Title: The Amplitude Mode in Condensed Matter : Higgs Hunting on a Budget
Date: Nov 19, 2013 03:30 PM
URL: http://pirsa.org/13110054

Abstract: <span>The amplitude mode is a ubiquitous phenomenon in systems with broken continuous symmetry and effective relativistic dynamics,
and has been observed in magnets, charge density waves, cold atom systems, and superconductors.&nbsp; It is a simple analog of the Higgs boson
of particle physics.&nbsp; | will discuss the properties of the amplitude mode and its somewhat surprising visibility in two-dimensional systems,
recently confirmed in cold atom experiments.& nbsp; The behavior in the vicinity of a quantum critical point will be stressed, comparing theoretical,
numerical, and experimental results.</span><span></span>
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Visibility of the amplitude mode in
condensed matter and cold atom systems

- Higgs hunting on a budget -

Snir Gazit, Assa Auerbach, Daniel Podolsky, DPA
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Spontaneous Symmetry Breaking

Y () # 0)

0)
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Spontaneous Symmetry Breaking

VA /

N-component real scalar field : ¢ = (¢y,...,dn)

Model action (T=0): S[¢] = 5/.{1";:-/;11‘. {g (f),qb)2 ~ %(V’q’b)2 ~ V()

@
.r/r‘ l(/

“Mexican hat” potential : V' (¢p) = m“ (qb N ) O(N) symmetry

Basic physics : if ¢ small, @ is forced to local minimum of V, and (¢) # 0
if g large, fluctuations overwhelm tendency to order, (¢) = 0
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Collective excitations in broken and unbroken phases

broken phase unbroken phase

F 3
Mean field:
= A A ~ Alg
[ >l
. >
e g
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Collective excitations in broken and unbroken phases

broken phase unbroken phase

A
Mean field:
s
% —\w A ilg
S ~
= ~ My ~ \/2;\\_«/ ge|"?
Ye q
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Broken symmetry and collective modes

Two ways to parameterize deviations from the ordered state :

7T (N-1 directions)

1) Cartesian: ¢ = (VN + o, 7) [
1 5 . R 7 (1 direction)
L= — [(r‘)ﬂfr)“ -m~o” + (J, ) }
29 4
r _L’E[LU,—:+LJH+LJI+_U x2 4+ -L(g ]
1 = 2g | VN N VN IN N N\
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Broken symmetry and collective modes

Two ways to parameterize deviations from the ordered state :

7T (N-1 directions)

1) Cartesian: ¢ = (VN + o, 7) [
1 . . R 0 (1 direction)
L= — [(r‘)ﬂn)“ -m~oc” + (0,T) }
29
P _L’EILU,—:+LJH+LJI+_” w2+ L ]
LT g | VN " VN IN \ AL
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Broken symmetry and collective modes

Two ways to parameterize deviations from the ordered state :

7T (N-1 directions)

1) Cartesian: ¢ = (VN +o,7) [
1 N . R 7 (1 direction)
E() = T |:(f‘)“0')‘_ -m-o° + (0, ) }
2q
C _L’E{Ln*:+4arﬂ+¢ﬂl L2 202 L L (m2) ]
LT g |VNOT T UN IN NO T+ an(T)

n
2) Polar: ¢ = VN (1+p)"/?n Y—p

(f),,/l): m?p?
-~ . -
AN +p) " AN

;C:‘i

| .
N(1+p)0 n)” +
29
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Broken symmetry and collective modes

Two ways to parameterize deviations from the ordered state :

7T (N-1 directions)

1) Cartesian: ¢ = (VN + 0. 7) [

1 5 5 5 , & (1 direction)
L,=— [(r‘)r(r)“ -m*o® + (0,m) }

29 L/ -’

~

m-

- ||l g
L|— 2(] [\/.‘\"(T“

2 |

1 3 |
+ 750 TIN®

n
2) Polar: ¢ = VN (1+p)"/?n Y—p

(f'),,ﬂ): m?p?
. + -
AN +p) " 4N

;C:‘i

l :
N1+ )p)o,n) +
29 |
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The Higgs mode is unstable

It can decay into a pair of Goldstone bosons :

W 4 Higgs mode
2 Cartesian
£:int X (T?-r- p ( ) \//
pl0,n)” (polar) Goldstone modes
What is the lifetime of the Higgs? E

longitudinal response : X, (k) :./d‘”' % (o(2) 0(0)) e*® = o -mﬂﬂ— 75 (R

d=3: finite N model has D=4 as its UCD. As g—g., longitudinal mode becomes sharp.
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The Higgs mode is unstable

It can decay into a pair of Goldstone bosons :

w 4 Higgs mode
2 Cartesian
Eint X (T?Ty p ( ) \//
pld,n)” (polar) Goldstone modes
What is the lifetime of the Higgs? B
g

longitudinal response : X, (k) = /d‘”‘ % (o(2) 0(0)) e*® = T —— Ty

d=3: finite N model has D=4 as its UCD. As g—g., longitudinal mode becomes sharp.

d=2: self-energy to lowest orderin g

ke -~ 13
— d”p | |
Z i ( - - ~—
K= O v X./(27r)" p(p+ k)2 Sk
T

I
Analytic continuation from Euclidean result: Im 3, (k = 0,w) o< — ‘Higgs is overdamped?l
w

(Nepomnyaschii)? (1978)
Sachdev (1999), Zwerger (2004)

infrared
divergent!

Pirsa: 13110054 Page 15/98



“The pole at the position of the Higgs energy w = +(c2k?+2|r|)!/2
has disappeared, and we only get a branch cut having its onset at
the spin-wave energy w =+ck. Thus, for d<3 and N>1, there
is no Higgs particle, and only a broad continuum of multiple spin-

wave excitations in the longitudinal response.”

| § S. Sachdeyv, “Quantum Phase Transitions” (ch. 7)
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has disappeared, and we only get a branch cut having its onset at
the spin-wave energy w =+ck. Thus, for d<3 and N>1, there
is no Higgs particle, and only a broad continuum of multiple spin-
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“The pole at the position of the Higgs energy w = +(c2k?+2|r|)!/2
has disappeared, and we only get a branch cut having its onset at
the spin-wave energy w =+ck. Thus, for d<3 and N>1, there
is no Higgs particle, and only a broad continuum of multiple spin-

wave excitations in the longitudinal response.”

