapping spacetime near black holes

- Testing General Relativity
- Observing early Universe

- Motion of small bodies is open fundamental problem in GR
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Linearized Einstein Equations
® Einstein eqs. of GR: 10 coupled, highly nonlinear 2nd order PDEs

1
R;w — iR.q,u.u — Tﬁ;w

e Methods for solving the eqs. in the case of binary inspirals:

- Post-Newtonian approx.: expansion in v/c. Valid at early
stages of inspiral

M
- Numerical Relativity: b-h masses e 1 — 1007
m

- Linearize eqs. for Extreme Mass Ratio Inspiral: M ~ 10* — 108
T
m

2
Total metric = g,,, + 1y + O (j\_[)

T Tperturbation (gravitational waves)
due to M due to m
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Self-Force

e Inspiral of small mass (~ 10M ) around super-massive
Black Hole (~ 10° — 10° M., ) deviates from geodesic due to the

action of its own ‘regularized’ field: Self-Force

e Self-field is singular at the location of particle -> regularization

obeying covariance and causality 5 . _, ht,
X

e Alternative viewpoint: motion is geodesic in spacetime with
metric of super-massive black-hole plus ‘regularized’ metric of

small mass gng3 + / las3
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Self-Force

® This S-F is the gravitational equivalent of the Abraham-Lorenz-
Dirac (1938) force on an accelerated electric charge in flat

space-time: perpendicular projector to velocity

2e? df’.
mat = f¢ ., + — Pt = ext

3m dr
e —

S-F
e Standard methods for calculating S-F are via the field:

(1) Mode-sum regularization (Barack et al.)

(2) Effective source (suggested by Detweiler)

e Here we will present a method calculating S-F via Green function
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Conservative S-F results in Schwarzschild
with standard methods

e Correction to frequency of the /
innermost stable circular orbit (an s :
observable of GW astronomy) N
(Barack&Sago’09)

ASEIH('()
Szl’.“-»‘('()

m
= (0.4870— () = L
M ) =
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Conservative S-F results in Schwarzschild
with standard methods

7
1»’“

e Correction to frequency of the L0 /
innermost stable circular orbit (an - .
observable of GW astronomy)
(Barack&Sago’09) 0.90
-&'”IH('() Y o ({k,Q 0.85 p
e (]"Ih'()'iaﬁ 1 = dt 5 10 15 20 M
e Correction to precession effect (rate of periastron advance for small
eccentricity) (Barack,Damour&Sago’10) 5 = 9 { p1/2 1]
Cu'l'f o/ m m\ 2
=2 1M+ Zper +0 (—)
P=qe WM™ + gppsE +O {37 / o
Kepler Einstein  S-F 4™ h m
wy-: radial freq. () : “mean” angular freq. K o

Pirsa: 13110067 Page 10/43



S-F results in Schwarzschild with standard methods

e Self-consistent orbit (solve for S-F eq. and EOM simultaneously)
and waveform for scalar charge

® ‘Geodesic’ S-F orbit (S-F calculated for instantaneously tangent
geodesic) for gravitational case

® However, these methods, which are fully numerical and
calculate the S-F by differentiating the field, offer little insight
into the origin of the self-force...
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Self-force via Green Function

e S-F for scalar charge (Quinn’00)

T

F,(r) = q° / dr’ Vel 20T ) 2(7")) + local

oJ =00

e Retarded Green function defined by

OGret(z, ) = 84(z, ) with causality b.c.

e Similar for emag (spin=1, DeWitt&Brehme’60) and gravitational
(spin=2) fields (MiSaTaQuWa’97)

e Global structure of G,..: is crucial!
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Method of Matched Expansions

® Non-local part of S-F: / dr" V.G et

J —00

¢ Matched expansions: choose 7 : World-line )
<\T
- before that point (‘Quasilocal’ region) =/
Quasilocal
- (
/ dr" VuGret " $2(Tm)
v Tm Ry
Normal XX ¥
- after that point (‘Distant Past’) neighbourhood