O®

§ S. Sachdev, “Quantum Phase Transitions” (ch. 7) 7@( E
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Longitudinal versus scalar measurements
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Longitudinal versus scalar measurements
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Longitudinal versus scalar measurements

The scalar response function is measured by an experiment where the
probe couples directly to the magnitude of the order parameter field:

Sprobe = /(l";r/rh‘ u(x, f){q‘)(a: z‘.)lz ; | = N(1+ p)

Linear response theory : (p(k,w)) = NX  (k,w)u(k,w)

PP
Correlation function: X“°(k, w,, /(IT/(/ v (p(x,7) p(0,0)) e!F-T=wnT)

Examples : two-magnon Raman scattering in antiferromagnet insulators
pump-probe spectroscopy in charge density wave systems

Fleury-Loudon-Elliott ﬁ ) direct coupling of light
form of the effective Hp =D E (€ - TU) (Enut : 7‘,—}1-) S, - SJ- to pairs of spin waves
Raman Hamiltonian : ‘
o d NE:
Fleury (1969), Freitas and Singh (2000) X €in €out /’f £ (W’”‘ J‘ SRR )
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Longitudinal versus scalar measurements

The scalar response function is measured by an experiment where the
probe couples directly to the magnitude of the order parameter field:

Sm,},(.:/d"-r/rff-rr(:z:,fwcb(w.f)ﬁ 19? = N(1+p)

Linear response theory : (p(k,w)) = NX  (k,w)u(k,w)

PP
Correlation function: X’ (k, w, /(/T/(/ v (p(x,7) p(0,0)) e i(kx—w,)

Examples : two-magnon Raman scattering in antiferromagnet insulators
pump-probe spectroscopy in charge density wave systems

Fleury-Loudon-Elliott X ) direct coupling of light
form of the effective Hir = D E (€in " T4;) (€oue - 7ij) Si - S to pairs of spin waves
Raman Hamiltonian : ‘ )
L d.. _\|2
Fleury (1969), Freitas and Singh (2000) X €in €out /"f d (\‘/"-" J‘ SRR )
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Relation between longitudinal and scalar susceptibilities

The radial field is expressed in terms of the longitudinal field o and the
transverse field 7z :

&

p=——1

|
o
Q

+
;-
> |+
g
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Relation between longitudinal and scalar susceptibilities

The radial field is expressed in terms of the longitudinal field o and the
transverse field 7z :

b 20 o? + m?
p = -1= +
N VN N
Therefore, onefinds X, = % (4 X, + Xging + Xpe) With
X :“\rTF2+?']\T\FF

4
sing VN
I

_ ! 2
\I.(.!_,’. = N \(T:nu + —\/K \m,,: + N \ﬂ:ﬁ;’
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Large N theory
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Large N theory () = rVNe,

m = rmyg
Controlled expansion in powers of 1/N about N—coc limit. !
A 5
T ., Cditl 1 g
N—o0 renormalization of order parameter: (g, A) =1—g / T E =T
J (2m i g
" . . N T/ A d=2
Critical coupling : 9. = {Hﬁ‘-’/.'.! J=3
I
A
long range ordered quantum disordered
9e q=-
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Large N theory (@) = rVNe,

m = rm
Controlled expansion in powers of 1/N about N—co limit. f
A 5
o ., Cdt g
N— o0 renormalization of order parameter:  r*(g.A) =1—g / Grl R
. T v !I(.
. . 47/ A 0= 2
' = S 40
Critical coupling : 4. {H?r“/.'r J—3 | 1 (. 1)
m 3¢ g=0.10g,
A
Ye g = 2
[0/ . :
5, (k) = B o) = Q :
‘ L + g1V (k)/m? ‘ 7
g .
X - k = (0.w) = - . .,' - ¥ (0) m- /e
o ( ) w= —=nm= — (]\_,” (w‘) (Ward identity) / 10
) P _— T
iw*(k 0,w) I”{':”/““"’) (I : = 4,2 ”‘-:”( )\ ) 0 |
” w* — m* m* w® —m* — g2 _(w) 0 05 | L5
N w/m
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Why are scalar measurements sharper?

Longitudinal versus scalar perturbations :

Stong = /(1,‘1.1'/(1?‘ h(ax,t)o(x,t)

“S\‘H('H‘]El.l‘ — /(Z‘{I./(H “"(m' f) ‘(;b(m lt)|-3 Qb = (\/N + O, Ti')
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Higgs lifetime in scalar measurements

The scalar peak is sharpest deep inside the ordered phase, where g/g9c « 1

Close to the quantum critical point, the peak broadens. Investigate for N—o0:
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Higgs lifetime in scalar measurements

The scalar peak is sharpest deep inside the ordered phase, where g/g9c « 1

Close to the quantum critical point, the peak broadens. Investigate for N—o0:

~ 1! 4¢ 2",\4;"{ gmea
d=2: X, (k=0w)=—2— T __ = 5=T%0
< m§ (w — m#)* + 4vy*w* 32
11 lg mywisgn(w) . gmi \/*
d=3: X,,(k=0,w) = —5— _— IO » 7=\ 3202
mg Iw.g - m?2 ++2w2(1+1In “L)] + 2y

In d=3, a peak is observable right up to the critical point. What about d=2 ?

10 T T T T T T T T T T T 20 =t T T T T T T T

T T T |
|r‘ !
N 1-0.1g, || —_
[ [
,A; 8 . ‘Il o0& 3 20 0.8
3 A ‘ a 018, | o@
a - I 0.8 33 e |
C L
=~ B 2=0.58 | 0.4 g 156 [ 04
= — ) |
- || 02 - g=0.5 0.2 Y
o4 I o et & 10 [| o bt
y 0 00 T — [ 0D 02040808 1 e I 0 02040608 1
2 i X | 8/8 8/8
s 2 — o\ ’ = 5 y
- T——=d —
0 b—t A - 1 1 T W— L | T MR — 0 —t T e — —
0 0.5 1 1.5 0.5 1 1.5
w/m, ) | w/my
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(A*/4m) Im x_ (@)

Higgs lifetime in scalar measurements

The scalar peak is sharpest deep inside the ordered phase, where g/g9¢c « 1

Close to the quantum critical point, the peak broadens. Investigate for N—o0:

¢ . 2
4g 2yw? gmg

AW 2 .9 ’ ! 20)
- m2)? + 4v2%w? 32

d=2: X (k=0,w) =

2 (0,2
mg (w

~ I/

d=3: X,,(k=0,w) =

lg rr'*,u)lsgn(u;)

mg (w2 —m? +92w?(1 + In ;‘)] + 24w

In d=3, a peak is observable right up to the critical point. What about d=2 ?

241/2
gmg
2 , I r ! 3272

10 T T T T T T T . T T T T 20 =t T T T T T T T T T T T
\ 1
N 0.1g.1| —-
g B | ;
8 °fl o 3 0.8
A= B 0.1g
| oe & Bell o8
d=¢ |
6 g-0.5g, 0.4 g l 0.4
[ | 02 i 0.2 Y
4 | | — S (|
‘ - | | o beetmlinia, Y 0 bt T L
2-0.9¢, ~— [ | 002040808 1 e I 0 02040608 1
Ry |\ B/ By ™ 8/8,
2 — o\ - |
- TSN — = \
” I A - 1 | A B " | & ¥ R—— ] I e —— I[ ——
0 0.5 1 1.5 1
, Ly
w/m, w/my
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O(1/N) calculations rodoisky and sachdey, 2012

Near gc, the scalar response function satisfies a scaling relation (d=2):

wf

Xpp(W) = A:‘_B/WI)” (Z)
where A ~ |9 — g.|” is the Higgs mass, and » = 0.6717(1) (for N=2)

Recall that for N—oo, the peak in X, liesat w o« (g — ¢..) 1/2

~ N—oopeak lies at
p \ parametrically larger w

-15

-30
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Lattice boson models  0(2) symmetry

Bose-Hubbard model:
H=-t Z (bj'bj + bjhf.) + %[Z n;(n;, — 1)+ Z(‘l L= u)n,
(i) i i

Small t/U: system is a Mott insulator, with (n,) € Z

v

Large t/U : system is a superfluid, with (b;) = ¢ = ||
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Lattice boson models  0(2) symmetry
Bose-Hubbard model:
H = —t Z (bj'bj + bjbf.) + %[Z n,(n, — 1)+ Z(‘l L= u)n,
(i) i i
Small t/U: system is a Mott insulator, with (n,) € Z

Large t/U : system is a superfluid, with (b;) = ¢ = ||

1) Far from the Mott lobe, Gross-Pitaevskii model,

/ 2 9 ) / “"I.-I‘ y
L=—i 0 — - : IV|? + plyl? — glvl? <
2m* Vi,
Gapless Goldstone mode, but no Higgs. S) < SF
t/U
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Lattice boson models  0(2) symmetry
Bose-Hubbard model:

H=-t Z (bj'bj + bjbf.) + %(Z n;n;, — 1)+ Z(\; — p)n,
(i) ¢ "

Small t/U: system is a Mott insulator, with (n,) € Z

v

Large t/U : system is a superfluid, with (b;) = ¢ = ||

1) Far from the Mott lobe, Gross-Pitaevskii model,

A
. h? - - - >
L=—ip*0p — — Vo[> + uly|* — glv|*
2m* '

Gapless Goldstone mode, but no Higgs.

1 ;‘"{ {
7]
1]
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Lattice boson models  0(2) symmetry

Bose-Hubbard model:

:—iz b b +%1-"rz"’;(”,‘_|)+Z("f_/’)”

Small t/U: system is a Mott insulator, with (n,) € Z

Large t/U: system is a superfluid, with (b;) = ¢ = ||

1) Far from the Mott lobe, Gross-Pitaevskii model,

h?

._.*

L=-ip"0 — 5 —|Vy 2+ ply|® - glv|*

Gapless Goldstone mode, but no Higgs.

2) Close to the Mott lobe, relativistic model,
L =|0,4° = 2|VY|? + r|v]* = uly|?
Both Goldstone mode and Higgs present.

l‘_f,'{-

v

t/U
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PP

Experiments ey
- Energy absorption of periodically <
modulated lattice o wX” (w) = SF

- Schori et al. (2004): modulate depth of <

3d optical lattice. Far from linear regime. /

"

- Density variations from confining - t/u
potential can destroy signature
(Huber et al., Pekker et al., Bernier et al.)

phonon Higgs

- Bragg spectroscopy :
B(f) _ %L,,((,_MB:/)L + (,u,%r[)ﬂ)

Bissbort et al. (2011) : highly nonlinear response
at large wavevector, “Higgs” energy close to U

Bragg frequency wy/ 21 [Hz)

U. Bissbort et al., Phys. Rev. Lett. 106, 205303 (2011)
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Experiments

- Energy absorption of periodically 4

modulated lattice o wX/, ,(w)

- Schori et al. (2004): modulate depth of <

3d optical lattice. Far from linear regime. /

/U

"

- Density variations from confining - t/u
potential can destroy signature
(Huber et al., Pekker et al., Bernier et al.)

phonon Higgs

- Bragg spectroscopy :
B(f) = %L"(r'_i"”'ﬂpi‘ + e™8lp,.)

Bissbort et al. (2011) : highly nonlinear response
at large wavevector, “Higgs” energy close to U

Bragg frequency we/ 2 [Hz

U. Bissbort et al., Phys. Rev. Lett. 106, 205303 (2011)
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Two-dimensional condensates of ’Rb
M. Endres et al., Nature 487, 454 (2012)

A
- Similar principle to Schori et al. work, o ]
but performed with higher resolution £ /
1% _ Tio=200 ms /
- Energy absorption rate of periodically £ / Tresmm—
i , "no(, - X A=0.03 Vp
modulated lattice o wX”! (w) st/ WNWWU\WWW\MM
| Time (l]]F;) “
Mott I'L . / . \‘
sulator Superfluid ! IJI‘ ] 0.0 : \.0; +
. "
il
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Two-dimensional condensates of 8’Rb
M. Endres et al., Nature 487, 454 (2012)

A
- Similar principle to Schori et al. work, = ;
but performed with higher resolution S 15 /
_g-j . Tio1=200 ms /-
- Energy absorption rate of periodically £ / le—
. " -~ 5 " A=0,03 Vp
modulated lattice oc wX', (w) o) WWVWVWVWVWW
| Time (ms} |
:: 1:. " Superfluid ‘!J|‘ " 13 S 0.07 W
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Two-dimensional condensates of 8’Rb
M. Endres et al., Nature 487, 454 (2012)

A
- Similar principle to Schori et al. work, o i
but performed with higher resolution = /
1% _ Tior=200 ms //
- Energy absorption rate of periodically 2" / [
' . 17, . - " X A=0.03 V.
modulated lattice o wX”! (w) st/ WNUWW\WNVWM
| Time (mé) |
‘: 11r' ) Superfluid \.J' | p
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Numerical simulations

Pollet and Prokof'ev, 2012 :
- Bose Hubbard model
:—fZ{J,)I #l(fz (n!
(ig) i

- Superfluid-insulator transition at U.=16.7 J (Mott lobe tip)

])+Z(l; — j)n

..............