Distant Past

*Tm
!
/ dr V/!,G'rr'f-

J —0o0
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Method of Matched Expansions

® A priori no such 7,,, need exist

e Anderson&Wiseman’05: weak-field approx. in DP in
Schwarzschild. “Poor” convergence.

e Casals,Dolan,Ottewill, Wardell’09: successful application of
method of matched expansions in Nariai space-time (S, x S?
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Quasilocal - Hadamard form

Gret (z,2") = 0 (At) {U (z,2") 0 (o) +V (z,2') }

S a—

light insi :

n I P f‘; X } 1 -~ +

||]“|Qﬁt() # () O g % () ]i.]\ |(j(_ ||\CJ||[_
cone cone

_ y 5 World-line
® O :geodesic distance between x & X

Null PN
geodesic/ A /A

e U &V regular g >0

¢ Only valid in normal neighbourhood

e |t renders regularization trivial

T

T
/ (fT, VNG‘,,M — / (ZT/ VNV neighbourhood
v T

J Tm g =\U
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Quasilocal - Hadamard form

e Calculate V with, e.g., coordinate expansion using WKB

00
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Distant past - Singularities of Green function

® “Propagation of singularities theorems”: outside normal nbd,
G et (x, ") is singular along null geodesics (ie, o = 0)

iai k Wo[rld-line
¢ Form of singularity outside
the normal nbd?

5 =

® Caustics: focus points/where | null geodesics
light cone intersects itself °T

10 F caustics

Il L L 1 L
-10 -5 0 5 10

Timelike circular geodesic in Schwarzschild (r=10M)
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Method of Matched Expansions

e Here we apply it to Schwarzschild. Scalar charge in a circular
geodesics at r=6M (also did eccentric geod.)

Casals,Dolan,Ottewill&Wardell’13

y/M
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Distant Past: Black Hole Spectroscopy

e Multipolar decomposition:

/ 1 e J
Gret(z,2') = 72( ¢ + 1)Py(cosv)G (r, 15 1)

(=0

® Fourier transform:

oot1e ’
Ghet(r,r'st) = / dw Ge(r,r'; w)e™ ™"

—00+1C
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Complex-Frequency Plane

Im(ew)

® Residue theorem:

VHF QN M
G;J(t — (7{ —|_ (;{, +

' Integral along high-frequency arc. Zero in Distant Past.
GYNM - sum over residues of poles (quasinormal modes)

Integral around branch cut
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Complex-Frequency Plane

Im(w)

® Residue theorem:

rrt _ (XH _l_(y()f\//\[

' Integral along high-frequency arc. Zero in Distant Past.
G9NM - sum over residues of poles (quasinormal modes)

Integral around branch cu
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Radial Equation

BN [on up (., ,
* Green function modes: G, (11" w) — ('<-‘;?(R3 (r>,w)
/ w

o R, are sins. of radial ODE (‘Regge-Wheeler eq.’) for the

perturbation:
I’ 2 : ((¢ _ g2
W V()| Re(r,w)=0 V()= (1- L [ * I . &)
drz r 2 »3
T = Ts(1) € (—00,0) s=410,1,2
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Radial solutions
® Two lin. indep. sins.:

mn —WT G -
Ry ~ e7r RY ~ et
T X ] e
i out
{.w Aﬁ.w 1
» 4 + » L4 +
BE » ‘ - » P
H - o I H » « I
A 4 » «
» 4 » «
» 7 » 4
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Quasinormal Modes

R (r<,w) R,? (rs,w)

¢ QNM frequencies: simple poles of ¢, = o)
V(w

in the complex-w plane: 1y (wWin) =0

¢ Boundary conditions: ¢ """ ~ R «x R,? ~ eT"wen

T = —CC Pe — OO
Im(wy,)
-40 ~20 K0 4oRe@in)
Re (wyy,) :freq. of ey
" - B &
oscillation

=4Q)

7 w“‘ 7 1_,1‘

Im (wy,, ) : decay rate
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