U/J=16
1J=0.1,02,05 1
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Numerical simulations

Pollet and Prokof'ev, 2012 :

- Bose Hubbard model

H= ‘-JZ{JIU F %(-"Zm(n,

(if) ¢

1) +Z('l', — p)n,

- Superfluid-insulator transition at U.=16.7 J (Mott lobe tip)

Gazit, Auerbach, Podolsky, 2013

- Discretized relativistic O(N) model

S(=)
A
Al [ 1w
0.008
(U 5039
1 1.304
1.560
0.006 N—00 Yy 413
| peak’) 10K
|
0.004 [|f
| T —,
- \
|
0,002 |(If
I
000047 le.]
\ 0 0.4 0.( 0.8 1.0 | )

0.08

0.06

0.04 <

0.02 <

T/J=0.1
U
1(3
14
b \
10
()] I
u/J=16

......

11J=0,1,02, 05,1
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Numerical simulations

Pollet and Prokof'ev, 2012 :
- Bose Hubbard model

H = —./Z{Jjbj. F é[f'z'n!-(n,

(iJ) ¢

1) +Z(\; — p)n,

- Superfluid-insulator transition at U.=16.7 J (Mott lobe tip)

Gazit, Auerbach, Podolsky, 2013

- Discretized relativistic O(N) model

§(=)
A
|45 {11
0.008 A
| \I 5.039
(LA 1,304
111 569
0006 (|| N-—00 219
I\ peak? 98
0.004 |||
‘ V_*_-V-“\..
| - N
0.002 |
I
EIEIt!lJJ‘ e
\ 0 0.4 0. 0.8 10 I )

wn
0

0.08

0.06

0.04

0.02 <

T/J=0.1
U
[
1(3
14
)‘;I) ‘ ‘\
1'|‘ —
()] ’
u/J=16

......

1J=0.1,02,05 1
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Monte Carlo SilT]UlationS (Gazit, Podolsky, Auerbach, 2013)

Lattice model:

= /'Dr;‘?(' [4] T[
. /)
S =- Z Qi O+ Z \(,-‘"),'|2 +4 Z “f"’r’"l
i

xr
(ij) 2

Worm algorithm (Prokof'ev and Svistunov, 2001)

Loop model with N flavors dual to original :

Systemsize: 1<¢< L (1 < 30 < 200)

Numerical analytical continuation from Matsubara to real frequencies
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Monte Carlo SilT]UlatiOHS (Gazit, Podolsky, Auerbach, 2013)
Lattice model:

- / D(;( S[u] T
. )_F,U
S =- Z i O+ p Z il* + g Z i
i

xr
(ij) ?

Worm algorithm (Prokof'ev and Svistunov, 2001)

Loop model with N flavors dual to original :

Systemsize: 1<¢< L (1 < 30 < 200)

Numerical analytical continuation from Matsubara to real frequencies
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Monte Carlo SilT]UlationS (Gazit, Podolsky, Auerbach, 2013)

Lattice model:

Z — /D(;( 'H'[("“:;] r

. Y

S==3 di-d;+u) [0 +g) |l L
(ij) i

i

Worm algorithm (Prokof'ev and Svistunov, 2001) :

Loop model with N flavors dual to original :

Systemsize: 1<¢< L (1 < 30 < 200)

Numerical analytical continuation from Matsubara to real frequencies

Page 47/98
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Tracking the HIggS peak (Gazit, Podolsky, Auerbach, 2013)

Scalar susceptibility in ordered phase:

,]|]_‘ .'\".. .3 ."‘\: 5
15 ; 10g|
I
8

10 " |
’ | ; my ~ Bldg|”
\\ | |

] 4 [
] 2% o
— = 4
0.25%
% 1 2 % 1 2
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Fate of the Higgs in two dimensions

universal Higgs spectral function
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Fate of the Higgs in two dimensions

[
n
8 Y
on
‘e
(aE ( . N
ke Higgs mass e A
24 "
‘.
} [ \ LY .-.
e
% .,r"r e
= A charge gap
\ |&
) — 6o : 0
rﬁ_r;

universal Higgs spectral function

Conclusion: Higgs resonance survives close to criticality in d=2

o T iy ) ) ™M -
Prediction: X — 2_1(5) Chen et al, PRL (2013): x = 3.3(8)
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Dynamical conductivity

Higgs peak can be seen in optical conductivity of charged bosons (Lindner et al., 2010)

Optical conductivity is relevant to cold atoms experiments in a
phase-fluctuating optical lattice (Tokuno and Giamarchi, PRL 2011):

P > P P P
Vop(a,t) = Vi cos® [Q(a — F(1)))

F(t)
For F'(t) = Fy cos(wt) the energy absorption rate is o o(w)
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Dynamical conductivity

Higgs peak can be seen in optical conductivity of charged bosons (Lindner et al., 2010)

Optical conductivity is relevant to cold atoms experiments in a
phase-fluctuating optical lattice (Tokuno and Giamarchi, PRL 2011):

P > P P P
Vip(a, 1) = Vi cos® [Q(a — F(t)))

F(t)
For F'(t) = Fy cos(wt) the energy absorption rate is x o(w)
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General formalism for O(V) conductivity

For N=2 we can write
Cb \ﬁ L 4+ p)(cosy, sinp)

and compute the Kubo formula with 7 = (1 + p) V. How does one define the
conductivity for a general O(N) model?
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General formalism for O(V) conductivity

For N=2 we can write
Cb \F L + p)(cos @, sin @)

and compute the Kubo formula with 7 = (1 + p) V. How does one define the
conductivity for a general O(N) model? Start by writing

A N)*

m“

Le = (d,,<b+ A,¢)?

Where A, = A, ,T" is an antisymmetric tensor vector potential expanded in

af

terms of the N(N-1)/2 generators of O(N).
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Generalized Kubo formula for O(N) models :

I..(z))=— /(l'”l.r /\';::f(.r'. ')A, (z) + (’)(;12)

O(N) current response function  vector potential

The electromagnetic response tensor is

Ko (x,2') = (Ioy (@) I, (2)) = 9710, 0(x — 2') (T () - T (') = K" + Kjp)°

paramagnetic diamagnetic
response response

Symmetric phase (g >g.): K% is diagonal in O(N) indices a,b

Broken symmetry phase (g <gc): generators T fall into two classes, B and U

class B (broken) : rotate between ®'=co and ®'*/=7/ ;o v
(N-1) generators total

. , o
class U (unbroken) : rotate between ®'*/= 7t/ and ®'**k= 7t I
(N-1)(N-2)/2 generators total

Generalizing from the N=2 case, we take

l - .
o(w) = —ImK7(k=0,w+i0") T
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Generalized Kubo formula for O(N) models :

[ () = /d’”’.r Ko (x,2") Ay, (2') + O(A?)

O(N) current response function  vector potential

The electromagnetic response tensor is

Kb (x,a') = (If,(2) If,(2")) — 9716, 0(ax — 2') (T¢(x) - T*P(a')) = K + KbP

paramagnetic diamagnetic
response response

Symmetric phase (g >g.): K is diagonal in O(N) indices a,b

Broken symmetry phase (g <gc): generators T fall into two classes, B and U

class B (broken) : rotate between ®'= o and ¢®'*/=7 je{l N-1)
(N-1) generators total

. o
class U (unbroken) : rotate between ®'*/ =7t/ and ®'**= 7 I
(N-1)(N-2)/2 generators total

Generalizing from the N=2 case, we take

1 i ; N —
o(w) = —1Im KBB(k =0,w+i0%)
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Generalized Kubo formula for O(N) models :

[, (x))=— /()’.'!+ Ly /\';::i(.r'. ')A, (z) + C)(;\B)

O(N) current response function  vector potential

The electromagnetic response tensor is

K (x,2") = (I, (2) I, (2)) = 716, 8(x — ") (T () - T°P(a’)) = K[jp" + K

paramagnetic diamagnetic
response response

Symmetric phase (g >g.): K is diagonal in O(N) indices a,b

Broken symmetry phase (g <gc): generators T fall into two classes, B and U

class B (broken) : rotate between ®'= o and ®'*/=7 Jefl N-1)
(N-1) generators total

. o
class U (unbroken) : rotate between ®'*/= 7t/ and ®'**= 7t I
(N-1)(N-2)/2 generators total

Generalizing from the N=2 case, we take

I . : S —
o(w) = —Im KBB(k =0,w+i0")
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We find o(w) = Ad(w) + o(w) with A = Ne?g~! + O(y“) .

The finite frequency part is computed from

1% | ' ‘ TP,
l\-;”;(!") — ('\,—;'])q‘: ./r‘/d’ I.i' ('“l"(': ! )<(rT t‘l)ﬂﬂ_ — TT(‘)“(T)J_ . ((T (.)“}T = TT(')”(T)JJ>
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We find o(w) = Ad(w) + o(w) with A = Ne?¢g~! + O(y“) .
The finite frequency part is computed from

RE(0) = G [ 5 e (0 0,m ~70,0), - (00,m = m,0)..)
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We find o(w) = Ad(w) + o(w) with A = Ne?¢g~! + O(y“) :

The finite frequency part is computed from

-~ 1
KP (k) = —

) = G [ (00, = w0,0), - (00,7~ 0,0),.)

We evaluate this perturbatively in the coupling g. Conductivity diagrams

-~ D] 9 aNd
N s ,e” [ we —m* o 3
To lowest order, &y(w) = —< ( 1 ) O(w® —m*)

dw? e,

This yields a threshold at the Higgs mass, with L4 | | g

ez md-2

o
1]
L% ]

o(w) x (w—m)?

_:UJ‘

Does this change qualitatively at higher orders?

16 m
\
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(a) Oy Y b) O(1)

Subleading, subthreshold corrections to O(g) : | ian /™

:--: SRt ) Oly) .~ ™ d]“'-’-’-:,:-ﬁ—-\_
0wy T+ 1T [ D
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I{]](]Il, h tl][‘w —

Subleading, subthreshold corrections to O(g) : | v ian /™

o) LA [

d=2 gesm oo 16w 32 w3 ) anr oy 16WP AP
o “w e ¢ (1 2) f a F (3N D) = + O(w'
1 w) 287N { ( L5 m 105 m? ( " 315m® (w')

2.3 3 5 7
d=3 gesm S w w , . w v 9
o ) : (N -2 = =] 4+ (9N — 1 =+ O(w
W) Ii-‘_;"”rri,\'{' )( L Illm’) ( ) 18O mT (w")
-

Thus we find a pronounced pseudogap behavior for N=2, with o(w) o< gw”.
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Subleading, subthreshold corrections to O(g) : |

getm 16 .

=2 J‘-_—\{ v ( |‘.Im II';:'J'J;_J F (3N

getm?

7y~ (w) . 2":7-'.\{|\ "(|,..-‘m‘.,-] (ON = 16) — + O ]}

18(

Thus we find a pronounced pseudogap behavior for N=2, with o(w
Why is N=2 special in this regard? Recall the current operator 7 = (1 + p) V.
This is itself O(2) - symmetric, and doesn't depend on the ‘
direction in which the symmetry is broken, as would be so | =
for N>2. So the Goldstone modes couple more weak
similar to what we found with the scalar susceptibility.

) o gw®.

b, | ¥ as

Page 63/98
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Subleading, subthreshold corrections to O(g) : | s an )m/\m

ow): T+ 15 [ D

d=9 gem o 16w 32 w? ) o 16w” 7
a “lw - - ( \ ..J.] | 5 | .{\ t — () w'
1 w) 257N { ( L5 m 105 m? ( )).'H!'Jm" (w’)

2.3 3 5 7
d=3 qgesm . w w , . o! ’ 0
a w r N 2 = - = | ‘3\ 1( = () w
(W) .'i-‘.:‘s’rr*"\'{( }( L m? |[lm’) ( ) [ 8O ( )}

Thus we find a pronounced pseudogap behavior for N=2, with o(w) o gw”.
Why is N =2 special in this regard? Recall the current operator 7 = (1 + p)V,

This is itself O(2) - symmetric, and doesn’'t depend onthe |, """ AR T A )
direction in which the symmetry is broken, as would be so | * 1}

for N>2. So the Goldstone modes couple more weakly,

similar to what we found with the scalar susceptibility. = o
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Subleading, subthreshold corrections to O(g) : [ an, /™ o

O(g") : /' .\ T /’1,/' “’\/\’”V\\“

d=9 gelm . 16w 32w ) o I6w” 7
a “lw 1 - ( \ ..J.] | — { .{\ t - - () W'
W) 2857 N { ( [5m 105 m? ( )).'H:'Jm" (")

2 9 3 5 7
d=3 gemm r w w AT . ad % 9
o ) — ¢ (N 3}( — ) F(ON — 16 =+ O(w
(W) 32912\ { L 10 m> ( ) 180 mT (w’)

Thus we find a pronounced pseudogap behavior for N=2, with o(w)  gw”.
Why is N =2 special in this regard? Recall the current operator 7 = (1 + p)V,

This is itself O(2) - symmetric, and doesn't depend onthe |, "*[7 A "
direction in which the symmetry is broken, as would be so Ll

for N>2. So the Goldstone modes couple more weakly,

similar to what we found with the scalar susceptibility. = J
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Subleading, subthreshold corrections to O(g) : [ an, /™ o

::: .'""‘-_‘ ) Oly) .~ -,: d) O(y) P

d—=9 ge*m o 16w 32w’ ) o I6w” 7
op “(w e & ( IV = 2) | =+ (BN =5) =+ O(w'
Tt 257N { ( 15m 105 m? ( " 315 mb (w’)

2. .3 3 i 7
d=3 ge*m oo W w C oy W ~( 9
a / — < (N .3}( == = ) F(ON 16 — + O(w
L w) 32972 N { [t 10m?” ( ) 180 mT (w’)

Thus we find a pronounced pseudogap behavior for N=2, with o(w)  gw”.
Why is N =2 special in this regard? Recall the current operator 7 = (1 + p)V,

This is itself O(2) - symmetric, and doesn’'t depend onthe |, """ T )
direction in which the symmetry is broken, as would be so | * 1}

for N>2. So the Goldstone modes couple more weakly, 5 §

similar to what we found with the scalar susceptibility. = o
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Numerical evaluation of O(2) model conductivity

Gazit, Podolsky, Auerbach, DPA (PRB in press 2013)

helicity modulus scaling

N =2
3T e e
4 L=10
0.8 t L=20
4 L=30
0.7
L=40
0.6
=
o
0.4
0.3
T 2.570 7 B0
q
N=3
1.0
+—t L=10
0.9 +— L=20
0.8 4 L=30
L=40
0.7
>_: 0.6 ™
| - .
- - -
0.5
0.4
0.3
0.2 L L A
1,900 1905 1,910 1915 1.920
g
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Numerical evaluation of O(2) model conductivity

Gazit, Podolsky, Auerbach, DPA (PRB in press 2013)

helicity modulus scaling

N =2
0.9 e —
4 L=10
0.8 +— L=20
+— L=30
0.7
L=40
0.¢
& -
o
0.4
0.3
T 2.570 7 B0
q
N=3
1.0
+—t L=10
0.9 t— L=20
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L=40
0.7
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0.3
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Numerical evaluation of O(2) model conductivity

Gazit, Podolsky, Auerbach, DPA (PRB in press 2013)

helicity modulus scaling

LY

N

D, ) pr——

‘)

4 L=10

L
L

20
30
40

0,2 .
1.900 1.905

1910 1.915

)

1.920

Reo (w) [0'(_):

0.35

0.15

0.10

0,05

10,00

Tep W)

See also:

dynamical conductivity

Ordered phase

Disordered phase

superfluid

015

0.05

(.00

Mott insulator |

2 —m2 Y
o TRAYW .
2T ( 2 ) O(w myy)

Estimated universal value of o(w

Tntore ()

27 (J d.— )Hu:.s 2A)
X D

- 00) = 0.33(7) 0

W. Witczak-Krempa, E. Sorensen, and S. Sachdev, arXiv 1309.2941
K. Chen, L. Liu, Y. Deng, L. Pollet, and N. Prokof'ev, arXiv 1309.5635
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Numerical evaluation of O(2) model conductivity

Gazit, Podolsky, Auerbach, DPA (PRB in press 2013)
dynamical conductivity

Pirsa: 13110054

helicity modulus scaling . Ordered phase L Disordered phase
; 0 T T ). 40 T T
T ) . .
oo N=2 o superfluid - Mott insulator
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i { L 30 LU 1)
0.7 r " -e
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>_' 0.¢ : ;.-‘\ . IL .
~ o.c T — 0.25
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0.4 - ol 10,20
g
03 D 5 0.15
, oC
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g
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(0,00 (3,010
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>_: 0.6 ™ ™ ) » 2 IA2
) — N ) w ms _ Y P Ny AN\
o e T (W) _J,-;( " ”) O(w —my) Typort (@) _..( T )nl,_v 2A)
0.4 :
03 Estimated universal value of o(w — 0.33(7) o
Q
“%900 1.905 xﬁ}m 1915 1.920 See also: W. Witczak-Krempa, E. Sorensen, and S. Sachdev, arXiv 1309.2941
(

K. Chen, L. Liu, Y. Deng, L. Pollet, and N. Prokof'ev, arXiv 1309.5635
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helicity modulus scaling
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Re o (w) [o¢]
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See also:

Numerical evaluation of O(2) model conductivity

Gazit, Podolsky, Auerbach, DPA (PRB in press 2013)

dynamical conductivity
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Mott insulator |

, 015
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- 00) = 0.33(7) 0

W. Witczak-Krempa, E. Sorensen, and S. Sachdev, arXiv 1309.2941
K. Chen, L. Liu, Y. Deng, L. Pollet, and N. Prokof'ev, arXiv 1309.5635
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More Experiments

1) Phasons and amplitude (Higgs) modes observed by fs pump-probe
spectroscopy in the one-dimensional CDW conductor Ko3MoOs :
A2 A2

phason al Higgs

probe " probe
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More Experiments

1) Phasons and amplitude (Higgs) modes observed by fs pump-probe
spectroscopy in the one-dimensional CDW conductor Ko3MoOQs :

A2 A2
* .
phason < Higgs
probe - " probe
a) F b) ‘
I ] J' ‘I.: ~ * . “'.
35K | Tk :
z| s Higgs
=) 5 x | N
| . o
E L '§ \ | & 1A b
o £ r : [ 3
8 ' : of < | Lo & 0% 0 ¢
g L [\ . , phason
{_rﬁj . ) o \ / H ";-. 001l X F .y C(
bl —— PV . “
0 0 20 000 002 1 : 090, 5 T —
Time (ps) Frequency (THz) | . Wave Number g (um ")

Y. Ren, Z. Xu, and G. Lupke, J. Chem. Phys. 120, 4755 (2004)
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2) Other CDW systems (ThTes , DyTes, 2H-TaSey) :
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2) Other CDW systems (ThTes , DyTes, 2H-TaSey) :

R. Yusupov et al., Nature Phys. 6, 681 (2010)

A QP peak
AR A D e
ERE ) [l AL A A ——
pump ) Aae———
., \: e ———
o -
probe t3
destruction t; A N A ‘
1
At
1
t h At
Fourier transform
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3) Neutron scattering in antiferromagnets

Ch. Rilegg et al., Phys. Rev. Lett. 100, 205701 (2008)

pressure-induced quantum phase Y
transition in TICuCl; (d=3 system) | ™3
longitudinal susceptibility
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3) Neutron scattering in antiferromagnets

Energy [meV]

pressure-induced quantum phase
transition in TICuCls (d=3 system)

longitudinal susceptibility
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Ch. Rilegg et al., Phys. Rev. Lett. 100, 205701 (2008)
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3) Neutron scattering in antiferromagnets

Ch. Rilegg et al., Phys. Rev. Lett. 100, 205701 (2008)
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4) Raman spectra in 2H-NbSe;

Neutron diffraction shows incommensurate COW order sets inat 7" = 33 K
A superconducting energy gap develops at 7. = 7.2 K
Usually in superconductors, the Higgs mode is invisible, because there is no coupling to

charge fluctuations. When CDW order sets in, the Higgs becomes visible. It appears as a
pole in the phonon self energy :

v = wi + 2w, I (v) |

Pirsa: 13110054

T T T TS I I
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i
|
\
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}
v~2001 - 2”‘%’ = “o = 8 | \" 'R LA
T w§ — 4A2 P |
= 4 ll / I\
For v > 2A one obtains a z | veT N W
broadened peak near the bare € | 4 ™
30 - ‘

CDW amplitude mode w, .

P. B. Littlewood and C. M. Varma,
Phys. Rev. B 26, 4883 (1982)

R. Sooryakumar et al., Phys. Rev. B 23, 3222 (1981)
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4) Raman spectra in 2H-NbSe;

Neutron diffraction shows incommensurate CDW order sets inat 7.°°" = 33 K
A superconducting energy gap develops at 7. = 7.2 K
Usually in superconductors, the Higgs mode is invisible, because there is no coupling to

charge fluctuations. When CDW order sets in, the Higgs becomes visible. It appears as a
pole in the phonon self energy :

Pq) T T | | I w

D) 9 ) } ample M ample B
v = wg + 2well(v) |
: E E |

T2 wi — 442 2 , 7 -2k

. 3 50 i‘lb\/\ l#".

For v > 2A one obtains a ) z | veT \ N,
< J | N
broadened peak near the bare 2 ™

CDW amplitude mode w, .

P. B. Littlewood and C. M. Varma,

Phys. Rev. B 26, 4883 (1982) l | ] L
20 40 60 20 40 &0

Raman Shift (em™)

R. Sooryakumar et al., Phys. Rev. B 23, 3222 (1981)
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Higgs mechanism  c asesands w.Lee, phys. Rep. 9. 1 1973

Start with gauged relativistic O(2) theory :

1 £ . /, ¥k AT . { f “12 [ 2 = 1L/
£= %((),, +ieA, )" (O —ieAF )y — 2—(‘]'(1 p—1)" — 1 F, F'
Rewrite the OP in terms of radial and angular fields : ¢ = (1 + 7)) "

We know that the Lagrangian is gauge invariant :

/s . Lo ’ ’ S | «
Y — ¢ ) , ‘l‘” — .l” ( ()”n

Choose o = & as gauge function and define A,

=A,—e 19,5, Then

. A e’ 2% u MG 2 3 ! | 7

L=—0,mM0n)+ —1+n)°A,A" - (4 +4n° +n") — 31
29 29 29

| ‘/u/

l.-‘;",’

* The photon becomes a massive triplet ﬂ,, with m ; = eg /2
* There is no ¢ particle ! (It is ‘eaten’ by the photon field.)
* The Higgs (n) mass is independent of e, with m, = 2m,,
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Higgs mechanism e aesands w.Lee, phys. Rep. 9. 1 1973

Start with gauged relativistic O(2) theory :

1 ‘ . N EAYT . l / '1”2 N 2 ", JIry
L= %((),, +ieA, )" (O —ieAF )y — 2—(‘]'(1 p—1)" — 1 F, F'
Rewrite the OP in terms of radial and angular fields ;: ¢ = (1 + 7)) "

We know that the Lagrangian is gauge invariant :

‘1;.‘"_. — . (X8 ‘f,":ll’ 1 —_ “l

] l‘
, A, ,—€ 0,0

Choose o = ¢ as gauge function and define j” =4, «“(')N;. Then

‘)

= ‘ ~ - v'”i 0 2 o
L=—(3n)(0"n) + —(1+ n2A,A* — = (4n* +4n® +n*) = IF
29 " 29 2

1/
2¢ 17 u

~

FHv

* The photon becomes a massive triplet .ﬁ,, with m ; = eg /2
* There is no ¢ particle ! (It is ‘eaten’ by the photon field.)
* The Higgs (n) mass is independent of e, with m, = 2m,,

Page 82/98



i) htnaHé)GD@Bguag[mI@ian

anzing, mte:mlamixmmm*M!ﬁs.

Wi(q)= W = 227 § (e g ngh O @ "I‘ umnm?\'|

ugper brancih sst?dﬁxﬁijgg:amtmmhemts fselén(@slasbome daode.
¢large N limif oved s itz eh 6 Ehtststonaomieries
sof, dispersingyassyg Rt Q12) ()
e 0(2) =[]0 i () g krifng
W=

| ) Seleple
hmentse

W@mg | WM%
s, Bf}ﬁmmg s

& h,@'agam)ec
% 16 %) ae wﬁmm@eﬁuﬂhmwl_ +

Pirsa: 13110054 Page 83/98



O(N) model‘

w T Higgs mode

S |

Higgs decays into
Goldstone bosons

Goldstone modes
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O(N) model‘
Higgs decays into w1 Hiags e
X" Goldstone bosons \/
Goldstone modes
X050

scalar X' is sharper

pp S
than longitudinal X/, i
ti behavion u | Higge pectral fu 10N
O(1/N), scaling and ' :
numerical simulations N 2
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Open questions

- Perturbative results found a pronounced conductivity pseudo gap for N =2..
Is the low-frequency conductivity qualitatively different for N >2 forall ¢ < gc 7
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Open questions

- Perturbative results found a pronounced conductivity pseudo gap for N =2..
Is the low-frequency conductivity qualitatively different for N >2 forall ¢ < gc 7

- Theories of deconfined quantum criticality are described by the NCCPV action,

£|~: - ‘(();! o i’”p)‘:

with a dynamical gauge field, giving rise to the full-fledged Higgs mechanism.
In the Néel phase there are spin waves, a Higgs, and massive vector bosons.
Whether or not H can decay to MVBs depends on the charge e. What is the

fate of the Higgs near a DQCP?

2 + RV | ' '
+ s ,:|,: + u (.:'.:)“) + — ((“_U,\().r/ ”,\)2
e2
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Open questions

- Perturbative results found a pronounced conductivity pseudo gap for N =2..
Is the low-frequency conductivity qualitatively different for N >2 forall ¢ < gc 7

- Theories of deconfined quantum criticality are described by the NCCPV action,

. . 2 N [ _ .
Lo =0, — i)z + 521 +u(='2)? + 5 (€0, 01)?

with a dynamical gauge field, giving rise to the full-fledged Higgs mechanism.
In the Néel phase there are spin waves, a Higgs, and massive vector bosons.

Whether or not H can decay to MVBs depends on the charge e. What is the
fate of the Higgs near a DQCP?

- Lots of interesting work on diluted AFMs shows differences between site and
dimer bond dilution. Interplay of geometric criticality and quantum fluctuations
leads to two transitions: an O(N) transition at weak dilution as a function of g
and a percolation transition as a function of p when g is small, with a multi critical
point at (pc, g*). What is going on with Higgs?
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THE SEARCH FOR THE HIGGS
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BCS and TDGL Theory A. van Otterlo et al., Phys. Rev. Lett, 75, 3736 (1995)

Generic s-wave BCS instability :

Le =1, {(’)r —teAy +e(—iV — (A)} Ve — g0 0y +ien,

1011

Ay + = (E* + B?)

Introduce Hubbard-Stratonovich field A :

5 Al?  E?+ B*
LE_| ‘ T ,

+ien;,, Ag — Tring
q ST

0. —ieAy +e(—iV —eA) A
G
Ay . +ieAy +:(iV — cA)

The electron density is

Neg = — I [g; nf*] — é,/‘li N (& 4+ 4 fr.-l“){l \/L'-f‘j|_\i~’ = Nio, T 1€NAg+np + ...
PANRI'A - .
where n, = v This is nonzero only when PH symmetry is broken.
.(/.‘" ;C
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Generic s-wave BCS instability :

Le =1, {(’)r —teAy +e(—iV — (A)} Ve — g0 1y +ien,

1011

Ay + = (E* + B?)

Introduce Hubbard-Stratonovich field A :

5 Al?  E?+ B?
LE_| ‘ Ra—

+ien;,, Ag — Tring
q ST

0. —ieAy +e(—iV —eA) A
G
Ay . +icA, +:(iV — eA)

The electron density is

Neg = —Tr {grr"‘] - ;/‘li N (& + 4 fr.-l“){l \/L'-f‘jl_\l"’ = Niop + €N Ag +np + ...
PANRI'A . .
where n, = v This is nonzero only when PH symmetry is broken.
.(];" "
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AT/

This leadsto aterm 6L = —=- A" i9, A in the TDGL Lagrangian.

29N,
We should then analyze
I 9 D) ) ) 2
L=- {—m VO + £ k|Op)° — £ |VYI* — 2 mé (|J¢]* = 1) }
g - - |
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AT/

This leadstoaterm 6L = Ne A" i0, A inthe TDGL Lagrangian.

401 e
We should then analyze
T s L (a2 212 (2 2
L=-4—ia*0,+ 5 K|00° — 5 |VY|* = tmg (|¢]° = 1)
g - - ‘
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AT/

This leadsto aterm 6L = —=- A" i9, A in the TDGL Lagrangian.

29N,
We should then analyze
l . K ¢ | A 192 l 19 | ) ) 2
L==2—ia 0+ 5 k|0¢|° — 5 |VY|* — 2m§ (J]* — 1)
g - - ‘

Linearizing, one obtains two branches,

)

l 2 2 2 2 2492 P
wi(q) = !41(1“ + k(mg + 2q°) + \/(-1(1~ + kmg)* + 8k a“q*-

QK2

—

The upper branch is the Higgs, and the lower is the Goldstone mode.

| IR
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AT/

Thisleadstoaterm 6L = —=- A" i0, A inthe TDGL Lagrangian.

401 e

We should then analyze

1 . ‘ | | .
L=- { i p* O + 5 K |02 — 5 |VY)? — 2 md (|v]° - l)_)}
g . ’ |

Linearizing, one obtains two branches,

l 9 2 2 ‘ I\ a0
wi(q) = 5,2 !ln“ + k(mg + 2q°) + \/( la? + km§)? + Hh‘n~q~]
The upper branch is the Higgs, and the lower is the Goldstone mode.

In the large N limit, one finds that the Goldstone modes .
are soft, dispersing as ¢2. Rather than O(2) > O(N) <

we have O(2) = U(1)> U(N), and writing | <

i R e N complex MI (n=2) )
W= (’ VN + BV, 1B Tr) components

one obtains 1 linearly dispersing mode (), N gapped

H,

modes (o, 7r) and N-1 soft modes with w« g2 (7). | t/U
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Thisleadstoaterm 6L = —=- A" i0, A inthe TDGL Lagrangian.

20N

We should then analyze

| . ' . L 2
L=- { -t p* O + L k|02 — L VY2 = 2 m (|¢|* - l))}
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Linearizing, one obtains two branches,

| 9 2 2 ‘ 2\ a0
wi(q) = 5,2 !lu“ + k(mg + 2q°) + \/( la? + km§)? + Hh'n—q~]
The upper branch is the Higgs, and the lower is the Goldstone mode.

In the large N limit, one finds that the Goldstone modes
are soft, dispersing as ¢2. Rather than O(2) > O(N) <

we have O(2) = U(1)> U(N), and writing | <

AT LoTH N complex VAN
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